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Abstract

I present a large-scale formalisation within a type theory of a proof of a result
from abstract algebra. The formalisation body consists of files that are machine-
checked to ensure their correctness, and also processed to produce a report on the
proof that is human-readable. The resulting presentation is intended to approach
being a standard informal account of some mathematics.

In addition to presenting this proof, the thesis also identifies and examines
problems in reconciling the formal nature of the development with the wish for
it to be easy to read. It presents some tools and methodologies for solving these
problems, and discusses the advantages and disadvantages of these solutions. In
particular, it addresses the implementation and use of implicit coercions within
the type theory, the styles of proof that can be used, and the borrowing of concepts
from the literate programming paradigm.

To be more specific, the algebra in question is a constructive version of the
fundamental theorem of Galois Theory. The formalisation is developed within a
variant of the Unified Theory of Types that is implemented by a modified version
of the LEGO proof-checker.

12
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Chapter 1

Introduction

This chapter provides an introduction to the areas explored by the thesis and
the objectives I aimed to meet. It concludes with the traditional thesis outline,

summarising the material that each following chapter will cover.

1.1 The main concepts

The title of this thesis is “The Machine-Checked Literate Formalisation of Algebra
in Type Theory.” I introduce the areas with which the thesis is concerned by
talking about each of the terms used in the title in turn. The thesis will be
based around the development of a particular piece of mathematics that is used
to motivate investigation of the areas of interest and to act as a case-study for

the methodologies and techniques under investigation.

1.1.1 Formalisation

Most mathematics is carried out in what in this thesis I shall refer to as an
“informal” style. Informal mathematical arguments are often careful, and are
intended to be non-ambiguous and fully consistent, because mathematics relies on

exact communication. However informal mathematics is also commonly presented

16



CHAPTER 1. INTRODUCTION 17

in natural language, making much use of idioms and convention. Definitions of
new objects may be introduced partially through analogy with existing constructs,
or through an appeal to the intended semantics of the new object, and often proofs
are merely sketched and details are omitted.

Formal mathematics is carried out within a framework of formal rules. Al-
though the objects considered are designed to model objects and logical argu-
ments with their own independent semantics, at base all construction and rea-
soning within the framework proceeds following simple syntactic rules.

There are several reasons for wanting to formalise a piece of mathematics.
One is that, as long as one understands the meaning of a statement and trusts
the formal system that it has been proven in, one is happier to believe that the
statement has been proved. The precise statement of theorems and the applica-
tion of named rules in the reasoning that proves them helps to avoid ambiguities
in meaning and mismatches in argument that can lead to mistakes in informal
mathematics. The extra work involved in making a particular formalisation may
be of interest for its own sake, and the formalisation process in general is inter-
esting from a philosophical standpoint.

However, working within a barebones formal system is very restrictive. Many
of the advantages of the informal mathematical style are lost, such as natural
language explanation, higher-level analogy, performing multiple logical steps at
a time, pleasant notation with overloading, appeals to other works, and so on.
Without the flexibility of the informal style, formalisations can become tediously
long and painful to read. This flexibility is a double-edged sword; although
dangerous in its ambiguity and potential for misunderstanding when abused,
without it a formalisation can drown in all of the explicit detail that is introduced
to prevent such ambiguity.

One of the beliefs underlying this thesis is that since the reasoning used in most
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informal mathematics is consistent, it can be modelled within a formal framework;
and that the mechanisms which make informal reasoning easier for human readers
to follow are at some level unambiguously defined, and so can in principle be
implemented through the use of a complicated enough combination of formal
rules. The theme to my work in this thesis is to look at some ways of beginning
to realise this principle. It attempts to narrow what I shall term the formalisation

gap between a particular formal framework and informal mathematical practice.

1.1.2 Algebra

The algebra I formalised in the case-study is a constructive version of the funda-
mental theorem of Galois theory. The result itself forms a significant part of the
material needed for the ongoing larger GALOIS project. An informal account of
the relevant material is given in chapter 2.

GALOIS was started in 1992 at Manchester University by Peter Aczel as part
of the “Types for Programs and Proofs” Esprit BRA project. Galois theory was
chosen since it forms a large body of abstract algebra that makes use of results
from many areas of mathematics. As such it is expected to provide experience
of the many problems that must be solved to formalise “real” mathematics. One

might expect to avoid in a smaller, more specialised “toy” development.

1.1.3 Type theory

I work within a variant of the Unified Theory of Types, or UTT, an extension
of existing type theories by Zhaohui Luo. A newcomer to UTT may consider
it to be a higher-order A-calculus extended with some notions of definition and
abbreviation, including inductive definition and rewriting, and with a hierarchy of
type universes. UTT itself is impredicative, but I only make use of its predicative

components. The resulting system has a strength similar to Martin-Lof type
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theory with universes and inductive types. The environment is described in detail
in chapter 3, and some further extensions to the expressiveness of the type theory

through coercions are made in chapter 4.

1.1.4 Machine-checking

Since working within a formal system requires many careful and tedious manip-
ulations of symbols under the application of various rules, using a computer to
check that rules are correctly applied is an obvious idea.

Such machine-checking of proofs, where the computer verifies that a human
has applied rules correctly, is distinct from the automatic derivation of proofs
in a formal system, where the computer would itself look for a proof using a
combination of heuristics and brute-force search.

In practice, most computer proof-assistants go some way beyond pure machine-
checking. Since working in a formal system involves some repetitive sequences of
rule applications, it is useful to automate some of these sequences. Information
that is required for rule applications but that can be derived from the immediate
context may also be checked by the machine without the need for human direc-
tion. This sort of computer assistance is necessary in order to make any large
development of mathematics in a formal system a practical option.

The leaving of lower-level tasks to the machine may be seen as using automatic
derivation on a very small scale, with the user now providing the direction for
the formal proof at a slightly higher level. This is a small step in narrowing
the formalisation gap between the original trusted formal system and the flexible
informal style by using a machine as a translator. Much of this thesis involves
further applications of this idea.

The UTT, the formal system in which I will work, is modelled in the LEGO

proof-checker, originally written by Randy Pollack and maintained by the LEGO
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group at Edinburgh University. I also made several further changes to the stan-
dard LEGO program in order to narrow the formalisation gap further; these are
outlined in the next section. The resulting system is introduced in chapter 3,

with one particular extension, that of coercion synthesis, described in chapter 4.

1.1.5 Literateness

The case-study is designed to be an prototype example of a literate formalisation.
The term is derived from Donald Knuth’s concept of literate programming, where
a program is written in such a style that it can be read and understood by both
a human reader and by the machine that will run the program. From a simple
viewpoint, a literate formalisation is similar. The source files for the formalisation
can be checked for correctness by a machine, but they are written in such a style
so that when they are suitably processed they provide an account that is suitable
for reading by a human mathematician.

Much of the literate processing for my case-study involves some simple pretty-
printing of the development. LEGO developments are written in ASCII, which is
hard to read compared to more conventional mathematical notation. I extended
LEGO with some functionality so that it can output a pretty-printed account of
the development it checks by following various directives and interleaving KTEX
commentary. The desire for literateness also affects the general writing style
used, which is designed to allow the presentation of the material in question in a
sensible order and with the emphasis on the information that is most useful to the
reader. A few further extensions to standard LEGO help in this aim, although I
believe far more work could be performed in this area. Some of this functionality
is introduced along with the type theory in chapter 3, and the pretty-printing
process is described in chapter 7.

More broadly, making a development in a formal system more literate means
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to make its language more human-readable. This is clearly connected with a
general narrowing of the formalisation gap.

One way in which this is done is through attempting to encode expressive
informal mathematical idioms and use them in an unambiguous way. The main
example of this in the case-study is through the extension of LEGO with a system
for coercion synthesis; this is explained in detail within chapters 4 and 5. Another
mechanism is through the explicit suppression of “uninteresting” material so as
to present developments at a more appropriate level of detail. This methodology
is discussed in chapter 6 and is illustrated by the main presentation of the case-
study in chapter 10, which is an interweaving of informal explanation with formal

expressions and machine-checked statements.

1.2 Objectives of the work

The main aim was to develop a formalisation of the fundamental theorem of
Galois theory, described in chapter 2. Special attention was to be paid to the
readability of the development, both on the smaller scale (expressions should
take forms not too far from the phrasings and formulae used in informal texts)
and also on the larger scale (the development should be well-structured, and be
pitched at an appropriate level of detail.) At the start of the work, this was to
be accomplished just through investigating and picking the best choice from a
variety of definitional frameworks and proof styles. Later the aims expanded to
include modifications to the proof-checker itself, with the addition of some new
expression syntax and a literate environment with pretty-printing.

Some choices made and conclusions arrived at are relevant only for the LEGO
proof-checker, some also for other type-theoretic frameworks, and some for for-
malisation in general. This should be bourne in mind when reading the thesis; 1

shall try to distinguish between the cases when it seems relevant.
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1.3 Thesis outline

I provide summaries of the content of each of the chapters that follow. The struc-
ture of the thesis has been designed so that readers with different backgrounds or
interests can find it a useful read without having to plough through all 243 pages,

and so some alternative reading orders are also presented.

1.3.1 Chapter summaries

1. Introduction. You're reading it. Introduces the areas of interest, sets out

some objectives, and outlines the structure of the remainder of the thesis.

2. The mathematics to be formalised. Provides an informal background to the
mathematics that will be formalised in chapter 10. Contains a brief review
of classical Galois theory, a discussion of how to make it constructive and
easy to formalise, and a precise statement of the result together with an

outline of the proof.

3. The formal framework. Introduces the formal framework, which is a variant
of UTT implemented by a modified version of the LEGO proof-checker.
All the relevant parts of the formal syntax are explained. Every following

chapter relies on the reader having read this one.

4. Coercions. Introduces the concept of a coercion and describes the oper-
ation and implementation of a variant of LEGO extended with a system
for synthesising implicit coercions. Examples of how to use the improved

expressiveness found in the syntax of the theory that results are also given.
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5. Further coercions. Explores some other ways in which coercions could be
used and implemented and explains the design decisions taken in implement-
ing LEGOwcs. Also considers the status of coercions relative to related con-
cepts in type theory such as subtyping and overloading. The previous two

chapters are partially based on material presented at TYPES’97.[Bai98|.

6. Proof style. Looks at the decisions that have to be made about the overall
style of proof one will use when working in a formal system. Practices useful
in informal mathematics are identified and their possible translation to a

formal system is discussed.

7. Laiterate tools. Presents the literate environment part of the extended LEGO
system I developed and used in this thesis. Techniques of from literate
programming and their relevance to and implementation in literate formal-
isation are discussed. The pretty-printing mechanisms coded are explained
and an example of the written source from which the presentations found

in this thesis are produced is given.

8. Representation of foundational notions. Reviews the foundations upon
which the case-study formalisation is built. Choices in implementing the
logical and set-theoretic basis for the development are explained. Sets,

mappings, subsets and quotients are defined.

9. Representation of common concepts. Looks at the way in which some com-
mon mathematical concepts were formalised for the purposed of the case-
study. These include isomorphism and function restriction, decideability
and discreteness, the algebraic hierarchy of groups, fields and vectorspaces,
finiteness of size and of dimension, and some interrelationships between

these notions.
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10. The case-study development. A long chapter presenting the case-study lit-
erate formalisation. The account is designed to be readable as a careful

mathematical paper supported by a machine-checked formal proof.

11. A short detailed proof. As an addendum to the main presentation, which
suppresses details in order to present the material at an appropriate level,
one small part of the case-study is presented at a greater level of detail so
that the reader can see what goes on at the level at which the formalisation

1s written.

12. Related work and conclusions. Reviews some other pieces of work in related
areas. This review has been saved until the end as I wish to discuss the work
with respect to material introduced throughout the thesis. The success or
otherwise of the case-study is assessed and some suggestions of areas for

further work are made.

A. Resources. Locates the electronic sources for the LEGO proof-checker and

for the case-study development.

B. Formalisation. The entire formalisation in all its glorious and gory detail.

This is contained in a separate volume in the printed version of this thesis.

1.3.2 Chapter dependencies

Figure 1.1 shows how the various chapters depend on each other. If one chapter
depends on another, it rests upon it in the figure. If it is useful but not essential
to have read some other chapter, then the first chapter is supported by struts
originating in the chapter it is useful to have read. (Note that of chapter 6, only

subsection 6.1.4.2 needs support from chapter 6.)
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1.3.3 Ways to read the thesis

As well as reading this thesis straight through from beginning to end, you can

also usefully read it only partially in the following four ways.

1. To get a brief overview: read chapter 3, browse the formalisations in chap-

ters 10 and 11, and read the conclusions in chapter 12.

2. To read the mathematical case-study: first browse the introduction to the
maths itself in chapter 2, read about the formal system in chapter 3, and
browse information on coercions and the mathematical framework in chap-
ters 4, 8, and 9. You should then be able to read all of the case-study

presented in chapter 10, and may also wish to browse chapter 11.

3. To read about my work on coercion synthesis and its applications, read

chapters 3, 4, and 5. You may also wish to check section 6.1.4.2.

4. To read the discussions of proof-style and find out about the literate envi-

ronment I implemented, read chapters 3, 6, and 7.

These routes through the work are illustrated in figure 1.2 on page 27.
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Chapter 2

The mathematics to be

formalised

This chapter provides an informal background to the mathematics that I will
formalise later in the case-study. I briefly review a standard classical formulation
of Galois theory and the context within which it is commonly used. The case-
study will present a formulation of the fundamental theorem of Galois theory
which is designed to be constructive and also easy to formalise; I comment on
the differences between this formulation and the standard one. I then present a
precise statement of the theorem, and outline the method of proof that will be

used in the case-study, presenting some of the major subresults needed.

2.1 Classical Galois theory

2.1.1 Splitting field extensions

Galois theory[Ste79] is concerned with the behaviour of the roots of a polyno-
mial p € K[X] in fields extending an original field of co-ordinates K. A field

extending K is one of which K can be considered a subfield. Such an extension

28
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field L O K can also be considered as a vectorspace over K, and I will write this
as L : K. I will be interested in the case when L can be generated by linear combi-
nations (using scalars from K) of a finite tuple of elements v = (vy,...,v,) € L"
that are algebraic over K. In this case I say that L is equal to the K-span of v.
The vectorspace L : K then has a finite dimension no bigger than n; I write this
dimension as [L : K].

The polynomial p is said to split in L if it can be factorised as

n

p:xH(X—vi)

i=1
for a scalar x € K and roots v € L™. It turns out that for every p there exists a
splitting field L that splits p and that is the K-span of the roots of p, and that
splitting fields for p are essentially unique in that any two such fields are related
by a field isomorphism that has no effect on K. Because of this the behaviour of
the roots of p in all possible field extensions of K can be studied by looking only

at the case of any one particular splitting field.

2.1.2 The Galois connection

The fundamental theorem of Galois theory provides a way to study this behaviour
through a Galois connection between field extensions and certain groups of auto-
morphisms on those field extensions.

Given K and a p-splitting extension L, consider the set F(L, K) of fields J,
for K C J C L, partially ordered by subset inclusion. Now, the field automor-
phisms of L form a group Aut(L). We can then also consider the set G(L, K)
of the subgroups of this group containing only field automorphisms of L that
are the identity on K. (The different automorphisms in such subgroups can be
distinguished by the way in which they permute the roots of p.) This set G(L, K)

is also partially ordered by subset inclusion.
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Now define (V) : G(L,K) — F(L,K) and (*) : F(L,K) — G(L, K) by

G" = {xel|Vged. g(x)=x}

J* = {geAut(L) |Vx € J g(x) =1z}

This pair of operators forms a Galois connection between the partially ordered

sets G(L, K) and F(L, K). This can be axiomatised as
o If Gy C Gy then G»¥ C G,”,
o If J; C Jy then J,° C J,2,
e GC GV, and
o JC JAY.

The fundamental theorem of Galois theory will state that for a pair of certain
collections of so-called Galois groups GG and Galois subfields J, the inclusions in
the last two axioms above can be replaced with equalities, so that the opera-
tors (4) and (V) form an anti-isomorphism between these groups and subfields.
This is the main result that will be proved in the case-study; its application
to polynomials and consequences (see the following subsection) have not been

formalised therein.

2.1.3 The Abel-Ruffini theorem

One particular application of the fundamental theorem is to prove the Abel-
Ruffini theorem. If K is the field of rational numbers Q, then it is known that
the roots of polynomials of low degree can be found using the field operators
together with radicals (that is, root operations \/) on the coefficients of these
polynomials. For example, the formula for the roots of quadratic polynomials,

r = (=b £ Vb? — 4ac)/2a, is recognisable to most high-school students; similar
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formulas can be found for cubics and quartics. However, the Abel-Ruffini theorem
states that when n > 4 then not all polynomials of degree n may be solved by
such a method.

Whether or not a polynomial is solvable by radicals over K can be determined
by examining the structure of F(L, K) for L a splitting field extension of K. In
turn, the anti-isomorphism provided by the fundamental theorem of Galois theory
allows us to express this structure in terms of a simple property of G(L, K), that
of being solvable. It turns out that the symmetric group over a set with five or
more elements does not have this property, from which the Abel-Ruffini result

follows.

2.2 Differences from other presentations

The setting within which the case-study will be formalised varies from standard
presentations in a few ways that are worthy of comment. Some of these are
to make the formalisation process easier in general and more suited to a type-
theoretic framework in particular. Some are also influenced by the preferences
of Peter Aczel in determining the overall shape of the GALOIS project, of which
the case-study formalisation is intended to form a substantial component.

In this section I review these differences and comment on their significance
for the way in which the formalisation proceeds and the ways in which it might

be used.

2.2.1 Constructivity

It is intended that the proofs used in the GALOIS project, and hence those
presented in the case-study, should be constructive. One main reason for this is

that the logic that naturally arises through the “propositions as types” paradigm



CHAPTER 2. THE MATHEMATICS TO BE FORMALISED 32

out of intuitionistic type theories, such as that used in LEGO, is constructive.
Whilst one could assume the law of the excluded middle as an extra axiom and
so carry through some of the classical proofs, there would seem to be little appeal
in doing so when it is unnecessary; a constructive variant of the fundamental
theorem of Galois theory is relatively simple to formulate, and its proof is not
unattractive.

I should now discuss some of the extra things that must be taken into account
in a constructive presentation of Galois theory. The first point to make is that all
the fields considered must be discrete. (This means that equality in the field is
decideable.) This will be the case for the fields which one wants to consider in the
applications of the fundamental theorem, namely the rationals Q and algebraic
and transcendental extensions to them, and so it can be safely assumed.

There are also two classically trivial but important results that need special
attention. One is that the factorisation of a polynomial into irreducible factors
is not constructive for all fields. However the factorisation will be possible for
the rationals and its related extensions, and so again this problem can be safely
ignored.

The second result concerns considering a field as a finite-dimensional vec-
torspace over one of its subfields. Classically, if K C J C L, and L : K is
finite-dimensional, then also L : J and J : K are finite-dimensional. This is not
guaranteed constructively, and so I have to include these hypotheses about J in
the statement of some of my results. Again, these facts turn out to be true for
the fields of interest and so introducing these extra conditions should not cause

problems in the future application of the case-study results.
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2.2.2 Predicativity

Another feature desired for the GALOIS project is that its development should be
predicative. An impredicative definition presupposes the existence of the object
that is being defined, and refers to it in the definition. However, the definitions
of the elements of a predicative type cannot, for example, themselves involve
quantifications over this type.

An example of impredicativity that may be familiar to the reader is that of the
standard definition of the set of natural numbers in set theory. Zero is defined,

and so is a successor operator S. The set of natural numbers is then defined as
N=|J{X | (0eX)A(¥n € X, S(n) € X)}.

This definition is impredicative since N is itself one of the sets X over which the
intersection is taken.

The type theory of LEGO does contain an impredicative type of propositions,
but the case-study development does not make use of it. This means I cannot
make use of results from the existing LEGO library, but as a result of this the

development presented in this thesis is both constructive and predicative, in line

with the desires for the GALOIS project.

2.2.3 The general proof method

Most presentations of Galois theory are not from first principles; instead they
make use of results and constructions from existing bodies of mathematics, par-
ticularly algebra. In the case of the formalisation, such bodies of work were
not already extant and therefore it was important that the method of proof used
should stand on its own, and be direct and independent of other material. (There
is a library of existing LEGO material, but it does not cover many of the results

required, and is also based on the impredicative propositional type that I wished
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to avoid using.)

The method of proof used in the case-study follows an informal but careful
presentation written specially for the GALOIS project by Peter Aczel. This in
turn followed some ideas presented in a paper[Dre95] by Andraes Dress; how-
ever, it was reworked in order to be constructive and also to be as independent
as possible of other material. For example, polynomials do not feature in the
development; the fundamental theorem is stated independently of this area of
mathematics, though it can easily be applied to it. The formalisation itself is a
reworking of Aczel’s formulation taking into account concerns made relevant by

the type-theoretic framework, one of which is described below.

2.2.4 Use of subobjects

In the experience of the author, formalisations using type theory tend to require
that a greater distinction be drawn between subsets and sets (and between other
related subobjects and objects) than is usual in traditional informal presentations.

Informal mathematics often takes place in a setting where one imagines some
universal set within which all sets of interest are contained, and across which an
intentional or “book” equality is defined. Hence we are used to taking intersec-
tions of arbitrary sets and considering inclusions between them. There is no great
distinction drawn between sets and subsets.

Within most formulations of set theory within a type-theoretic framework, a
set tends to provide an element type and a particular equality relation defined
on that type. A subset is then defined relative to a particular set by means of a
predicate over the element type. Intersections and inclusions between pairs of such
subsets are easy to define because of the shared element type and equality relation.
But the definitions are then not straightforward for sets, because different sets

use different types and different equality relations.
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This implementation distinction between sets and subsets is made invisible to
some degree in the formalisation by means of coercions. Nonetheless, it is still
present and needs to be paid attention to in order to make the formalisation as
neat as possible, particularly when inclusions between objects are considered.

The standard presentation of Galois theory starts with a field which is then
extended by one of a collection of larger fields that contain it. My formalisation
instead considers the original field K and its possible extensions as (decideable)
subfields of a larger universal field F'. In the intended areas of application, F' will
be some algebraic and transcendental extension of the rational numbers, which
will themselves comprise the subfield K.

Similarly the automorphisms of K and other fields are not defined as inde-
pendent groups in their own right but as subgroups of one universal group of
permutations of the whole of F. A permutation of a subfield is defined as a
permutation of F' that is the identity outside of the subfield in question. This
formulation is adequate, since the subfields in question are decideable and hence
the domain of a permutation of a subfield can be extended to cover the whole

of F without falling foul of constructivity requirements.

2.3 Statement of the fundamental theorem

As previously explained, I work in a discrete universal field F. It has a group of
permutations, perm(F). I will consider subfields L. C F'; the permutations of L
will be the subgroup Perm(L) C perm(F') of functions that are the identity out-
side of L. A further qualification produces another subgroup Aut(L) C Perm(L);
these are the field automorphisms of L, permutations that respect addition and
multiplication in L.

The Galois connection operators are now defined relative to L. For G C
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Aut(L), fix(L, @) (also written GV) is the subfield of L fixed by every automor-
phism in G, and for K C L, aut(L, K) (also written K*) is the subgroup of
Aut(L) containing the automorphisms that fix everything in K.

A Galois group is now defined to be a finite subgroup G C Aut(L) such that
L : GV is finite-dimensional. A Galois subfield is defined to be any K C L that
is equal to the fixed subfield GV of some Galois group G.

Finally given any K C L, I define a K-subfield of L to be any decideable
subfield J with K C J C L and with both L : J and J : K finite-dimensional.

With the setting completed, I can now state the fundamental theorem. It
divides into three thirds, each of which has several parts. Throughout, let L C F
be decideable.

(1) Let G be a Galois group of L.

— An auxilliary result: suppose U is a decideable subgroup of G with

L : UV finite-dimensional, then U is also a Galois group of L.

— GV is a Galois subfield of L, and its fixing subgroup GV = G.
(2) Now let K be a Galois subfield of L.

— Conversely to part 1, let J be a K-subfield of L. Then J is also a
Galois subfield of L.

— K* is a Galois group of L, and its fixed subfield K4V = K.

The anti-isomorphism between the Galois groups and subfields of L induced by

the operators (V) and (A) is thus established.

(3) The final third of the fundamental theorem relates the Galois subfields of
different subfields. As in part 2, let K be a galois subfield of L, and J a
K-subfield. Then K is a galois subfield of J if and only if J# is a normal
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subgroup of K#. Also, when this is the case, then the quotient group K*/.J*

is isomorphic to aut(J, K).

2.4 Outline of the proof method

There are four major subresults that are used in the proof of the fundamental

theorem and also in the proof of each other.

2.4.1 Lemma 1

For a subgroup G C Aut(L) and a decideable subfield J C L, define U = GN J*
andlet G| J={g | J | g € G}, the restriction of the automorphisms in G to J.

Lemma 1 states:

(i) For g1, 92 € G, the cosets g1U and goU are equal if and only if g; [ J = go |

J. This is proved by straightforward equational reasoning

(i) G/U ~ G | J. This follows from the first result by defining an isomorphism

0(g)=g1J.

2.4.2 Theorem A

Suppose G is a Galois group on L and let K = GV.

Theorem A states:
(1) If Jis a K-subfield of L, then the set FixHom(.J, K) of field homomorphisms
from J into L that fix K has a size smaller than [J : K].
(2) If the subgroup U C G is such that UY : K is finite-dimensional, then the

quotient G /U has size equal to [UY : K].

This is proved by using Dedekind’s lemma (a result concerning the linear indepen-

dence of certain mappings) in combination with a well-known fact about group
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actions. This is the part of the development that was not formally proved, due
to a lack of time. (I did also formalise Dedekind’s lemma separately as an early
case-study, but that work is not presented in the thesis.)

A useful corollary to the second result is:
(3) G has size equal to [L : K].

This follows by setting U equal to the trivial subgroup of G that contains only

the identity.

2.4.3 Theorem B

Again let G be a Galois group on L, write K for GV, and let J be a K-subfield
of L.

Theorem B states:
(0) G | J has finite size
(1) G | J = FixHom(J, K)
(2) G | J has size equal to [J : K]
(3) J=J~Y

Let U = G U JY. The proof then uses Lemma 1 and Theorem A. It works
by considering the size of G/U, G | J, and FixHom(J, K), and the dimensions
[J : K]and [UY : K]. These are shown to be related by a cycle of inequalities
where each term is no larger than the next. This shows all are in fact equal, from

which the required results can be derived. It also follows that
(4) G| L =FixHom(L, K)

by setting J equal to L.
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2.4.4 Lemma 2

The first two thirds of the fundamental theorem can now be proved, in order,
by using Theorem B. In turn, all these results can be combined to prove a final
lemma. Suppose K is a Galois subfield of L, let G = K% and J be a K-subfield
of L.

Then Lemma 2 states:

(i) If J&# C @G is normal, then G | J is equal to the subset of mappings
aut(J, K).

(ii) Conversely, if G [ J and aut(J, K') have the same size, then J* C G is a

normal subgroup.

Combining all four subresults with the two thirds of the fundamental theorem
already proved then allows me to complete the proof of the final third of the fun-
damental theorem. The group isomorphism used is the restriction isomorphism

0 from Lemma 1.



Chapter 3

The formal framework

This chapter introduces the formal framework with respect to which this thesis
will be written. This framework is a version of the type theory UTT as imple-
mented by an experimental variant of the LEGO proof-checker. This variant
offers some extensions to the allowable syntax for terms, and also generates a
pretty-printed account of what it checks. The system will be presented in this
chapter and used in the thesis as a composite package, but for the benefit of
the reader already used to LEGO, I will identify which parts of this package in-
volve the extended features. The main changes an existing user of LEGO will
see in this chapter will be in the style of presentation, which avoids the ASCII
notations of traditional LEGO. Further details of the pretty-printing process are
discussed in chapter 7. Where to find LEGO and my additions to it is explained

in appendix A.

3.1 The Unified Theory of Types, UTT

The Unified Theory of Types (henceforth known as UTT) is an extension of
Zhaohui Luo’s extended calculus of constructions (ECC) with inductive types

and rewriting. The ECC[Luo90] is itself an extension of Coquand and Huet’s

40
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original calculus of constructions|CH88| with strong sum types, an impredicative
type of propositions and a hierarchy of type universes with subsumption.

I shall build up these layers and introduce the different constructors of UTT
by means of examples. I refrain from giving a full and formal presentation of the
judgement rules of UTT since this is unlikely to be revealing to those new to the
theory and will be familiar ground to the more experienced reader. A full such
presentation of the type theory can be found in the paper[Luo94| in which Luo
introduces UT'T.

3.1.1 Basics

The calculus of constructions can be seen as a higher-order A-calculus. There are
various formation rules for terms of the calculus. Terms can always be typed; their
types are also terms. I write the judgment that a term x has type Aas = : A. In
order to state a judgement that has been checked by the formal system, I write
it on a separate line like this:

> ox: A
Any term that can appear on the right-hand side of a typing judgement is called
a kind in the terminology of this thesis. For this introductory subsection, I shall
consider a single type of kinds, called “Type”. In subsection 3.1.3 I shall introduce
a full hierarchy of type universes and explain their relationship.

If A : Type, and, if given that x : A then also B : Type, then we may form a

dependent product type, or II-type.

> {Ilz: A} B : Type
If the term x does not occur in B, then I call this a non-dependent product, and
may write it in an alternative form that does not name z:

> A — B: Type

Suppose that for  : A, the expression e has type B. Then we may form a
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A-abstraction of x over A:
> [Ax:A]e:{llz:A} B

Given a term f : {Ilz: A} B (which we might call a function), and a second
term a : A (which we might call an argument), I can form the application of the
function to the argument,

> fa: Bla/x]
where Bla/z| is B with a substituted for z.

The application of a A-term to an argument can be [-reduced in the way
standard in a A-calculus, by substituting the argument for the abstracted variable
in the body of the abstraction.

If one term may be reduced to another, the terms are said to be convertible.
Convertibility is an equivalence relation over terms, and one may think of con-
vertible terms to have the same computational meaning, although they may be
syntactically distinct. I use the symbol ~ to denote a convertibility relation-
ship between two terms that has been checked by the formal system. Hence the
(-conversion of a A\-term application may be written:

> [Ar:A] ea: Bla/]
> [Ax:A] ea~ ela/z]

In practice, conversion judgements are used to demonstrate computations,
and also to summarise the important information about material the details of
which have been omitted. Because of this, sometimes they may be read as if they
are definitions of the identifiers whose properties are being summarised. This

variety of use is discussed further in chapter 6 on page 136.

3.1.2 Strong sum types

As an analogue to dependent products, UTT also features dependent sum types,

or Y-types.
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> (Xx:A) B: Type
These are types of terms that are pairs with components in types A and B.

> Introduce b : Bla/z]

> (a,b: (Xz:A) B): (¥2z:A) B
When B does not depend on z (and hence Bla/z] is the same as B), I write the
non-dependent type in an alternative simpler form, just as for {Ilz: A} B and
A — B.

> (a,b): A# B
A pair of terms that can be given a dependent ¥-type also has a simpler type that
does make the dependency explicit. This means that the explicitly dependent pair
(a,b: (3z:A) B) could also be considered as a pair of terms with non-dependent
types:

> (a,b) : A # Bla/x]
The two types (Xx:A) B and A # Bla/z| are not convertible, and so in fact
there are two different flavours of the pairing constructor, a non-dependent and
a dependent pairing. The non-dependent type is the default. Dependent pair-
ings specify the dependent type within the term itself as seen in the previous
paragraph.

If p is a pair, then the two individual components of the pair are written as

the projections p.; and p.o.

> (a,b)1 ~a

> (a,b)a >~ b

3.1.3 Universe hierarchy

One of the features of UTT is an impredicative type of propositions, Prop. It is
impredicative because II-types using abstraction over Prop are themselves con-

tained in Prop.
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> {IIP:Prop} P — P : Prop
However, I avoid the use of impredicative constructions in this thesis. I mention
the Prop type only because it is part of standard UTT and so it is present in the
LEGO implementation of this type theory; I will make no use of it and the reader
may safely forget about it.

In subsection 3.1.3 I worked with a single type of kinds, Type, for the sake of
a simpler explanation. In fact UTT contains a sequence of type universes, Typeg,
Type1, Types, .... In general we have that

> Type; : Typeii
and so on. The universes are also subsumptive in that each one contains everything
that it’s predecessor did; if the types are considered as sets we might write that
Type; C Type;y1. In the type theory this translates to a rule that if

> A: Type;
we also have that

> A Typei
and so on.

This sequence of progressively higher type universes give one a predicative
way to give a type to a term that itself quantifies over all of a type universe. So
long as the term B can be typed as Type; .1, we have that

> {lz:Type;} B : Typeiy:
> (Xx:Type;) B : Typei
I shall not need terms outside of Types; in the case-study presented in this

thesis.

3.1.4 Inductive types

UTT offers the ability to define the terms of certain types and constructions

over these types inductively. The introduction and elimination operators are
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appropriately typed objects together with some special rewrite reductions that
ensure certain pairs of expressions are convertible.
A standard example of an inductive type is that of the natural numbers.
> nat: Typeg
> zero : nat
> succ : nat — nat
The details of elimination and rewriting tend to look complicated because
they need to generalise all possible constructions over the inductive type. Some
insight into how they work can be gained by noting that if C' is considered to be
a predicate, then nat_elim C' proves C' holds for all natural numbers by induction.
> nat_elim : {IIC : nat — Type;} (C zero) —
({IIn:nat} (C'n) — C (succ n)) — {lIn:nat} C'n
> Reductions: [AC': nat — Type;] [An:nat] [A\zero_case: C zero]
[Asucc_case: {IIn' :nat} (C'n') — C (succ n')]
nat_elim C zero_case succ_case zero = zero_case
|| nat_elim C' zero_case succ_case (succ n) =

succ_case n (nat_elim C' zero_case succ_case n)

In general in presenting material I will not make these elimination operators
explicit and instead directly present individual constructions that have been de-
fined in terms of them. For example, suppose double represents the following
application of nat_elim:

> nat_elim ([A_:nat| nat) zero ([A_, n:nat] succ (succ n)) : nat — nat
Then the rewrite rules applied to double give the following conversions, which are
somewhat easier to read and may be thought of as defining the operation of the
function:

> double zero ~ zero

> double (succ n) =~ succ (succ (double n))

An example of this form of presentation can be found on page 190.
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3.1.5 Relation to Martin-Lof type theory

One of the desires for the GALOIS project, of which my case-study is designed
to be a part, is that it should follow the school of constructivism advocated
by the Goteborg group[NPS90]. Within this approach all terms of the formal
theory have meaning explanations given to them through computations, which
is seen as a desirable thing. Currently this necessitates that the formal system
involved be predicative. Users of impredicative systems also tend to encode a
logic[Jon96] that is intuitionistic, but not truly constructive as far as disjunction
and existential quantification are involved.

Ideally GALOIS would use a machine implementation of a variant of Martin-
Lof type theory with suitable extensions such as universes and inductive types.
However it was currently more convenient for me here at Manchester to use UTT
within the LEGO proof-checker. Although UTT is more powerful than Martin-
Lof type theory, the case-study does not rely on any of these more powerful
features in any fundamental way, and so a reformulation of the UTT formal-
isation should not present any problems. In particular, the case-study avoids
impredicativity altogether, and does not use the impredicative and partially non-

constructive encoding of logic that is the UTT/LEGO standard.

3.2 LEGO extensions to UTT

The LEGO proof-checker offers an implementation of the type theory UTT (and
also some other type theory variants with which we are not concerned.) As well as
offering lots of extra functionality for managing a context of defined and declared
terms, it also offers some small extensions to the type theory itself and allows some
lexical abbreviations in writing terms of the theory. The non-standard version of

LEGO used in this thesis includes some further moves in this direction.



CHAPTER 3. THE FORMAL FRAMEWORK 47

3.2.1 Principal types and type-casting

Every LEGO term has many different types. In the first place, the type theory
includes rules so that if z : A and A ~ A’ then x also has type A’. But terms also
have different types which are not convertible, for example due to type universe
subsumption.

When the LEGO system type-checks a term, it derives a so-called “principal
type” for it. The type derived for a term will be built in a canonical way from
the principal types of its subterms, and LEGO will try to use the lowest type
universes that it can. By default, LEGO types an otherwise untyped term with
this principal type.

However, sometimes one will wish to associate a different principal type with
some term. This could be just for the display purposes, or it might have some
later effect on the operation of the system. (For example, using a higher level in
the type universe hierarchy. The coercion synthesis system introduced later in
the thesis will also give a special role to the principal types of terms.)

One can do this by supplying the term that one would like the term to have
as its principal type explicitly. This is known as type-casting. 1 use type-castings
intermittently in the thesis for the sort of reasons mentioned in the previous
paragraph. I don’t make the casting explicit within the term itself but it can be

observed in the type that it is given.

3.2.2 Local definitions within terms

LEGO allows a few tricks of syntax to allow terms to be expressed in more
succinct ways. One of these is a mechanism of local definitions for the sake of
abbreviation. Suppose that the expression e contains multiple instances of some
long_expression. Then these instances can be abbreviated by some identifier x

within the term e by writing
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> [0z = long_expression] e[z /long_expression] ~ e

3.2.3 Argument synthesis

A second syntax trick that LEGO allows is the automatic synthesis of certain
function arguments. Since the types of later arguments to a function may depend
on the values of previous ones, in certain circumstances sensible values for the
previous arguments can be inferred from the later ones. This means that the
previous ones need not be supplied explicitly. They could be left implicit and
synthesised from the context in which the function is used.

To prevent ambiguities, whether an argument to a function should be left
implicit is determined by the flavour of binding used in the relevant abstraction
within the function. An ezplicit binding uses the colon symbol that you have

(19X

7. An implicit binding uses the vertical bar symbol,

already seen, |7, instead.

The different flavours of binding are considered convertible.
> {llx|A} B~ {llz: A} B
> [Ax|Ale~[Ax:Ale
As an example I take the identity function. This function may be considered
to be “polymorphic” in that it could be applied to arguments of many different
types. 1 first consider a version of this function that does not use an implicit
binding to allow argument synthesis.
> [AT:Typeo| [M:T)t: {IIT:Type} T'— T
I'll abbreviate this A-term [AT: Typeg] [At:T] t as ID in the following.
The function ID could be applied to a : A or to b : B by supplying the types
A or B as an initial argument.
> IDAa: A
> IDBb~VDb

Since LEGO can compute the principal types A and B of a and B, these type
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arguments are redundant information. The clarity of expressions benefits from the
elimination of such redundancies. A better formulation of the identity function
might thus be to make the first variable binding an implicit one:

> [AT|Typeo] [At:T] t: {IIT|Type} T — T
Such a version of ID can be applied directly to a or to b and the implicit arguments
A and B will be synthesised by the proof-checker.

> IDa~a

> IDb: B
If one wants to explicitly supply an argument that has been specified as implicit,
a different syntax for the application is used:

> ID|Aa: A
This can be useful on the occasions when one wants to partially apply a function
by not supplying a later argument that would normally be supplied:

> ID|B~[\:B]t

> ID|[B:B— B

3.2.4 Coercion synthesis

Argument synthesis works by the LEGO system automatically calculating a miss-
ing “obvious” argument to a function in order to make a term type-check. The
version of LEGO used in this case-study contains a further mechanism of coercion
synthesis, which automatically calculates a missing “obvious” coercion function
that will be applied to an argument to achieve the same goal. The mechanism
is more complicated and will be discussed in detail in chapters 4 and 5, but the
aim is the same as for argument synthesis: to allow information in a term that is

redundant to be omitted.
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3.3 LEGO context and functionality

3.3.1 The LEGO context

A LEGO development is carried out relative to a context of definitions and dec-
larations of terms. The context is a linear list, in which later entries can make
use of preceding ones. Entries in the context may be definitions or declarations,

global or local, and unfrozen or frozen.

3.3.1.1 Definitions

Definitions are introduced into the context by providing an identifier, and a term
that will be represented by the identifier. One may see definitions as abbreviations
that the LEGO system can expand.

> Define X = long_expression : A

> X =~ long_expression
Definitions are global by default. A local definition is introduced like this:

> Let Y = long_expression : A
Local definitions may be discharged from the context. When this happens, they
become local definitions within the body of each individual term that references
them.

> Define Z = fY : B

> Discharge Y

> Z ~ [0Y = long_expression] f Y
Definitions may also be frozen. A frozen identifier cannot be expanded to become
its definiens. LEGO allows identifiers to be frozen and unfrozen at any time,
but in this thesis the frozenness of an identifier will be fixed at the moment of
definition.

> Define frozen Y = X : A
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Because Y is frozen above, it is not considered convertible with X even though
that was its definiens.

Entries can be removed from the context by forgetting them and subsequent
entries. There is no need to forget entries in the course of a development, but
occasionally I may want to indicate that entries introduced only as examples are
being forgotten.

> Forget back through X

I will use forget without formally noting it for the remainder of this chapter.

3.3.1.2 Declarations

The other sort of entry that can be introduced into the context is a declaration.
A declaration is an identifier that is introduced and declared to have a certain
type, but it is like a frozen definition in that its content is unknown, and so it is
not convertible to some other particular term.

> Introduce X : A
Declarations are local by default. A global declaration may be introduced like
this:

> Globally declare Y : A
Like local definitions, local declarations may be discharged from the context.
When this happens, terms which depend on the discharged identifiers are gener-
alised by prefixing them with an appropriate abstraction.

plet Z=fX:B

> Discharge X

> Z:{lIX:A} B

> Z~[MNX:AfX
In normal LEGO, local definitions and declarations are discharged simultaneously,

but the version I use in this thesis allows me to discharge local declarations whilst
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leaving local definitions in the context, as was done above.

Another facility is the ability to discharge and keep some local entries. This
is simply a shorthand for performing a discharge of those entries and then rein-
troducing them back into the context. It is used to generalise later entries over

the local ones without losing those local ones from the context.

3.3.2 Types as propositions

Type theories are used as a framework within which logical proofs can be for-
malised by using the Curry-Howard correspondence between propositions and
types. A proposition is represented by a type, and terms with that type then
constitute proofs of the proposition. This gives rise to a constructive logic whose
operators either correspond to existing type-theoretic operators of UTT, or can
easily be defined in terms of them. The details are explained in chapter 8, but
a simple example is that of logical implication. If the types P and () are propo-
sitions, then the proposition that P implies @) is the functional type P — Q.
Terms with that type take proofs of P and convert them into proofs of ); this is
precisely what a constructive proof that P — () should do.

)

In the above example, the symbol “—” reads nicely both as a function arrow
and as the implication operator. Some other operators of UTT that correspond
directly to logical operators are II- and Y-abstraction: these are used to represent
universal and existential quantification. I allow the use of the more familiar
notation for quantification when this is the case. Thus if p is a predicate over
some type T' I write

> {Ve:T}pax~{llz:T}pux

> (Jr:T)pr~(Xx:T)pux
How the sort of use is specified within LEGO is explained in chapter 7. The

reader need know only that the above notations are treated as equivalent by the
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type-checker and differently only by the pretty-printer.

Context entries that have propositional types are also presented differently
by the system although again the difference is purely lexical and the entries
are treated in the same way by the proof-checking component of LEGO. The
introduction of a global declaration becomes

> Assume without proof X : P
whereas the introduction of a hypothesis for later discharge as a local declaration
is written

> Suppose Y : P

A definition with a propositional type is taken to be a proof of that proposi-
tion. Once we know a proposition has been proved we are rarely concerned with
the details of that proof, and so proofs are usually frozen; I take this as a default
and comment only if they are non-frozen. Also I write the proposition that is
being proved first, and use a smaller typeface for the actual term that inhabits
this type and constitutes a proof of it.

Thus a global proof definition is written

> Prove X : P

= long_expression

rather than the normal

> Define frozen X’ = long_expression : P
and a local proof definition that will later be discharged after it has been used is
presented as

> Prove subresult YV : P

= long_expression

3.3.3 Construction by refinement

LEGO offers the user the ability to construct proofs and other terms by refine-

ment. This is done by stating a goal and then breaking this goal down into
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subgoals by means of interactive proof commands. Finished refinement proofs
are thus a sequence of proof commands that are performed in sequence by LEGO
in order to generate a proof-term. This is a convenient way of working for the
person doing the proof as they can allow LEGO to automatically fill in some of
the details from the context of the subgoals currently being worked upon.

However, such top-down refinement proofs are very hard to read once they are
written because the reader lacks the subgoal context that LEGO and the writer
had when the proof was interactively constructed. Thus I do not present such
sequences of proof commands in the thesis. Instead I tend to work by a process
of incremental definition from the bottom-up that makes this context clear.

Combining bottom-up and top-down approaches is common in informal math-
ematics, and I do attempt this to some extent in the case-study. Further dis-
cussion of this and of the related issue of the difference between procedural and
declarative proof-styles follows in chapter 6, and some functionality to allow goals
to be stated in advance is presented in subsection 3.3.6.

Refinement proofs can still be useful in my presentation to discharge a rela-
tively small step of a larger proof. Suppose I have a step that a human reader
is happy to accept but that LEGO may prefer to be broken down into a few
smaller substeps. I can then set this step up as a goal and construct the proof by
refinement. In the presentation, this would be presented as

> Construct by refinement X : P
(long_expression, P, ID)

Here ID, P and long_expression are various of the subterms that happened to ap-
pear at least once in the (nonsensical example) proof-term that was constructed.

In this way the reader can quickly see from which subresult or subresults the
step followed, without having to parse the full details of the proof-term. Some
rather more concrete examples of this sort of approach are found in the case-study

proofs presented in chapter 10.
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3.3.4 Fixity

LEGO allows any function application to be written postfix by using an alterna-
tive “dot” application operator.

> af>~fa
For the extended version of LEGO used in this thesis, I allowed functions specif-
ically declared to be postfix to suppress the dot operator, and also allowed func-
tions to be declared to have some other common fixities (such as infix.) Details

of these fixities and declarations can be found in chapter 7.

3.3.5 Default types

Another lexical extension I implemented was the ability to define a default type
for an identifier. This means that when the type of an introduced or abstracted
identifier is the “obvious” one, it may be suppressed. Thus if = is declared to
have the default type A, then I can write
> [Ax] e~ [Ax:Ale

I do not make much use of this facility in the case-study presented in chap-
ter 10, because the material that declares many default types previously will not
have been seen by the reader and so the omitting of the typing information would
not aid the presentation. However I do make more use of it when presenting the

entirety of the case-study in the appendix.

3.3.6 Long-term goals

In most mathematical presentations the writer will state the results and major
subresults they hope to prove near to the start, to give a picture of the structure
of the proof and motivate the development. LEGO allows one to state a goal
and work towards it by refinement, but once start a refinement begins it must

be finished before other work can proceed: it lacks a good context management
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system that allows one to work on a combination of partially proved results.
(LEGO provides a user with the more general ability to “cut” all instances of a
declared term with a definition, but in practice this feature is too inefficient to use
in proofs of any size since all later context entries have to be rechecked.) Since
the ability to state a goal ahead of time seems important in producing readable
presentations, I therefore extended LEGO with some basic functionality along
these lines.
At any point in a presentation, I may state an intention to prove some par-

ticular (named) result:

> We want to prove Y : P
Later on, having incrementally built up some

> long_expression : P
I can use this as a proof-term to discharge the proof obligation:

> Prove as claimed Y : P

= long_expression

When I do this LEGO type-checks the definition in the standard way, but also
checks that the type that long_expression has matches the one that earlier I had
stated X should have.
I can also combine the discharge of local declarations with these long-term
goal statements to a limited extent. Having declared
> Introduce ¢ : T
> We want to prove Z : p t
then after I discharge ¢,
> Discharge ¢
the type required for Z will be {Vt:T} p t as one might expect.
Discharging can also interact with the fulfillment of the proof obligation.
> Introduce ¢ : T

If I now construct a proof for this ¢ I have introduced,



CHAPTER 3. THE FORMAL FRAMEWORK 57

> the_proof : p ¢/
I can then discharge ¢’ to generalise this proof so that it can be used to fulfill the
proof obligation Z:

> Discharge to prove as claimed Z : {Vt:T} p t
using

the_proof : p ¢/
> Discharge
Many examples of uses of these experimental functionality can be found in
the case-study within chapter 10. Additional notes on the implementation of the
mechanisms explained in the last three subsections and the reasons I found these

extensions desirable can be found in chapter 7.



Chapter 4

Coercions

A coercion is a function that is applied to an object in order to give it a different
type. The idea is that this allows us to use one object to represent some other
related one; the coercion encodes the relationship between this pair of objects.

Coercions can be used to give a computational meaning to subtyping, and
also to some other similar idioms; for example, a coercion could also translate
between two different representations of an object. Alternatively, it can provide a
new interpretation of an object altogether; in this manner, it can give a similarly
computational meaning explanation to more general sorts of overloading and
abbreviation.

This chapter describes how I have extended the standard LEGO proof-checker
with a system for the automatic synthesis of coercions. I start by giving the
background for the development of this system, and motivate by illustrating the
role that coercions may be considered to play in the formalisation of common
mathematical idioms. I proceed to describe the notions of an implicit syntax, and
coercion synthesis. A precise description of the operation of the coercion synthesis
system and some details of how it was implemented then follow, together with

some simple examples of how it can be used.

58



CHAPTER 4. COERCIONS 29

4.1 Introduction

4.1.1 History

My own work on coercions is a development of previous research by Gilles Barthes
and Peter Aczel. It took some inspiration from an implementation of classes in
LEGO started by Randy Pollack as a result of their work, and also benefited
greatly from collaboration with Amokrane Saibi, who helped with the first im-
plementation of coercions in LEGO, and went on to implement coercions in the
Coq proof-checker.

Aczel and Barthes started looking at notions of class and inheritance between
classes (as seen in object-oriented programming) whilst working on the GALOIS
project. Since Galois theory draws together many pieces of abstract algebra,
it involves a dense hierarchy of algebraic objects such as sets, groups, fields,
and vectorspaces. There are various functions that can plausibly act on more
than one of these types of object; these include operators, theories, proofs, and
the construction of other structures. In the object-oriented terminology, such
functions might be called methods. Requiring separate versions of these methods
for each different type of object seems ungainly, and is out of step with informal
mathematical convention.

As aresult, Aczel and Barthes became interested in inheriting particular meth-
ods defined on one class of objects for other objects in the child classes of the
original class. The approach taken involved setting up a forest of class definitions
where an object in a child class could be coerced back into its parent class by for-
getting some extraneous information. As the connection with subtyping became
evident, it began to seem preferable to concentrate on the coercions themselves
and to consider all types to be classes. This is the background against which my

own work on coercions was developed.
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4.1.2 Coercions in informal mathematics

Although mathematicians may not consciously be aware of coercions, if one ap-
proaches the language of informal mathematics from a type-theoretic perspective,
one can make the case that their implicit use is one of the most powerful and
useful features of this language.

If one applies the type-theoretic perspective, within which terms have partic-
ular types, to an average piece of informal mathematics, then at first sight the
mathematics may simply seem to be ill-typed. Take, as an example, the number
5. In different circumstances it may be considered to be a natural number, an
integer, a rational, a real, or even a complex number. However, if these types of
number are specified in a formal framework, then the representations of 5 that
have these types will be different objects. There seem to be at least five different
representation of the number.

One can take the view that one is overloading the particular name “5”; that
there are indeed many different objects, but the same name is being used to
refer to each of them. Which particular object is being referenced in any given
circumstance can be discovered by examining the context in which the name is
used. Similarly, there are a lot of different objects with the names “4”, “3” etc.

However, in itself, this view of overloading is unrevealing as it makes no con-
nection between these different things named “5”. I would argue all are supposed
to be differently typed instances of the same underlying object. One way to
persuade oneself of this is to observe the relationships that exist between these
differently typed representations. The general relationships work not only for 5
but also for 4, 3, etc. Coercions encode these relationships in order to explain the
meaning of the overloading.

One should find that any natural number, such as the one denoted by “5”,

can be made into an element of one of the other types mentioned by means of
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a canonical construction. Of course, the exact details of the construction will
depend on the implementations chosen for these types of numbers. To give an
example, if an integer is to be represented as the difference a — b between a pair
of naturals (a,b) then one might turn the natural n into the integer (n,0). This
is the process of coercing the natural number to be an integer. The canonical
function that is applied to move between these types is called a coercion.

As another example, consider the construction of the set of binary mappings
over some given set. There seems to be a constructor that takes a set as an argu-
ment and returns the set of binary mappings over that set as a result. However,
if one has some group G, then it would be quite acceptable to a mathematician
to talk about binary mappings over G, even though G is a group and not a set.
Similarly one might talk about elements of GG, even though a type-theorist might
object that it is sets, not groups, that have elements. I claim one reason that
these idioms do not seem unreasonable is that any group can be coerced to be a
set by means of a canonical operation that extracts its underlying carrier. Insert-
ing this coercion into the formal expressions would recover the well-typedness of

the idioms.

4.1.3 Implicit syntax

One way to use coercions would be to incorporate them into the type theory it-
self. Thus the reductions permitted in a type theory could be defined relative to
a context of declared coercions. In fact, since coercions implement a notion of ab-
breviation, much as identifier definition does, it can be persuasively argued|[Luo97]
that their use should be considered at the metalogical level of a logical framework
within which type theories may then be defined, rather than at the object level
within a particular type theory.

Alternatively, coercions can also be thought of as providing what is termed an
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implicit syntaz{Pol90] for expressions in an existing type theory. In such a syntax,
some information (in this case, coercions) that may be reconstructed from the
context can be omitted. In the case of an implicit syntax determined through
coercions, the idea is that having defined a coercion s : S — T one may use x :

S to represent the term x x : T in certain circumstances. For example, if f is a
function which expects its argument to have type 7', then f x may be written as
an abbreviation for the term f (k x).

From the viewpoint of the user, the implicit syntax thus acts as an alternative
grammar for the type theory which improves the expressiveness of the theory
(more terms have types), making it more succinct or intuitive, but without in-
creasing this expressiveness (no additional types are inhabited) or introducing
ambiguities (a unique term of the original type theory explains each piece of im-
plicit syntax.) Such syntax can be seen as a step in bridging the gap between
formalisations, which have the advantage of being essentially unambiguous and
machine-checkable, and informal accounts, which have the advantage of being
easy to read and understand.

Recall the mechanism known as argument synthesis that is already imple-
mented in LEGO. This mechanism provides a concrete implementation of an im-
plicit syntax that allows the omission of certain arguments in expressions; these
arguments are later reconstructed automatically by the system (or synthesised)
through unification.

The way in which I shall use coercions is through a corresponding mechanism
of coercion synthesis. The user defines a collection of coercions which may then be
left implicit in an extended syntax of expressions, in both input and output. On
input, using information in the context of the expression, the implicit coercions
will be automatically synthesised to recover a term of the original type theory.

This term of the original type theory that exists inside the machine is said to
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explain the shortened term of the implicit syntax. On output, the parts of terms
that were synthesised are suppressed again.

I have made some changes to LEGO to incorporate coercion synthesis and
hence implement an implicit syntax within the flavours of type theory used by
LEGO. I call the resulting system “LEGO with coercion synthesis”, or more
often just “LEGOwcs”. Other existing systems can be extended in very similar
ways; Coq[Coq96] has also been extended with coercion synthesis by Amokrane
Saibi[Sai97a] to provide an implicit syntax for its underlying Calculus of Inductive

Constructions[Wer94].

4.2 The system LEGOwcs

4.2.1 Overview

Recall that LEGO works using a context of identifier definitions and declarations.
In LEGOwcs, some context entries may also be tagged as coercion definitions
when they are first entered. The list of coercion definitions will represent a
set of edges in a directed coercive graph. Paths through this graph constitute
the coercions that may be synthesised within expressions and left implicit by
the system in input and output. I shall use the terms “coercion” and “path”
interchangeably.

The nodes between which a path runs are types; they are the domain and
codomain of the type of the coercion function. I refer to these as the source and
target types of the coercion. The source is the type a term needs to have for
a coercion to be synthesised for it and applied to it, and the target is the type
it will have after the application of the coercion. Each node of the graph is a
specific type, and each path represents a specific function between its source and

target types.
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Limitations on the properties that the coercive graph is permitted to have
force restrictions on the combinations of coercion definitions that will be accepted
by the system. The main limitation is a requirement of coherency, explained in
the next subsection.

Coercion definitions may be parameterised, and therefore one definition may
introduce arbitrary numbers of nodes and edges into the graph. However, al-
though infinite, the graph has a finite description; the list of coercion definitions
gives rise to a finite collection of parameterised paths, built from the finite com-
position of the parameterised coercion definitions. This description may be used
by deterministic algorithms to check that a graph has the required properties,
and to synthesise the coercions left implicit in expressions.

Although the coercive graph may be thought of as being regenerated in its
entirety every time the list of coercion definitions is changed, it is maintained
incrementally in practice, since within LEGO, context entries (and hence coercion
definitions) are introduced, and removed, one at a time.

There are some other general features of the LEGOwcs system which were
decided on because of a variety of reasons to do with pragmatism, efficiency,
and safety. These decisions and the alternative approaches that could have been
taken are explored in chapter 5. The fundamental features of the approach used
in LEGOwecs are as follows. Paths through the graph are constructed statically
at the time that coercions are defined, not dynamically at the time of synthesis.
Coercions are considered applicable only if the types involved match at a (mainly)
syntactical level; the weaker requirement of convertibility is not sufficient. Finally,
in all circumstances, if more than one coercion could be synthesised by the system,
then the possibilities must be coherent in the sense defined in the next subsection.

This allows a non-ambiguous form of “multiple inheritance.”
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4.2.2 Coercion definition and coherence

To enter a coercion definition into the context, the user needs to provide an
identifier and a term. This term must be a function. It may take a number
of initial arguments that can be reconstructed by LEGOQO’s argument synthesis
algorithm when the function is applied; these parameterise the coercion defini-
tion. The type of the first non-synthesised argument is the source type (or the
parameterised class of source types) of the coercion definition. The type of the
remaining function body is the target type (or the parameterised class of target
types); this may depend on the source, and can be explicitly specified by the user
through LEGO’s type-casting mechanism if so desired. Thus the most general

type for a coercion definition is

[z | pr. e | pa(zy). ... Oay | po(zr, ..oy 2p_1).

Oz : S(xy, ... 2n). T(xq,. .., 20, T)

where p; ... p, are the (parameterised) types of the parameters, S is the (param-
eterised) source type, and T is the (parameterised) target type.

When a new coercion definition enters the context, new coercions (paths
through the coercive graph) are generated from it. The simplest new paths are all
of the single edges which result from the arbitrary instantiation of the parameters
of the new definition. Also, existing paths to the source types of these new edges,
and from their target types, are composed with these edges, to make new paths.

If competing paths are produced (ones that run between the same source and
target types), then these paths are allowed only if they are extensionally equal on
the source type. By this I mean that their applications to an arbitrary argument
of this type should be convertible. I call the competing paths coherent in such a
circumstance. A coercive graph is coherent if all competing coercions within it
are. New paths which do not compromise the coherency of the coercive graph are

allowed to be added. However, if a new path competes with an old one and they
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are not coherent, then the coercion definition which resulted in the competing
path being generated is disallowed. This generation of paths and checking for
coherence is performed statically, at the moment that a new coercion definition
is made.

In practice, one cannot generate (and check the coherence of) all the new paths
individually, since the definitions may be parameterised over arbitrary types.
Instead, the implementation works at the most general level of parameterisation
of paths and definitions that it can. Since there are only a finite number of
definitions, and each can be used only once in each path, only a finite number
of combinations of these into parameterised paths is ever necessary. However,
the process is most clearly understood through the preceding explanation at the
level of the possibly infinite collection of individual non-parameterised paths. The
details of the algorithms implemented will be given in section 4.4.

In order to keep terms unambiguous under all combinations of coercions, it
is understood that every node of the coercive graph has an empty identity path
defined upon it, and new coercions must be coherent with these identity paths.
In this way we require that every cyclic path in the graph must be convertible
with the identity. Although a cyclic path would never be synthesised directly,
this prevents two successively synthesised halves of a cycle that act on some term

from introducing any ambiguity.

4.2.3 Special flavours of coercion

Normally, coercions run between nodes that are particular source and target
types. This is because generally when it comes to doing synthesis, LEGOwecs
knows that it has a term with the source type where one with the target type is
required. However, sometimes the precise target type that the term must have

after it has been coerced may not be known. One may just know that one wishes
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it to have one of a general class of types.

One such class is the class of kind types. Recall that in the terminology of
LEGO a kind is any term which may appear on the right-hand side of a typing
judgement; thus the types of kinds are Prop, Type; and Type.

I thus introduce a special node into the coercive graph representing the class
of all kind types. Coercions with this node as a target are of a special flavour
called kind-coercions. They are the paths which end with an edge formed from a
coercion definition that has been explicitly specified to be of this flavour. When-
ever something that is not a kind is used as if it were one (for example, if it is
found on the right-hand side of a typing judgement), LEGOwcs will search for a
kind-coercion to apply in order to make the resulting expression well-formed.

It is these coercions which allow the treatment of composite objects, such as
instances of groups or sets, as types over which one can quantify and range; if G
is a group, we may also write G to represent its carrier type, projecting this by
an implicit kind-coercion. Competing coercions from a source type to the special
node of all kind types must be coherent, just as is the case for other targets.

The other special node in the graph represents the class of functional types or
[I-types. Functions are terms which may be applied to other terms. II-coercions
are the flavour of paths with this node as a target, and they end with an edge
formed from a coercion definition explicitly specified to have this flavour. When-
ever something that is not a function is applied to an argument as if it were
one, LEGOwecs will search for a II-coercion to apply in order to recover the well-
formedness of the expression.

This flavour of coercion is useful in formalising mathematics in type theory
because proof information is often bundled up with functions (for example, to
prove that a function is a set mapping, or an isomorphism), but often one still

wishes to apply the composite object directly to arguments.
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[I-coercions must also cohere when they compete. A less strong coherency
requirement that allowed the existence of more then one Il-coercion from an
individual type to differently typed functions would have been possible, but I did
not attempt to implement this since I had never wanted a term to represent more
than one function in my own work. (However, it may be that such an ability
would be useful if one were to pursue the use of coercions to help with a certain

form of overloading that is described in subsection 5.5.1.)

4.2.4 Syntactic matching of types

Whenever the system attempts to synthesise a coercion, it is always the case
that we have an expression that requires some subterm to have a different type in
order for the expression as a whole to be well-formed or well-typed. Therefore the
proof-checker will need to decide whether or not the type of some term matches
the source or target type of some coercion, and I must explain what I mean by
matching.

Although any term in UTT may have many different types, the LEGO system
provides each term with a unique principal type, which can be computed from
the structure of the expression and from the principal types of its subterms, and
changed by the user by means of an explicit type-casting if so desired. When
talking about the type of some LEGO term as if it is uniquely defined, I will
mean this principal type.

Two types are said to match for the purposes of coercion synthesis only if
they have the same syntactic form, rather than the weaker condition of the types
being convertible. The reasons for this are discussed in chapter 5.

The relation is defined at the level of the well-typed explicit syntax that
underlies the system, but the user can consider the syntactic matching to take

place at the level of the implicit syntax they read and write. The precise details
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of the matching algorithm will be delayed until section 4.4; in brief, other implicit
coercions and arguments may be synthesised in the types themselves before the
comparison is made, and also the applications of these implicit coercions may be
(B-reduced, since these applications are invisible at the level of the implicit syntax.

Coercions, and hence the source and target types that can be matched, can be
parameterised. Values are assigned to parameters as is required by the matching
process; after a parameter has been assigned a value, then for another term to
match this parameter, it must match the assigned value. Again, the precise

details of the algorithm can be read in section 4.4.

4.2.5 Coercions in the context

In this section I explain how coercions work in relation to the LEGO context,
and describe the commands used to work with them.

A coercion definition is entered into the context as a specially tagged entry.
Before the definition is accepted, LEGOwcs checks that the term defined is a
function, that all its parameters may be synthesised when it is applied to an
argument, and that the graph that results from adding this new definition does
not contain incoherent paths. If it fails any of these checks, then the definition is
disallowed. Once accepted, the identifier defined can then be used in expressions
in the normal way, independently of the generation of paths through the coercive
graph that it also causes.

In the development, the definition of a coercion x with definiens F' of functional
type a — [ is presented as

> Define coercion k = F : a — 3
If k is to be a kind coercion, then also the target type (in this example, 5) must
be a kind for the definition to be accepted. Such a definition is presented as

> Define kind-coercion k = F : a — (3
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Similarly, if s is to be a Il-coercion then there is an extra requirement that it
returns a function. If accepted, such a definition is written

> Define m-coercion kK = F : a — (3
Coercion definitions (and all following entries) can be forgotten from the context,
just as any other context entry may be. When this occurs, all of those paths
generated since the coercion definition being forgotten are removed from the
coercive graph.

I also need to explain how coercion definitions work in relation to the discharge
of local identifiers. Coercion definitions may be made local. When they are
discharged, then all paths that were generated from them are removed from the
coercive graph, and all synthesised instances of these paths that are in the context
become local definitions within the bodies of the expressions in which they occur.

Coercions may also rely on local declarations; when such declarations are
discharged then they are thereafter treated as extra implicit parameters to the
coercion, as one might expect. This is achieved by abstracting the coercion
definition over the declarations in the standard way as for all discharges, except
that the bindings are forced to be implicit even if the original declaration used
an explicit binding.

When a discharge command affects the set of coercion definitions, then the
graph is regenerated and coherency rechecked from the point of the earliest of the
coercion definition that is affected. This is achieved by forgetting the paths that
used the original coercion definitions from the coercive graph and then introducing
the altered definitions sequentially, generating the paths in the standard way.
Since the new definitions are more general than the older ones, a larger number
of paths may be generated. If a problem concerning coherency results, then the

discharge command that caused the problem is not allowed to take place.
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There are also some new commands that enable the user to review what coer-
cion definitions have been made and which paths have been generated. These are
not used within the development; they are intended for use in an interactive ses-
sion. I shall therefore describe them only briefly. The command “Coercions” lists
all coercion definitions in the context. The command “Paths” lists all generated
coercions. There are three more specialised versions of the “Paths” command to
view particular coercions in the graph. “PathsFrom S” lists all coercions that
could be synthesised from the particular type S, “PathsTo 17 finds all those to

the type T, and “PathsBetween S,7” returns all the coercions between S and T'.

4.2.6 Coercion synthesis

I shall now describe all the circumstances under which LEGOwcs will attempt to
synthesise a coercion. If any of the following expressions involving the subterm
X with principal type S fail to be well-formed or well-typed within the standard
grammar, then the system attempts to synthesise a coercion k : S — T', and then
replaces X with x X in order to produce a well-typed expression.

The first sort of expression is very common and is the canonical case in which
a coercion is synthesised. These are the sort of syntheses that will allow one to
talk about binary mappings over a group rather than a set. A function is applied
to an argument that has the wrong type, and a coercion is used to correct the
mismatch.

The second sort of expression allows the invocation of a coercion through an
explicit type-casting. The last two are also connected with type-casting; recall
that a pair has a non-dependent Y-type unless is explicitly given a dependent one.
Although this looks like a type-casting, it is handled slightly differently within

LEGO, and so must be dealt with separately in LEGOwcs.

e An application, f X where the principal type of the argument to f is T’
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e A type-casting, (X :7T)
e A casting within a dependent Y-type, (X,b: (Xx:T) t)
e A casting within a dependent Y-type, (a, X : (Xx:s) T[x/a])

Certain declared flavours of coercions can also be synthesised in additional
circumstances, as well as those outlined above. A Il-coercion from S is synthesised
in the circumstance when X is not a function, but is being applied to another

term as if it were.
e An application, X a

Kind-coercions from S are synthesised in many circumstances when X is not
a kind, but a kind is nonetheless expected in order to provide a well-formed

expression:
e An abstraction, [Az: X]| ¢, {Ilx: X} ¢, {llz:s} X, (Bx: X) tor (Bzr:s) X
e A type-casting, (z:X)
e A casting within a dependent X-type, (a,b : X)

Within LEGOwecs coercions are also allowed to be synthesised in other cir-
cumstances where interactive proof commands expect an expression to have a
certain type or one of a certain class of types. Since my presentation does not
make the details of any interactive proofs explicit, these syntheses need not be
considered by the reader of the development. However, for the sake of the interest

of an existing LEGO-user, they are as follows.

e A refinement “Refine X7, where the current goal is 7.

e A goal command, “Goal X”; a subgoal command, “Claim X”; and a
command to use an equivalent goal, “Equiv X7, can all synthesise kind-

coercions.
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e Also, some of the new commands specific to listing coercions in LEGOwcs,
“PathsFrom X7, “PathsTo X7 and “PathsBetween X,X”, can also syn-

thesise kind-coercions.

4.3 Examples

This section demonstrates how coercions may be used in practice with some
simple examples that take as little time as possible to set up. A broader range
of useful and interesting uses can be shown once one has some framework of
mathematical concepts implemented that one can work with respect to. Some
illustrative examples from the main Galois development include the interaction
between subsets, sets, and their elements, fields considered as vectorspaces over
themselves, and natural numbers used as canonical indexing sets. These can be
found in chapters 8 and 9.

I start with some abstract examples in order to illustrate the basic mechanisms

of coercion definition and synthesis.

4.3.1 Abstract examples

The first example is a simple coercion whose synthesis is caused by a function
application. This canonical case is probably the most common one in practice.
> Introduce f : C' — D and b : B
> Define coercion k; = ... : B — C
Now k1 allows objects of type B to be used where an argument of type C' is
expected. The coercion ki is synthesised but is kept implicit in the output.
> fb:D
> fbx~f (kb

Now I add a second coercion definition:
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> Define coercion ko = ... : A — B
I can force a coercion to be synthesised with an explicit type-casting:

> Introduce a : A

> a:B
Also, the existing coercion definitions will be composed to generate a third coer-
cion K1 © Ke from A to C.

> fa:D

> fax~f(k (k2 a))

If T define a kind-coercion from B, I can consider any object of type B as a

type in its own right.

> Define kind-coercion k3 = ... : B — Typeg

> Introduce x : b
Here, using b as a type has caused the coercion k3 to be implicitly synthesised:

> x:Ksb
Other uses can also cause the same coercion to be synthesised to turn b into a
type. Note that also a will be a type through the coercion k3 o ks.

> a—b# b: Typeg

Finally, I shall define a Il-coercion to allow objects of type A to be used as

functions.

> Define m-coercion ky = ... : A —-C — A

> Introduce ¢ : C'

> ac:A
I end these abstract examples with a deliberately complicated case that shows all
four coercions being implicitly synthesised in the same very short expression.

> Introduce X : a b

> X kg (ka2 (K1 a (K1 D))
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4.3.2 Concrete examples

I now outline a simple framework for mathematics to enable me to present some
examples of coercion use in the formalisation of some algebra. Suppose that set,
an additive abelian_group and field are all types, with coercions between them.

> Define coercion k5 = ... : abelian_group — set

> Define coercion kg = ... : field — abelian_group
Defining a kind-coercion allows a set to be written to represent its underlying
element type.

> Define kind-coercion kg = ... : set — Typeg

Suppose now that for S : set, we have defined the set of binary operators on

S.

> Define ops = ... : set — set
Every G : abelian_group has an associated addition mapping, represented by the
symbol +|G. The group argument G' to + is implicit since in normal use we
will suppress it and allow it to be synthesised from the arguments to which + is
applied. The coercion kg allows a field to “inherit” this addition mapping.

> Introduce F : field

> +|F :opg F
If you look closely at the above typed expression, you will see that all three
coercions introduced so far need to be synthesised within it in order to make it
type-check:

> +|F ~ +|(ke F)

> opy F' ~ ke (op2 (ks (ke F)))

We would expect to be able to apply operators such as + to arguments directly.

In fact, we would expect to write it infix between two arguments, and this is
allowed in the development using a pretty-printing directive. But leaving matters

of its fixity unaddressed for now, we will also need a II-coercion in order to extract
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the applicable function from the object 4+, which does not have a function type.

> Define m-coercion k,, = ... : {ILS |set} (ops S) = S — S — S
Here k,), is our first example of a parameterised coercion, parameterised over the
argument S : set. Its source type is ops S and its target type is a functional
one, S — S — §. Again coercions have been used to write these expressions:
the source type is actually ke (op2 S) and the target type actually (kg S) —
(ket S) — ke S. We can now apply + as expected:

> Introduce z,y : F

> x4y F
Again it may be revealing for the sake of this example to examine what has been
synthesised in the above expression.

> T4y~ Ky (H(ke F)) zy

> F ~ Ky (k5 (ke F))
In this case both implicit arguments and implicit coercions have been synthesised
to expand the natural abbreviated expression to a longer and more formal form.

To continue this example, we consider vectorspaces defined over a field. A

vectorspace is an abelian group together with a scaling operator * that obeys
certain axioms, so another coercion is used to formalise that relationship.

> F-space : Type;

> Define coercion k7 = ... : F-space — abelian_group

> Introduce V : F-space and v, w : V

> Vi F -V -V
(In fact, in the development, % will be a mapping rather than a plain function,
but I did not wish to complicate this example by using a more general II-coercion
than k,, that would allow such a mapping to be applied.)

Once more, note that kind-coercions are being synthesised for ' and for V' in

the above expressions. A reader does not tend to notice these coercion syntheses
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unless they are made explicit, since they are not essential for an understanding
of what is presented. This, I feel, is how it should be, and this scenario will be
common in the Galois development. The reader sees expressions that are natural
in appearance and familiar from informal style, but whenever necessary these can
be translated back to the more cumbersome fully formal and machine-checkable
expressions.

The machine does such a translation for all statements in order to get them
into a language that it understands. A human reader rarely needs to consider the
details of this translation. This is because the objects behave in a way that is in
accord with the reader’s mathematical intuition. There is an “obvious” transla-
tion back to formal type theory via coercions; each object in the expression may
be turned into something of the correct type using canonical methods. Since the
coherency of the coercive graph guarantees the expressions are unambiguous, the
reader knows that the translation the machine has used to check the mathematics
15 the obvious one.

I return from that tangent to the example. Since + can synthesise different
abelian groups from the context in which it is used, we have now enabled some
form of safe overloading.

> (r+y) *x(v+w):V
> (@4 y) % (04 w) = (ke (+l(66 F)) 2 9) 5IV) (e (+(57 V) 0 )

After the field F is discharged from the context, the coercion k7 will be pa-

rameterised over this argument.
> Discharge w,v,V,y, x, F
> ky : {IIF |field} F-space — abelian_group

To conclude, I consider two final ideas: dependent coercions, and coherency

checking. Any field may be considered to form a vectorspace over itself; the

scaling operator for this vectorspace is simply multiplication in the field. We can
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formalise this use with a final coercion:

> Define coercion kg = ... : {IIF :field} F-space
This is a dependent coercion; the target type of the coercion definition depends
on the value of the source argument. The idiom will allow us to use scaling on
elements of a field:

> xrxy: F

> xxy~x|(kg F)xy

Before kg was accepted as a coercion, however, LEGOwcs had to do some

coherency checks. This is because there are now two distinct paths in the group
between fields and abelian groups (and hence also further objects such as sets
and types.) The one already explicitly declared is kg, but a new one has now
been generated that goes via vectorspaces, k7 o kg. In order for these coercions
to be coherent, we require that for arbitrary fields F', the following conversion
judgement must hold:

> ke F'~ Ky (ks F)
For sensible definitions, this ought to be the case, since the additive abelian
group underlying the field and the one underlying it when it is considered as a
vectorspace over itself are one and the same. LEGOwcs is able to establish this
by expanding the definitions of the coercions and other terms. (I have suppressed
those definitions for the purposes of this example, but their details in the Galois

development can be found in Appendix section B.7.2.1.)

4.4 The LEGOwcs implementation

The above description of the system and examples of its use should suffice to
understand the concepts involved and to read a formalisation that makes use
of coercions. This section examines the details of the algorithms used within

the LEGOwcs implementation. To completely understand the behaviour of the
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system, one needs to understand the basic algorithm for matching types, and
the further algorithms that make use of this first one in order to synthesise the
coercions left implicit in an expression, and to add newly generated coercions to
an existing graph following a new coercion definition.

The coercive graph is represented internally as a list of parameterised paths.
Each parameterised path represents all of the specific coercions that may be
obtained by instantiating its parameters. Each is generated by the composition
of one or more coercion definitions at the most general level of parameterisation
under which they will compose.

Dependent coercions, in which the target type of a coercion may depend
on its source value, may appear to complicate matters. In fact, they do not
cause any extra implementation difficulties. In all such cases, the argument is
matched as if it were another parameter to be assigned. In the case when the
argument is known, as in the coercion synthesis process, the match is trivial;
the argument parameter is immediately assigned the known value. However,
treating the argument as a general parameter also allows the matching needed
for comparing and composing coercions that is described in the later sections to
transparently generalise to dependent coercions. Thus in the following, when I
write of a coercion between the parameterised types S and T', then, if necessary, 1
include the argument of type S as an extra parameter to 7" to cover the dependent

case.

4.4.1 Matching of types

This algorithm takes a number of pairs of terms, which may be parameterised,
and attempts to find a common parameter assignment under which the first term
in each pair is matched with the second. It works by recursion over the structure

of the terms it has to match, matching each pair in turn and building up the
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parameter assignment as it goes.

Let the parameters be 1, xo, . . ., x,, with types p1, pa(21), ..., pu(T1, ..., Tp_1).
Let the parameter assignment calculated be represented as a partial function o,
so o(x;) is the assignment derived for the parameter z;, or is undefined if no such
assignment has yet been derived. The completely undefined assignment is written
(), and the assignment that assigns the term X to the parameter x; will be written
x; — X. If no valid assignment can be found the matching function will indicate
its failure by returning an invalid assignment represented by L. Non-conflicting
assignments can be combined, so 07 + 09 is a valid assignment so long as for all
i, if o1(x;) and oo(x;) are both defined, then they are equal. If the assignments
conflict, their combination is L.

The value of a parameterised term ¢ under the parameter assignment o is
written o[t]. This is just ¢ with each instance of z; replaced by o[o(z;)] if the
assignment is defined, and left unchanged if it is not. The way in which assign-
ments will be built up ensures that the implied recursion always bottoms out,
since the combination o + (z; — X)) will be disallowed when o[X] contains x;.

If the terms s and ¢ match and the calculated assignment is o, then this will be
written s =t = . In such a circumstance then at the level of the implicit syntax,
o[s] will be identical to o[t]. If the terms don’t match under any assignment then
we will have s=t = L.

The matching relation is then calculated by recursion:
e First of all, the matching relation is to be reflexive. Thus s = s = ().
e The most complex case is matching against a parameter.

— x; = x; = () already by reflexivity.

— Otherwise, if t # x; but o[t]| mentions z;, then the match fails, and

x; =t = L. (This rule ensures that no parameter will be defined in
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terms of itself.)
— Otherwise, if o(z;) = s, then x; =t reduces to s =t.

— Finally, if o(x;) is not yet assigned, then x; =t = (p; =T) + (i — t),
where p; is the given type of the parameter x;, and T is the principal

type of t.
e Now I consider applications.

— [-reduction of coercion applications is allowed. Thus [Ax:T]| e s=t
reduces to e[s/x] =t if the applied function was synthesised as a coer-

cion.
— Apart from this reduction, f s =g t reduces to (f =g) + (s =1).
e All other matching cases occur when the same type-theoretic operator is

being applied to matching constituent parts.

— 5.1 =t reduces to s=t.

— 8.9 =t.9 also reduces to s =t.

- (81, 52) = (tl, tg) reduces to (51 = t1> + (SQ = tg)
In any of a pair of A, II or ¥—bindings, if the first has domain s; with
co-domain s,, and the second has domain ¢; with co-domain ¢, then the
match reduces to (sy =t;) + (se =t3) after an appropriate renaming of
bound variables. (In fact, LEGO uses de Bruijn notation internally and

keeps track of names only for output purposes.) Thus the sort of binding

used (implicit or explicit) is ignored. Thus, for example,

— [Axz:s1] so = [Ay|t1] ta reduces to (s1 =t1) + (52 = ta[z/y]).
— {Ilz|s1} so ={Vy:t1} ta reduces to (s1 =1t1) + (s2 = ta[x/y]).

— (x:s1) s9 = (Zy|t1) ta reduces to (s1 =t1) + (s2 = taz/y]).
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4.4.2 Coercion synthesis

Coercion synthesis is attempted in a variety of occasions within LEGOwcs. The
details of these occasions were explained in section 4.2.6. In each case, before the
introduction of coercions into LEGO, the circumstance would have resulted in an
error indicating a problem with an ill-typed or an ill-formed term. In LEGOwcs,
the proof-checker tries to synthesise a coercion to recover from the problem.

There are three flavours of coercion synthesis that are performed.

e Standard coercion synthesis to coerce X of type S into x(X) of type T
e Kind-coercion synthesis to coerce X of type S into a kind x(X)

e Il-coercion synthesis to coerce X of type S into a function x(X)

In all three cases we require a coercion k whose parameterised source type will
match S in the manner described above under some assignment o. In the first
case, the parameterised target type of x must match 7" under the same assignment.
In the second and third cases, there is no such extra matching requirement, but
x must be flagged as a kind-coercion or Il-coercion, respectively.

The synthesis proceeds by trying each coercion in the graph in turn to see if
it will meet the relevant requirements. If no such coercion can be found, then the
synthesis is unsuccessful and the original error corresponding to the circumstance
that prompted LEGOwecs to look for a coercion occurs. If instead a coercion is
found that meets the requirements it is returned immediately, since the manner
in which the coercive graph is constructed ensures there is only one possible
synthesis (at least up to type-convertibility.) The checking needed to ensure this

is described in the next section.
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4.4.3 Adding new paths to the coercive graph

A new coercion definition may give rise to many new parameterised coercions
(paths through the coercive graph.) The way in which these are generated is
described later in this section. First I consider what happens to each new indi-
vidually generated coercion.

The first requirement on an acceptable path is that it may not contain more
than one use of any parameterised edge of the graph. That is to say, it may not
be formed from a composition involving two edges that both result from possibly
different parameterisations of the same coercion definition.

The reason for this is that some definitions are sufficiently generic that they
could be composed with themselves or with each other arbitrarily many times
under different parameterisations. For example, consider a coercion definition
K {Ilt| Typeo} (t # t) — t. Given any T : Typeg, a path from (T" # T) # T # T
to T' can be formed by composing two instances of x under the parameterisations
t— T # T and t — T. Clearly this sort of composition could be extended on
the left indefinitely.

My solution, to not consider any path that involves two instances of the same
definition, is a straightforward one, which makes it easy to work with in practice.
If a user ever does wish to allow a path involving two copies of the same coercion
definition, this is easily accomplished by entering a second copy of the same
coercion definition into the context.

The next thing to consider is whether a coercion definition x can form a
cycle under some parameterisation. If its source and target can be matched,
S =T = o, then olk| is regarded as competing with the identity function on 7,
and coherency checks and decisions about what action to take follow the pattern
for competing paths that is described below, given that one considers there to be

an empty identity path defined on every node of the coercive graph.
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Apart from these empty cycles, a coercion may also be found to compete with
other paths that are already in the coercive graph. For every existing parame-
terised path ' from S’ to T”, if there is a match S =T = S’ =T’ = o then we say
that x competes with x’ under the assignment o. For these paths to be coherent,
it is required that o[k] is convertible with o[x].

If the new path is a kind-coercion (or respectively, a II-coercion) rather than
a normal coercion, then it must still pass the first coherency test. In addition,
coherency is also checked against all kind-coercions (or respectively, II-coercions)
from a source S’ that can match the source S of the new path. The idea is that
both the coercions run to the node representing all kinds (or respectively, all II-
types) and so the targets of these coercions already match. If this additional test
is successful, the new coercion does not introduce incoherencies.

If a competing path is found that is incoherent with the new path, then
the coercion definition that generated the new path is disallowed and no paths
generated from it are allowed to be added into the graph. Thus all paths generated
from a new coercion definition must be coherent with existing paths for that
definition to be acceptable.

If all paths that compete with x are coherent with it, then s can be safely
introduced into the graph. However, if under all parameterisations « already has
a competitor, then it will never be synthesised in the current implementation. I
make some effort to determine whether or not this is the case, to avoid introducing
a useless path into the graph. In fact I only consider the case when the same
existing path competes with the new one under all assignments, since this is
relatively easy to check. This approach of not introducing redundant coercions
helps to keep the graph size small, but it does have one disadvantage which will

be explored within section 5.2.6.4.)
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4.4.4 Generating new paths from a coercion definition

The first parameterised path generated by a new coercion definition is that formed
by the coercion definition itself. This may be seen as the path consisting of a
single edge.

The other new paths generated are those created by joining existing paths to
the source and from the target of this path to either or both of its ends. Since
a coercion definition may feature only once in any path, this may be achieved
by first attempting to compose all existing paths on one side of the coercion
definition, and then attempting to compose all previously existing paths on the
other side of all the new paths so far generated.

To compose two parameterised coercions, the target of the first has first to be
matched with the source of the second. If there is no assignment under which a
match can be made, the paths cannot be composed.

Having produced an assignment o that allows a match, it must then be checked
that all the parameters (including the the source argument) of the second coer-
cion can be expressed in terms of those of the first coercion (again, the source
argument is included as a parameter.) This can be done by examining the val-
ues of these parameters under the assignment o. If some parameters cannot be
expressed in this way, then the composition will not be carried out, because the
resulting coercion would have some unsynthesisable parameters. Otherwise, the
composition is parameterised by the remaining parameters unassigned by o, and
its body is equal to the functional composition of the assignment o applied to

each of the two component paths.



Chapter 5

Further coercions

This chapter takes a broader look at coercions, exploring some other ways in
which the concept can be used. I explain the design decisions taken in the imple-
mentation of LEGOwcs and the reasons for choosing them over their alternatives.
I also consider the status of coercions relative to related concepts in type theory

such as subtyping and overloading.

5.1 Putting coercions into type theories

The LEGOwecs system uses coercions to provide a new implicit syntax for expres-
sions. However, the type theory underlying this syntax, and the reduction and
conversion rules that govern it, remain unchanged. If one considers the system at
the level of the implicit syntax, as a user is inclined to do, then one may formu-
late new formal rules and judgements at this level; but there is a simpler formal
system underneath without coercions that gives rise to these.

Since developments in LEGOwcs have a simple translation back into the
trusted type theory of the traditional LEGO system, one may use the extended
system and be confident about the results it proves without having to perform

a full-scale investigation of its meta-theoretic properties - these can be inferred
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from those of the simpler system. However, the terms involving synthesised co-
ercions with which the proof-checker has to deal can be very large, although this
may not be evident to the user, who reads only the more concise implicit syntax.
Working at two levels in this way and translating between them can introduce
unnecessary inefficiencies in the proof-checker itself.

An alternative approach is to incorporate coercions into the type theory at
the level at which it is formulated. This means the reductions and judgements
of the type theory are then defined relative to a collection of declared coercions.
One could extend the rules for any given system with a particular formulation
of coercions, and investigate the effects this might have. Gilles Barthes, amongst
others, has investigated such an approach[Bar96]. The resulting type theory could
then be implemented directly from this formal basis. (I am not aware of any such
implementations.)

However, the mechanism of abbreviation allowed by coercions seems to be
most naturally considered at the metalogical level, much like the abbreviating
power of definitions. Zhaohui Luo has investigated the use of coercions at the
level of a logical framework[Luo97]. Within a general logical framework the more
specialised theories such as some of the common extensions to Martin-Lof Type
Theory[MLof84] or the Calculus of Constructions|[CH88] can be formed by defin-
ing appropriate type constructors. By making these definitions within a logical
framework extended with a system of coercions, one can introduce coercions into
any of these theories, and reason about the effect this will have on its proof
properties using the logical framework.

The power of such a metalogical approach can be illustrated with the obser-
vation that all of the many forms of coercion synthesis found in LEGOwcs can
be explained and justified at the level of a logical framework in terms of the one

most simple and fundamental use of coercions; changing the type of a function
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argument in order to match that required by the function.

As an example, consider an informal presentation of a logical framework (such
as LF[Luo94]) with a single sort denoted *, product types written as (z : S)T or
as (9) T if there is no dependency, and abstractions with such types as [z : S]y.
One can add a reduction rule to the framework so that applications may utilise
coercions: if f has type (z : S)T, and a has type S’, and there is a coercion x
from S’ to S, then the application f a is computationally equal to f (k a).

In such a framework, this single coercive reduction rule can account for the
other flavours of coercion that needed to be considered separately when working
with the direct syntax in LEGOwcs. For example, the II-type constructor will
have type (S : %) ((S)*) *. The kind-coercions that allowed II-abstractions over
non-types just become regular coercions into *; IlI-coercions are regular coercions
into the parameterised class of types defined by the Il-type constructor; type-
casting a term to have type S can be represented as the application of the identity
function on S, and so on.

Coercions can also be used as a framework for universe subsumption by con-
sidering a ladder of coercions ¢, for natural numbers n, each from the nth to
the n+1st level in the universe hierarchy. Luo discusses these ideas further in

[Luo97].

5.2 Design decisions in LEGOwcs

In chapter 4 I described the make up of the LEGOwcs system and gave details of
how it was implemented. Many of the decisions that were taken in formulating
the system are interrelated in a complicated way, and were influenced by both
theoretical and pragmatic motivations. Some of the decisions taken may on first
sight not appear to have been the most natural choices.

In this section I look at these decisions, exploring the reasoning behind them
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and looking at the alternatives that could be (or have been) used in principle (or
in practice.) To begin, I review the priorities and motivations that were guiding
me.

The implementation of coercions in the Coq proof-checker[Coq96] by Amokrane
Saibi[Sai97a] shared many of the same desires for practical checking and expres-
sivity, and I note he made many similar choices. There are differences too, and
I shall compare and contrast the approaches taken by the two implementations

where this is the case.

5.2.1 Motivations

My motivations were relatively immediate and short-term, and I consider co-
ercions as a means to an end: a literate formalisation. A more theoretically
motivated approach would probably take a more pure but less pragmatic stance
towards some of the decisions that working with coercions entails. However, 1
started this project because I wished to undertake the literate and large-scale
formalisation of some algebra over the course of my three year degree. I thus
wanted to produce a working implementation that was feasible to use in practice
and that was as well-suited as possible to the demands of such a project.

The system therefore had to run relatively efficiently and not slow the oper-
ation of the existing machinery inordinately. Especially when dealing with large
terms, the existing generation of proof-checkers are fairly demanding in terms of
compute time and resources. Modifications which caused too much of a further
slowdown would not be feasible to use for a large-scale development. This influ-
enced the sort of matching I used and had a bearing on the decision to generate
the coercive graph statically.

The implicit syntax that results from the implemented features had to be as

flexible as possible and have the ability to express as many useful notations and to
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synthesise as many convenient coercions as possible. This influenced my decision
to allow coercions to be parameterised, and for paths between nodes to compete
if necessary.

If a final formal development is to be usefully read, then it is important that
the reader can parse the formal expressions and understand what they mean. This
is the reason for using coercions in the first place - to provide an implicit syntax
that eliminates some unnecessary clutter in order to allow some informal idioms.
However, it is important that succinctness of expressions is not achieved at the
cost of introducing ambiguity. Potential ambiguities are dangerous, for even if the
writer of a development is able to avoid mistakes in their own understanding, a
reader who is not as familiar with the material may be misled if the syntax reads
in an ambiguous manner. This influenced the enforcing of coherency between
competing coercions.

Finally, since my changes involve tinkering with the proof-checker itself and
hence risk introducing bugs, it is important that a proof produced by the extended
system should be easy to translate back into a form that can be checked by the
original version or by other trusted proof-checkers; it must be believable[Pol97].
Since the system only implements an implicit syntax for an existing type theory,
the translation is not difficult; one just makes all the coercions synthesised by
the extended system explicit. This produces terms of the original type theory.
As a proof of concept check, I performed this translation by hand using search
and replace in the compiled files that LEGO produces for a small part of the
development, and encountered no difficulties.

However, I note that making these coercions explicit may clutter and obscure
the expressions that need to be read to understand what has been proved, be-
cause these expressions were originally formulated in the cleaner, kinder, implicit

syntax. It might well be worthwhile, therefore, to include in any trusted system
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the ability to suppress upon output those functions understood to be coercions.
Thus while coercions need play no special role in formal checking, the fact that
they do in informal understanding may mean that they are too important to

ignore when a reader is trying to believe a proof.[Pol97]

5.2.2 Parameterisation

Parameterisation allows the simultaneous introduction of large classes of coercions
into the graph. Although this does not affect the underlying rationale of the
system, it has consequences for any implementation on a machine, as it produces
a potentially infinite number of individual coercions.

Without parameterisation, a finite number of coercion definitions results in
a finite number of paths, each of which can be considered individually and in
sequence when coherency is checked, or when deciding whether something can be
synthesised. With parameterisation, one can no longer act in so simple a manner.
An algorithmic process is necessary to decide which instantiations of parameters
will yield the coercions that are relevant to the given situation, and the need to
make the process feasible will influence the other decisions taken. Therefore, it
is important to justify the decision to make use of parameterisation.

The motivation for making the decision to allow parameterisation was my
desire for flexibility and expressiveness. The importance of such things is clearly
difficult to quantify. I have found parameterised coercions to very greatly increase
the usability of the system. Examples will be found throughout the case-study
later in this thesis. In fact, within the development I have undertaken, more than
half of all coercion definitions are parameterised. For now, I will attempt a more
general explanation.

The coercions that are left implicit to improve the readability of an expression

act on objects of certain types. Parameterisation of coercions is necessary only if
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these types are drawn from a parameterised class. For example, coercions from
sets or groups do not need to be parameterised since these types are unparame-
terised. However, many interesting objects in algebra do have such parameterised
types. One example is the type of vectorspaces parameterised over arbitrary fields
(page 189.) A second is subgroups of arbitrary groups (page 186.) A third would
be mappings over arbitrary sets (page 166); almost all II-coercions tend to be
parameterised. Lastly, some coercions act on elements of models of particular
algebras (e.g. elements of some given set); these thus need to be parameterised
over instances of the models in question (page 170.)

Parameterisation also offers a simple method for dealing with dependent co-
ercions, where the target type depends on the source argument. An example of
this would be to coerce a field into a vectorspace over itself (page 189.) Such
dependencies can be dealt with by treating the source argument as an additional
parameter in the target type. Thus an implementation of parameterisation is
sufficient to handle such dependent coercions.

Since my system was built with the particular piece of mathematics that I
am formalising in mind, I should make the disclaimer that what I have found in
practice may not concord with other experiences. For example, it may be that
algebra is unusual in its demand for parameterised coercions. However, I would
guess that parameterisation is similarly useful in other domains. It also features

in another practical implementation of coercions, that of Saibi in Coq.

5.2.3 Graph generation

LEGOwecs maintains a representation of all paths through the coercive graph by
generating new paths whenever the set of coercion definitions is changed. An
alternative to static generation would be to perform some path-searching in the

graph dynamically when a coercion needs to be synthesised.
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A dynamic approach requires a different approach to coherency (see sec-
tions 5.2.5 and 5.2.6.) However, this is not necessarily a bad thing in itself.
In some ways, a dynamic search allows more expressiveness and flexibility since
there is more information to hand when synthesising a specific path than when
generating a general parameterised one. It also allows the easy extension of ex-
isting coercions on base types to ones on inductive types and Il-types over these
bases. This is not performed by LEGOwcs because I found it complicated static
coherency-checking and have not found a need for it in my own developments.

Static generation is used in LEGOwcs because the amount of computation
involved in the dynamic graph-searching that would be required to trace paths
and synthesise coercions on-the-fly is very large. Each expression of average size
contains several implicit coercions. In the interests of efficiency, it is preferable to
do as much of the computation as possible once only, at the moment the coercion
definitions are made, rather than repeating similar work every time an expression
is type-checked. This is the same sort of reasoning as that which implies that
compilation is usually preferable to interpretation when trying to implement an
efficient programming language.

Faster machines and better algorithms might change things, but for the mo-
ment any pragmatic implementation would seem to need to do most of the work
involving coercions statically at “compile-time” rather than dynamically at “run-

time.”

5.2.4 Matching

Coercions run between nodes in the coercive graph. These nodes represent par-
ticular types. Thus when synthesising a coercion for a subterm one needs to have

some way of matching types to decide which coercions might be applicable. In
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LEGOwcs, types must have the same syntactic form to match. A similar require-
ment of syntactic matching is also enforced in the Coq implementation. However,
other sameness relations on types exist which may seem more natural to use. An
obvious possibility is the more generous one of convertibility; the theoretical pre-
sentations of coercions by Barthes and Luo both use the convertibility relation.
I should therefore explain why a different approach is used in LEGOwcs. There
are four main reasons.

Firstly, there is an immediate efficiency concern. A comparison of syntax is
quicker to perform than a check for convertibility. Although algorithmic tricks
can be used to speed up convertibility checks, in the worst case one is required
to reduce the types being compared to their normal forms. Since two matches
(source and target) are necessary for each coercion in the graph, a single coercion
synthesis involves a large number of matches. In turn, as previously mentioned,
an average expression may require a number of such syntheses.

Secondly, although a statement of convertibility
s~

is decidable in UTT for simple types, it is no longer decidable when one or both

types involve unknown term-variables
1, T S(T1, e T) 2T

since in general this requires higher-order unification, which is undecidable[Gol81].
When parameterisation is used, this sort of unification is necessary, since param-
eters might be assigned to arbitrary terms. Most matches will require only first-
order unification, and there are tactics that can be used to solve the higher-order
unification problem in certain cases[Nip90], but it can be seen that there are
some fundamental problems here, and that even an incomplete implementation

will have to do some complex unification computations.
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Since I have decided that parameterisation is essential in a flexible and expres-
sive system of coercions, and that a practical implementation must be reasonably
efficient, convertibility seems to be unsuitable. Syntax-based matching does not
present these problems, as parameter assignments can be calculated without dif-
ficulty for such a stricter matching of types, as described in section 4.4.1.

Thirdly, although a generous matching relation means it will be possible to
synthesise coercions without further work in more cases, there is a related draw-
back in that the generosity makes it easier for coercions to compete. Therefore
more combinations of coercions will be incoherent. When using a syntax-based
matching, if one wants a particular pair of convertible (but syntactically different)
types to be matched, then this can be achieved with a little extra work by defin-
ing an identity-like coercion between the two types that has no computational
effect other than to change the type of its argument. This gives the user a finer
degree of control, but they have to put in extra effort to achieve it. For example,
a defined identifier is convertible with its definiens, but is not a syntactic match
for it. To allow this match requires the user to define a coercion explicitly. One
might wonder why this match could not be accepted by default.

The reason is that it happens in practice that one wishes to define combina-
tions of coercions that would be coherent using syntax-based matching, but that
become incoherent when using a more generous matching relation. This occurs
since one may wish to use representations of distinct abstract concepts that are
nevertheless convertible within the framework of type theory. One example might
be using lists to represent both polynomials and finite sets. One would then have
the ability to use a common existing library of list operations and results to de-
fine further constructions over both these types. However, one would not want
the coercions defined on polynomials to be synthesised for finite sets, and vice

versa. Under a syntax-based form of matching, such syntheses can be prevented
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by giving the representations different names. Another example occurs later in
this chapter (page 108.)

Ignoring the representation of some abstract type in some circumstances but
accessing it in others can be seen as an information hiding problem. This probably
has a more general solution borrowed from the realm of object-oriented program-
ming, but that is not my concern in the current implementations I consider here.

A fourth reason for the different approaches is that in the case of the LEGO
system there is already a specific algorithm available for computing the principal
types necessary to perform a syntactic match, and its operation is familiar to the
user. In the more theory-based presentations of Luo and Barthes, formalising
the notion of principal types required for syntax-based matching would add extra
baggage to the existing elegant theories.

For the above reasons, syntax-based matching seems preferable to conversion
in present implementations. However, I do note that my decision on this was
reached in tandem with other decisions (e.g. the wish to allow parameterisation.)
Also, there may be arguments for using some relation less generous than full

convertibility, but more so than syntax-based matching.

5.2.5 Graph shape

The simplest restriction that might be placed on the shape of the coercive graph
is that there should be only one path between any pair of types. Forests and
some other graphs would satisfy this restriction. As well as avoiding any difficult
decisions about resolving competition between paths, it would make any dynamic
graph-searching algorithm much simpler to implement.

However, once again a simple approach has the disadvantage of reducing flexi-
bility and expressiveness. It would prevent two varieties of coercion combinations

which I have found to be common and useful in practice. These are depicted in
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| super; l | supersy l

some_type

Figure 5.1: Graph without sharing Figure 5.2: Graph with sharing

figures 5.2 and 5.3.

The restriction does not force a forest structure on the graph; some non-
treelike pieces of connected graph have no competing paths, as can be seen by
Figure 5.1. The type some_type can be coerced to both super; and supers, and
both sub; and suby can be coerced to some_type. However, it does prevent what
might be described as supertypes with sharing. This occurs when two types left
and right to which some subtype sub can be coerced themselves have a common
supertype super, as shown in Figure 5.2. In such a case there are two competing
paths in the graph between the types sub and super; one via the type left and
the other via the type right.

I should give an example of supertypes with sharing in practice. super might
be the type of maps. Let left be the type of injections and right be the type
of surjections. It is clear that coercions from these two types to maps would be
useful. Now if sub is the type of bijections it would seem useful to be able to
coerce a bijection to be either an injection or a surjection. These coercions would
produce the competing paths to the shared map supertype shown in the diagram.

Another example might concern flavours of algebras. For example, suppose
that super is the type of sets, left that of discrete sets, right that of groups,
and sub that of discrete groups. Again, all the coercions in the graph would be

useful in practice but there are competing coercions from discrete groups to their
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some_type

Figure 5.3: Graph with cycle

underlying carrier sets.

The second circumstance occurs when one wishes to use coercions to move
between two alternative representations of the same concept so that functions
can be applied to such objects without having to take into account on which
representation the functions were originally defined. Such coercions introduce a
cycle into the graph, as can be seen in Figure 5.3. Even if coercion definitions are
not allowed to be used more than once within a path, cycles still cause competing
coercions; for example, there are two paths from rep, to some_type; one involving
the single edge between them, and another which first loops around the cycle via
rep;.

This is the circumstance that occurs when one has two different but essentially
isomorphic concrete representations within the type theory of the same abstract
concept. For example, a finite sequence could be represented as a list (rep,) or
as a tuple (rep,.) In some circumstances the list representation might be the
most convenient to use; in others the alternative tuple representation might be
preferable. A coercive graph like that of Figure 5.3 would allow the use of both
these representations interchangeably.

The approach taken within LEGOwcs is to allow sharing, but to insist that
all competing paths are coherent. The different possible paths thus produce the

same result after they are applied. In the case of a graph with a cycle, the
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graph will remain coherent so long as the application of any cyclic path has no
net effect. This concurs with the intuition that rep, and rep, are isomorphic

representations, and that the coercions between them encode this isomorphism.

5.2.6 Other approaches to coherency

There are other choices that could have been made in approaching the matter of

coherency between competing coercions. I explore some of them in this section.

5.2.6.1 Allowing incoherent coercions

One different approach that could be taken would be to allow incoherent com-
peting paths, but to have some deterministic means by which to decide which
should be synthesised. In the Coq implementation, if two different paths could
be synthesised, then the path that was generated first is the one that is used. This
means that one must consider the latest coercion definitions that contributed to
each competing path, and then choose the path for which the latest definition
is the older. Thus the coercive graph is determined by an ordered sequence of
coercion definitions, rather than by an unordered set.

Allowing and resolving incoherencies gives the user more freedom, since, when
writing a formal development, they can decide to define coercions which compete
in ways that are not necessarily coherent, so long as they can keep track of which
will actually be synthesised in a given circumstance. For someone familiar with
the system this may not be an unreasonable responsibility.

However, I did not consider it to be an acceptable compromise for LEGOwcs,
since the system was developed in order to write mathematics in a way that is as
close as possible to informal practice without introducing any ambiguities. The
exact formal structure of a coercive graph would be difficult for someone without

experience of the particular type theory in question to keep in mind whilst they
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read a formalisation. It seemed preferable to prevent any dangerous ambiguities
by insisting on coherency, and thus allowing the user to rely on their intuitions

as to the meaning of the implicit syntax.

5.2.6.2 Dynamic coherency checking

Another alternative to insisting on coherency would be to allow any combina-
tion of coercion definitions, but to consider a term to be ill-typed if incoherent
competing coercions could be synthesised within it. This would act as a rea-
sonable compromise between the two approaches outlined previously. It would
allow the user to define coercions that generated potential incoherent competi-
tors, but would prevent them from actually introducing any such ambiguities into
the expressions they write. Alternatively, perhaps the system should only allow
incoherent coercions to be defined if the user gives some explicit indication as
to how to resolve the ambiguities that could arise as part of the definition. The
important motivation for me is to ensure that the reader of a formal presentation
cannot be misled into assuming that one coercion is being synthesised when in
actuality a different incoherent coercion is synthesised by the system.

It was pointed out to the author by Zhaohui Luo that although the coercive
graph may contain an infinite number of paths, only finitely many are ever syn-
thesised within the course of a given formalisation. Since synthesised coercions
are simple, unparameterised terms of the type theory, this reintroduces the possi-
bility of checking the coherency of individual paths directly rather than working
with parameterised paths. However such an approach would mean that type-
checking would become slower and slower as the length of the development, and
hence the number of coercions synthesised, increased. Still, in an efficient enough
implementation, this approach would remove the need to statically check the co-

herency of the graph. (The paths themselves might still be statically generated,
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in order to maximise the run-time efficiency of the system.)

5.2.6.3 Matching using conversion

Another ambitious change would be to attempt to allow types to be matched by
some flavour of conversion rather than a syntax-based comparison, although as
previously noted, synthesis within such a system would still necessarily be incom-
plete. Still, the argument synthesis used in existing proof-checkers is incomplete,
as in its full generality it requires higher-order unification; nonetheless it has been
found to be very useful even in its restricted form. If the additional problems
of checking coherency requirements and resolving ambiguities were dealt with by
some other means (such as those outlined in the previous two paragraphs) then an
incomplete but more extensive system of coercion synthesis might also be found

to be useful in practice.

5.2.6.4 A problematic combination of coercion synthesis and argu-

ment synthesis

In LEGOwcs, newly generated coherent competing paths are ignored since their
competitors are assumed sufficient for synthesis. In fact, in certain interactions
with the LEGO argument synthesis mechanism, the nodes via which a synthesised
coercion runs can determine whether or not the term in which it is synthesised
can be made to type-check. A final option that might be considered would be
to store all the coherent competing paths between two types and to try instan-
tiating the later paths if using the earlier ones did not allow the whole term in
question to type-check. Since coherent coercions have the same computational
effect, nothing should be lost by remembering only one of them. But in fact there
is a circumstance where the direction the path in the graph takes is important,

and I shall describe it below.
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Recall the situation presented in figure 5.2. Suppose now that the path be-
tween sub and super that is generated first goes via the type right. Then the
coherent path generated later that goes via the type left would not be added
to the graph. Suppose now that elements of super can themselves be considered
to be types. A concrete example of this situation might be that presented on
page 97, where super is the type of sets, which can be coerced to their element
types. In this example left is the type of discrete sets, right the type of groups,
and sub the type of discrete groups.

Now suppose that 7" : {ILS | discrete_set} S — ... is a construction defined on
the elements of discrete sets. Let G be a discrete group, and let x be an element
of type GG. Then one cannot apply the operator 1" to x, because the necessary
first argument, G considered as a discrete set, will not be synthesised, since the
type of x is G considered as a group, considered as a set. However if the paths
had been generated in the other order, then the type of x would be G considered
as a discrete set, considered as a set, and so the application of T" to x would be
successful.

This is a reasonably subtle point, and it occurs rarely enough in practice that
I did not consider the extra computation that would be required to try all possible
combinations of coherent coercion syntheses before failing to type-check a term to
be worthwhile for my own purposes. In the current implementation, the problem
can be avoided by the writer choosing an appropriate order in which to make the

coercion definitions; a reader need not be concerned by it.

5.3 Example material

Although the remaining points I wish to make about coercions in this chapter may
be considered at the level of abstract examples, in order to motivate them and

to illustrate them clearly, it is useful to have a concrete example from which to
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work. The best such examples are provided in the context of a general framework
for mathematics. Such a framework will be developed later in this thesis for
the Galois case-study, within chapter 8; however, its presentation benefits from
the understanding of material in preceding chapters, and parts of these (e.g.
section 6.1.4.2) in turn are best read once this chapter has been understood.
In order to break this unfortunate cycle of dependencies, I instead introduce
a simple concrete example at this stage. It is independent of the case-study but
may be understood without further preparation. Some further discussion and
some richer illustrations of concepts discussed in this chapter (particularly those
to do with overloading), may be found in sections 6.1.4.2 and 8.6.
I define the type of natural numbers, nat, by induction, using the standard

constructors of zero, 0, and successor, +1.

> nat : Typeg

> 0 :nat

> Allow +1 to be written postfix

> 41 :nat — nat
An equality relation is defined upon nat by recursion.

> 0 =0~ true

> m+1 =0 = false

> 0 =n+1 =~ false

m+l=n+l>~m=mn

v

On this type I recursively define a doubling operator, doub,,.
> doub,, : nat — nat
> doub, 0 ~ 0
> doub, n+1 ~ (doub,, n)+1+1
I now introduce a type representing the even numbers. These will be natural

numbers that satisfy a certain predicate; that they are equal to some other natural
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number doubled.

> Define is_even = [An:nat| (Im:nat) (doub,, m) = n : nat — prop
An even number will be represented by a natural number coupled with a proof
of its evenness. A projection coercion allows all even numbers to be considered
as natural numbers.

> Define even = (3n:nat) n.is_even : Typeg

> Define coercion k1 = [An:even] n.; : even — nat
There is an alternative definition for the type of even numbers, by induction,
resulting in a type isomorphic to nat:

> even' : Typeg

> 0 : even'’

> Allow +2 to be written postfix

> +2:even’ — even’
A recursively defined computation coerces between even' and nat.

> Ko : even' — nat

> ko O, ~0

> Ky n+2 > (ky n)+1+1

5.4 Connections with subtyping

Work on coercions in type theories developed partly from attempts to extend
theories with the ability to allow some classes of object to inherit properties and
features from other classes. In the language of object-oriented programming, one
would say that child classes inherit from their parent classes, or that subclasses
inherit from their superclasses. Coercions also allow an object to act as if it had
more than one type. Both these notions are related to the paradigm of subtyping.
The extension of type theories with subtyping is a common idea in the literature

of the subject. One of the uses of coercions is that they can give a computational
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explanation for subtyping.

The basic principle of subtyping is that if S is a subtype of T, then terms
of type S may be considered to have type 1" as well. This allows a term with a
subterm of type T to remain well-typed when a second subterm which has type
S is used in place of the original.

One form of subtyping that has received a fair amount of investigation is sub-
typing based on records[BT95]. In this approach, objects are tuples (or records)
whose components correspond to named fields. One record type, S, is a subtype
of another, T, if S contains all the fields of T' (and possibly some additional ones
to0o.) Whenever a term with type S is used, one can simply forget the components
in the extra fields to retrieve a term with the record type T'. There is thus some
computational way in which to give a meaning to this form of subtyping.

Coercions extend the idea that subtyping and other forms of inheritance can be
justified computationally[BCGS91]| by allowing functions of a more general nature
than “forgetful” ones that simply get rid of information held in extraneous fields
of a record. But a fair number of the coercions in my case-study development are
forgetful ones. As another example of the connection, the Coq system including
coercions allows records to be defined and used in the sort of style commonly seen
in systems with record subtyping, and it implements this through the definition

of an appropriate collection of coercions.

5.5 Connections with overloading

Coercions can be seen as implementing a form of overloading. In an overloading
system, a single lexical phrase may represent several different things, and the
meaning intended is recovered by examining the context within which the phrase
is used.

The context is usually provided by a function application, where the function
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(or argument) provides some contextual information that allows us to resolve the
meaning of an overloaded argument (or function.) In section 5.1 I observed that
if coercions are considered at the level of a logical framework then all context-
providing circumstances (such as using an expression as a type or as a function)
may be seen as the application of a function (a type-theoretic operator) to an
overloaded argument.

When using a coercion, all expressions representing objects whose computed
types lie within a certain class are effectively overloaded. Coercions thus imple-

ment a general pattern of typed overloadings.

5.5.1 Overloading of individual identifiers

Another method of overloading is to provide meanings only to individual phrases
(normally identifiers) rather than to all of a typed class. Using a simple trick,
coercions can be used to implement this form of overloading also. However, the
system implemented by LEGOwcs would need to be modified in order to make
this technique more useful and flexible. I believe there is fertile ground to be
explored here; unfortunately, the possibility arose too late in my research to
allow me to pursue it properly. I present here only an outline of the technique

and some thoughts on how it might be developed.

5.5.1.1 The desired overloading

We know that all even numbers can be considered as natural numbers, and have

encoded a computation that coerces them in this way. However, conversely we

know that some natural numbers can be considered as even numbers. For exam-

ple, consider the number 4. This has representations both as a natural number,
> Define 4,, = 0+1+1+141 : nat

and, because I can prove that 4,, is equal to doub,, applied to the natural number
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two (0+1+1), it also has a representation as an even number.
> P : (doub, 0+1+1) =4,
> Define 4, = (4,,0+1+41, P : even) : even

I would like to be able to use the same identifier to represent both these
objects; four in its form as both an even and as a natural number. One way to
do this would be to define the general identifier to be equal to the even form:

> Define 4 = 4, : even
This would allow me to use 4 as a natural number through an implicit synthesis
of the coercion k1, since

> k1 4~4,

This solution is used often in the case-study. However, it is not optimal for
several reasons. The first is that [ was forced to introduce a subsidiary identifier,
4, in order to refer to 4 as a natural number before I was able to introduce its
“real” name. The intervening uses of 4,, (for example, those in the definition of
4 = 4, itself) are rather anomalous.

It also has a second disadvantage; I have to know and limit the shape of
the coercive graph in advance, for I must define the identifier to have the type
at the source-most end of the coercive path if I am to use it for all the other
superclasses. For example, if I wish later to introduce a new type of multiples
of four, from which a coercion to even numbers could be defined, I would not be
able to “extend” the overloading of 4 to have this type.

Another problem also concerns the shape of the coercive graph. Perhaps I
would like for 4 to represent an element within the type of square numbers also.
Now there is no source from which all nodes that represent types I would like
to overload 4 to have are descendants. I could introduce a special type of even
square numbers especially for this purpose, and define 4 as an element of this

type; but this is clearly an undesirable inconvenience.
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Instead, I should like to overload the identifier 4 and let it be overloaded to
represent objects of arbitrary types. I do not want to have to specify all these
types in advance. However, I do want to ensure that the overloading is coherent
with other abbreviations used.

> Forget back through 4

5.5.1.2 Coercions from unit types

The goals set out above can be met through the use of coercions from unit types.
I can form an inductively defined type T with one constructor x. If necessary,
I could define many isomorphic but non-convertible copies of this type; but in
the existing LEGOwecs system I can just give the same type as many names as |
want, and the system will consider them distinct for the purposes of synthesising
coercions. This is an example of the sort of circumstance described in section 5.2.4
where matching at a syntactic (conceptual) level is preferable to matching at the
conversion (implementational) level.

Thus, I define

> Define 4_is_overloaded = T : Typeg

> Define 4 = x : 4_is_overloaded
Thus 4_is_overloaded is a type with a single inhabitant, the identifier 4. Through
coercions, 4_is_overloaded will be used as if it were the type of all objects that can
be represented by this identifier.

I can now define coercions to turn instances of this identifier into whatever
types I choose. I shall use the values already defined as 4,, and 4., but I do not
need to use these intermediate names or to define all the overloaded values at the
same time.

> Define coercion k3 = [A-:4_is_overloaded] 0+1+1+1+1

: 4_is_overloaded — nat
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> P : (doub, O+1+1) =4
> Define coercion k4 = [A_:4_is_overloaded| (4,0+1+1, P : even)
: 4_is_overloaded — even
> (4,4) : nat # even
Note that in the above 4 is used to represent 4,, in the coercion x4 corresponding
to the definition of 4..

The graph produced by these coercions contains competing paths; there are
now two paths from 4_is_overloaded, the general type of the identifier 4, to nat.
However, these paths, k3 and ki o k4, are coherent. Therefore no ambiguities
have been introduced.

> k3 4~ Ky (kg 4)
Thus by using the existing coercion system for this new form of overloading I
ensure that our previous coercive abbreviations and overloadings all cohere.

One could go on to define further coercions to future types of multiples of
four or square numbers if so desired. For example, I can define a coercion that
overloads 4 to have the other type representing the even numbers, even':

> Define coercion k5 = [A_:4_is_overloaded]| 0.+2+2 : 4_is_overloaded — even'’

5.5.1.3 Extending this technique

I would like to overload more complicated expressions than simple identifiers. For
example, having proved that = is reflexive,
> Introduce R : {Vn:nat} n =n

it is easy to prove that the double of any natural number is an even number (from
the definition of the is_even predicate.) Thus I should like to define a version of
the doubling function that returns an overloaded result that can represent either
an even or a natural number, depending on the context. As before, although this
can be achieved by implementing the function that returns an even number and

relying on paths from this result type, this solution would not later allow us to
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extend the overloading of the function to e.g. return a multiple of four whenever
it was applied to an even number.
By generalising a coercion definition so that it goes from a parameterised class

of unit types, the previous technique can be extended to accomplish this:

> Define doub_is_overloaded = [A_:nat] T : nat — Typey

> Define doub = [A_:nat] % : {IIn: nat} doub_is_overloaded n
I can now define two coercions to implement the overloading as before.

> Define coercion kg = [An |nat] [\_:doub_is_overloaded n| doub,, n

: {IIn | nat} (doub_is_overloaded n) — nat

> Define coercion k7 = [An |nat] [\_: doub_is_overloaded n]
(doub n,n, R (doub n) : even) : {IIn|nat} (doub_is_overloaded n) — even
> (doub n,doub n) : nat # even
Again, this notation is known to be unambiguous because LEGOwcs has au-
tomatically checked that two competing coercions from doub n to nat, kg and
K1 © K7, are coherent:

> kg (doub n) ~ k; (k7 (doub n))

5.5.1.4 Problem cases

So far, so good. However, now consider an attempt to implement this overloading
for the other definition of even numbers, even'. I can define an appropriate
function by recursion:

> kg (doub 0) ~ 0,

> kg (doub n+1) ~ (kg (doub n))+2

However, I cannot define this function as a coercion. The LEGOwrcs system re-
ports that incoherent paths have been generated. This is because the coercions
generated as kg and as kg o kg, both from doub n to nat, do not produce re-
sults that LEGOwcs can see are convertible for arbitrarily-valued instances of

the parameter n. In fact, such terms are convertible, and this can be proved by
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induction on n; but LEGOwcs cannot perform such meta-theoretic reasoning.

In fact, a similar problem prevents me from defining a cycle in the graph
that equates the two representations of the type of even numbers, even and even'.
Again, LEGOwcs will fail to find the cyclic paths coherent, although it will be
provable by induction that they are.

This sort of problem suggests that an ability to prove some of the conversion
relationships required for coherence might be a useful addition to the coercion
system. I have not pursued this possibility, but I suspect that it would be par-
ticularly suitable for a treatment of coercions at the level of a logical framework,
where equality (conversion) judgements can be derived by other reasoning in the
framework.

There is another way in which the current framework does not provide the
exact features that are needed to implement a completely general form of over-
loading through coercions. As it stands, all arguments to doub must be subtypes
of nat. Ideally, one would be able to define doub itself as an overloaded but un-
parameterised identifier that could take arbitrary arguments and have any arity.
In order to do this, one would need to have coercions from the doub_is_overloaded
unit type to several different functional types, and have the correct coercion syn-
thesised in response to the application of the non-functional doub identifier. The
present system allows only one Il-coercion to be defined on each type. As men-
tioned earlier, this feature of the implementation is only absent because I saw no
need for it at the time of programming and wished to keep things as simple as
possible rather than because there is some fundamental reason why this cannot

be done.
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5.5.2 Coercions and type classes

Mechanisms for inheritance and associated overloadings are also provided by an-
other paradigm, that of type classes. Simple type classes are most well-known
through their use in functional programming languages such as Haskell. Such
type classes and languages deal only with computation, but an extension of the
paradigm, so-called axiomatic type classes, makes it suitable for type-checking
where logical properties and proof are relevant. The Isabelle proof-checker[Pau93|
is one that uses axiomatic type classes|Wen97].

I present a very quick review of this paradigm and how it works relative to
coercions. I should warn the reader that my understanding of type classes is not
as complete as I would like, and I have little experience of using them in practice.
Nevertheless perhaps drawing some analogies between the two approaches may
be revealing.

I shall illustrate some type class concepts using some Haskell-like pseudocode.
An example of a type class might be one of equality types. These would be

defined to be types that had an associated equality function.

class Eq a where

(==) : a -=> a -> Bool

A subclass of equality types that also had an order defined on them could be

specified.

class (Eq a) => Ord a where

(=) : a > a —> Bool

A type class definition C a can be seen as corresponding to the definition of a
record type C with the type a as its first component, with appropriate subtyping

and inheritance functionality being defined. (Thus functions on types in the class
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Eq above are inherited by those in the class Ord. One can see this as a projection
coercion from Ord to Eq)
Given a particular type (e.g. the built-in Bool) and the definition of a partic-

ular function iff with the appropriate type,

iff true true = true
iff true false = false
iff false true = false

iff false false = true
one can place the type Bool as an instance of the class Eq as follows:

instance Eq Bool where

x =y =1ff x y

Note that a similar kind of instance declaration through coercions from unit types
was explored in the previous section. With type classes it is the most basic notion.
As it stands, there is no information about the logical properties of these

types. So, if one had defined some unsuitable dumb_equality function,

dumb_equality : Bool -> Bool -> Bool

dumb_equality x x = false

then this would be equally acceptable as an instance of Eq. In order to express log-
ical properties of type classes one needs an azxiomatic extension to the paradigm.
(Such an extension is not native to Haskell, but I shall continue to use the same

notation.) Thus one could specify instead

class Eq a where

(==) : a -> a -> Bool
Reflexivity : {x : a} (x == x)
Symmetry o {x,y ray x=y) > (y == x)

Transitivity : {x,y,z : a} (x ==y &y == 2z) -> (x == 2)
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Now the equality function is guaranteed to have the intended properties. An
instance definition Eq Bool using iff for equality could provide the required
proofs, but one using dumb_equality could not.

For example purposes, I also define a couple of other axiomatic type classes

for preorders and orders.

class PreOrd a where
(<=) : a -> a -> Bool
Reflexivity : {x : a} (x <= x)

Transitivity : {x,y,z : a} (x <=y &y <=2z) > (x <= 2)

class (Eq a) => Ord a where

(<=) : a -> a -> Bool

Reflexivity : {x : a} (x <= x)

Antisymmetry : {x,y : a} (x <=y &y <=x) > (x == y)

Transitivity : {x,y,z : a} (x <=y &y <= 2z) > (x <= 2)

These sorts of extensions seem natural enough in a dependently-typed lan-
guage that contains propositions and proofs such as LEGO, and indeed they
have been implemented in Isabelle.

As well as concrete instantiations of type classes (such as Eq Bool above), one
can also define abstract instances. (The proofs of the axioms have been omitted

since I don’t want to have to introduce further notation to deal with them.)

instance (PreOrd a) => Eq a where
x==y=(x<=y&y<=x)
Reflexivity = ...

Symmetry = ...

Transitivity = ...
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Abstract instances can be seen as analagous to general coercion definitions; here
a coercion has been defined between PreOrd and Eq. I note some symmetry here,
in that general coercions can be used as a basis for defining concrete instances,
but in type classes the basic notion of a concrete instance is instead generalised;
the two approaches seem to share a similar functionality, but to take different
ideas as their fundamental building blocks.

There remain some differences between the approaches, however. Coherence
is effectively for free with type classes. This is pleasant in some ways but is also a
result of there being some limitations on the inheritance graphs that can be built
using the approach.

Also each type a can be considered as an instance of a particular class C in
only one way. Thus one could not define many different pre-orders on any one
underlying type and then refer to them by different names. This can probably
be avoided through the syntactic trick of duplicating definitions, however. Again
I note some interesting symmetry in that this same trick is effective in avoiding
coherence problems with coercions.

Finally, type classes are by definition concerned with types. Some other uses
of coercions, such as implementing other syntax tricks of abbreviation (e.g. over-
loading a natural number to represent a set), cannot be implemented through
type classes.

Further work on exploring the differences and similarities between these two

approaches would probably be very worthwhile.



Chapter 6

Proof style

This chapter looks at the decisions that have to be made about the overall style
of proof one will use when working in a formal system. The issues are ones
of presentation; other important foundational notions to do with content are
considered in chapter 8. For a literate presentation both style and content are
important.

I review some of the major practices of the traditional informal style that aid
readability and consider how to translate them to produce a literate formalisation.
Some issues specific to the LEGO proof-checker and the particular case-study on
which I worked are also considered. The proof style I chose for the presentation

of the case-study is explained.

6.1 Informal mathematical practice

This section reviews some of the practices that are common in writing informally
about mathematics and that distinguish it from more formal styles of presenta-
tion. Each subsection describes such a practice, considers how it might be used
in a formal framework, and concludes by outlining how the issue was handled in

the case-study development.

116
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6.1.1 Use of natural language

Formal mathematics involves the manipulation of strings of symbols. The ex-
pressions formed represent other concepts, but they tend to be manipulated by
considering syntax-based rules rather than the semantics of what is being repre-
sented. (The boundary between syntax and semantics cannot be precisely defined,
but a distinction is often usefully drawn in practice.)

Informal mathematics makes some use of syntactical reasoning also. We may
manipulate symbolic expressions such as equations through rules which have pre-
viously either been agreed upon as axiomatic or proved to be appropriate. But
such expressions tend to form only a part of a mathematical development. Often
much of the mathematics is expressed in natural language. This change in style
between natural language to expressions provides a useful visul clue that aids the
reader in understanding the structure of the development.

Very broadly, natural language tends to be used in circumstances similar to

the following:

e when the identifiers used to describe objects have become whole words and

phrases. (Most identifiers used in expressions are very short.)

e to indicate logical operators such as implication and quantification in both
the statement of results, and in the structure of the proofs of these state-
ments. (Phrasings such as “for all ...”, “if ...then ...”, “Therefore ...”

b

and “Suppose ...” are examples.)

e to indicate clues to the higher-level structure of a proof, so that the reader
can intuit missing details. (Examples would include phrasings such as “sim-

ilarly”, or even the well-loved “trivially.”)

The grammar of natural language is far more complex than that governing

most expressions. There are many idioms and synonyms, which makes for more
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interesting reading. In some ways natural language can be verbose and redundant;
many phrasings for simple concepts are very long compared to their equivalents in
symbolic expressions. It is also very linear; expressions can make much better use
of spatial juxtaposition. But the complex grammar also allows for better use of
analogy and the leaving implicit of information that must be explicitly supplied
to satisfy the simpler grammar of expressions. These practices sometimes risk
ambiguity, but they also make it possible to present only the information most
relevant to understanding.

Because informal mathematics uses natural language, it tends to require less
use of names and labels than does its formal counterpart. Proofs and other
objects that are constructed only for immediately use can be left anonymous and
referred to by pronouns such as “it” and “this”. Especially when working in
a classical logic which admits proof irrelevancy, most proofs do not have to be
named at all; instead, later proof-steps in a chain of reasoning are understood to
be immediate consequences of earlier ones. This can be indicated by phrasings
such as “Thus...”, “So...” and “Therefore...”

In the case-study, I work in a fully formal framework, but with the ability to
add informal commentary in natural language where it seems appropriate. At
some levels of presentation, this commentary replaces omitted formal statements;
the full formal development can be consulted if a reader wants all the details.

I experimented with using long identifiers that mimicked natural language
phrasings for objects in earlier versions of the development. However, I ultimately
found them to be too verbose, and to compromise one of the few advantages of ex-
pressions: that their structure is evident from syntax. Further, the language that
such expressions offered was sometimes a little unnatural and awkward to read.
In the final version, I tend to use shorter, more symbolic names in most places.

though the names of predicates do often have an “is” prefix, and constructs such
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as “as a subset of” still survive.)
I made some effort to structure the proofs using natural language phrases such

7

as “Introduce...”, “Let” and “Suppose ...and ...” This worked reasonably well,
although a lack of synonyms lead to some rather repetitive phrasing.
[ didn’t try to solve the problem of anonymous identifiers, so the development

is afflicted by a preponderance of identifiers that are defined to be used once only

in the following definition.

6.1.2 Expressions

In informal mathematics, symbolic expressions are used when we consider compli-
cated combinations of operators, especially when there is a useful correspondence
between the semantics and syntactic rewriting rules. Expressions tend to be
succinct, using short identifier names, and can make great use of spatial juxtapo-
sition. Both dimensions of the page can be used through subscripts, superscripts,
and symbol stacking. Conventions for the associativity and fixity of operators
are also used to make expressions more readable.

Sometimes other implicit conventions mean that expressions carry some proof
information. For example, we might write “z ~ y ~ 2” to mean “x = y, and
Yy & z, SO x & z using a previous proof or assumption that = is transitive.” A
chain of equational reasoning may also be annotated with indications of the rules
or axioms justifying each step.

In the case-study, everything is necessarily an expression to some degree.
For built-in operators (such as those controlling the direction of the proof, and
abstraction over variables) I tailored the output to help readability using arbitrary
fixity conventions, and added annotations in the proof to flag certain objects as
propositional so they could be rendered differently. 1 also made use of natural

language constructs where it seemed appropriate.
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For identifiers defined by the proof script, I provided rather less control. I al-
lowed some fixity declarations, but nothing as complicated as the sort of “around-
fix” notation used for operators such as integrals in everyday mathematics. Nor
were there any notions of default associativity. Also, arbitrary subscripts and su-
perscripts would have pushed my rather ad hoc system of automating line-breaks
using simple IXTEX past breaking point, so I didn’t allow these either.

This made my expressions somewhat linear and one-dimensional. These re-
strictions resulted only from lack of time in which to implement something more
complex, not because of any essential problems with pretty-printing. In the future
development of systems for literate formalisation, I would recommend allowing

pretty-printing to be defined to follow a much more flexible grammar.

6.1.3 Naming conventions

As already mentioned, the identifiers used in expressions tend to be short, with
names such as “G” and symbols such as “+”. Longer identifiers tend to be used
for concepts at a slightly higher level of abstraction, where they can be swaddled
in natural language constructs. (“Suppose G is a group”, “Since + is associative”)
Both in and out of expressions, informal mathematics makes use of a wide range
of symbols and different fonts in order to increase the available space of short
names. Thus we might see “G” and “@” used also.

Sometimes a name carries implicit typing information. After a few uses, an
author may cease to mention that G is a group. These conventions are common

)

in mathematics. A reader knows that “a~” is likely to be a binary relation that
will be written infix, so sometimes an author will not mention this information at
all, even though strictly speaking it is necessary to state the convention in order

to avoid parsing problems.

Another quirk of naming in informal mathematics is that the same identifier
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may be used to refer both to a statement and to a proof of that statement. So
“Fermat’s last theorem” may be introduced as an abbreviation for the proposition
“For all x,y,z,n > 0, if 2™ +y™ = 2" then n < 37, but later the identifier will be
used to refer to a proof of this theorem: “By Fermat’s last theorem, we have that
... This is reasonable since in applying the result one is not normally interested
in the content of a particular proof of it, only the fact that some proof of the
result exists. In type theory, where proofs are first-class citizens and there way be
many different proofs of the same result, there is a need to give separate names
to results and their proofs.

Only the most important of results tend to be given long names. Some others
may be left anonymous, either because they are used immediately, as described
earlier, or because they may be described without naming them (“By the transi-
tivity of ~...”) The remaining relatively unimportant results and axioms tend
to be identified with short labels, even if there are too many of them to keep
track of.

Most readers of mathematics don’t seem to mind having to refer backward a
few pages to find out what a label refers to. Presumably a lot of mathematics
would benefit from a hypertext presentation where the use of a term could link
to its definition. This interesting idea is not explored by this thesis, as it would
entail another paradigm shift; moving from an informal presentation to a literate
formalisation is a big enough step in itself. However, I suspect that non-linear, hy-
perlinked presentations may become more and more common as mathematicians
discover the benefits of this technology for electronic publication.

In the case-study, I allow identifiers to be associated with default types so that
the typing information can be omitted in later uses. The pretty-printing system
using pieces of I¥TEX for identifiers makes the presentation many times easier

to read than using the ASCII identifiers of LEGO; having a large vocabulary
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of symbols is a great aid to literateness. When I wished to name both results
and their proofs, I tended to use lower-case for results and upper-case for proofs,
but mostly I did not have to give names to propositions. For proof identifiers,
I tended to use short lower-case descriptions for axioms and lemmas to be used
in equational proofs (such as “plus_assoc” for the result that might informally
be called “the associativity of +”) and short indexed capitalised labels for more

substantial proofs (such as “GROUP;” or “FINDIM,".)

6.1.4 Overloading

Overloading occurs when an identifier may have distinct meanings in different
contexts. Some of the ways in which this device is used in informal mathematics

can be quite subtle.

6.1.4.1 Overloading through scoped namespaces

Sometimes the same identifier will be used for essentially unrelated objects. For
example, the proof/result “Lemma 1”7 might be defined in many different ways
even in a single book. Across the entire literature of mathematics, generic-
sounding adjectives such as “good” or “strong” are defined and used in many
dissimilar senses.

To a certain extent, the same could be said of other common terms such as
“normal”, “0”, and “continuous”. But there is some analogy between the different
uses of the same term in these cases, and I wish to leave considering this until
subsection 6.1.4.3. However, which use is actually intended may be decided partly
in a similar manner to the way in which we resolve the use of such identifiers as
“Lemma 1”7 above.

The reader of an informal text resolves these sorts of ambiguities partially

through looking at how they are being used, as we do with homonyms in English.
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But mostly the resolution relies on some notion of the locality of the text in which
they are found. If two chapters of a book prove different “Lemma 1”s, then the
later use of “Lemma 1”7 in one of those chapters is interpreted as referring to the
one that was proved in the same chapter. If “Lemma 1”7 is used outside these two
chapters, it will probably be accompanied by a further qualifier that specifies in
which chapter the result is found. The chapters define areas within which the use
of the identifier is unambiguous.

Something similar occurs with wider areas such as whole books. One can even
see different parts of mathematics as defining still wider areas within which uses of
overloaded terms can be resolved. For example, “root” is likely to have different
interpretations in analysis and in graph theory. Conversely, the use of the more
common identifiers, such as those for variables like “z”, “y” and “z”, can be
resolved by looking in more localised areas; subsections of a chapter, paragraphs,
or even sentences.

Thus there seems to be an implicit notion of namespaces, where the meaning
of an identifier can be ascertained at least in part through looking at the area
in which it is used. This idea is used with rigour in defining the behaviour
of computer programs, where a notion of “scope” is often fully formalised. In
a programming language such as SML there is an explicit action of opening a
module and its associated namespace. Whilst a namespace is open, it’s identifiers
are in scope and can be used unambiguously without further qualification. In a
more general context when the module is closed, the identified items can be
obtained by qualifying the basic identifier with the name of the module. The
difference between uses such as bar and foo.bar is more formally defined than
that between identifiers in mathematics such as “Theorem 2”7 and “Theorem 2
from Ideal Examploids by E. G. Maidup”, but seems analagous to it.

Whilst this all follows clear common sense conventions, and presumably can
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be formalised easily, it is as well to be aware of the way that simple namespace-
manipulation occurs implicitly in mathematics. This is because there are other
forms of overloading where different matters arise either instead of or in addition

to the issue of namespaces, and where formalisation becomes more difficult.

6.1.4.2 Simple overloading through coercions

Sometimes, there is a relatively simple relationship between the different objects
that can be represented by an overloaded identifier. Coercions can be seen as
implementing such a form of overloading, in which immediate contextual clues
are used to resolve the ambiguity, as described in chapters 4 and 5. In this case the
framework within which this is performed is formal enough that the ambiguities
can be resolved entirely by machine.

There are two ways of seeing such coercions as overloadings. One is that the
identifiers representing the coerced objects have been overloaded so that they can
stand for both the original object and the coerced object. This was the view taken
in the implementation of coercions in LEGO. However, a second perspective is
that the operator itself is being overloaded, rather than the arguments to which
it is being applied.

Suppose we have a coercion x : Z — R between the types of integers and real
numbers, and also a square root operator N R — R defined on the real numbers.
If n : Z is an integer, then the expression /n is well-defined, as it repesents
m . The first way of viewing this in terms of overloading is that n has been
overloaded to represent also k(n). But one could also see it as overloading Vv to
work on integers by representing the composition k o v Z—R.

This second perspective allows us to consider a related form of overloading
that is not handled by the current system of coercions. Suppose we have a unary

minus operator = : R — R which we would like to overload to work on integers
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7 7
—on Z

- on R
R B R

Figure 6.1: Coherency of — and &

also. In this case we want to change the result type of the operator as well as its
argument type, so the first perspective will fail.

The overloading of — in this way can be considered to be coherent with the
coercion k (i.e. it doesn’t introduce unresolvable ambiguities) if the diagram show
in figure 6.1 commutes.

In more simple cases, one can implement such an identifier overloading in
the existing system using coercions from unit types, which will also machine-
check such a combined condition of coherence. This possibility was discussed
in subsection 5.5.1. However, further extensions to the coercion system would
be necessary in order to make the use of this sort of idiom as flexible and as
convenient as it should be. The possibility of extending the coercion/overloading
system in this way came up too late in the day for me to pursue it, but I believe

it would be a useful avenue to explore further.

6.1.4.3 Overloading through analogy

Informal mathematics often takes this method of overloading even further down
the above route. Instead of just using the same identifier for two related concepts,
sometimes one also uses the analogy between the two concepts implicitly and uses
past experience and results proved with one in reasoning about the other.

The most simple example of this is when two different books define an object
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in different but essentially equivalent ways. Let us take an abelian monoid as an
example. A monoid is a set with an associative binary operator that has a left
and right identity element. So we could specify an abelian monoid to be a monoid
with an extra axiom that said the operator was commutative. But alternatively,
we could define a new minimal collection of axioms for the abelian monoid: that
the operator is commutative and associative, and has a left identity. We can do
this since the right identity result follows from the left identity and commutativity
axioms.

So we have two essentially equivalent definitions of an abelian monoid, but
they aren’t identical. Especially in a type-theoretic framework, they have rather
different structures. However, we’d want to use them interchangeably in informal
mathematics; results proved for one would be assumed for the other. We can
see this as overloading the term “abelian monoid” to represent both definitions;
but here we are combining the namespace type of overloading outlined in subsec-
tion 6.1.4.1 with an implicit appeal to an essential equivalence between the two
definitions. Indeed, we would hope to be able to formalise this equivalence and
prove that it lets us use the definitions interchangeably.

In fact, for the case-study one does have a formal framework that would allow
us to do this; that of coercions. Every abelian monoid that fits the first definition
could be turned into one that fits the second, and vice versa. Hence, one could
use them interchangeably in a formalisation once we had defined these coercions.

However, in general, finding analogies between mathematical objects and their
properties and formalising them in a common abstract framework is a lot of work.
There are many very rich areas of mathematics that have grown out of such
analogies, such as category theory, topology, and universal algebra; indeed, one
could argue that pure mathematics is the study of high-level analogies. Informal

reasoning makes good use of the more simple forms of such abstractions implicitly
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to lessen the amount of detail that needs to be given. Within a formalisation, it
is often desirable not just to do the work to set up the frameworks in the first
place (which is clearly necessary to be sure of correctness) but also to be able to
invoke these appropriate frameworks implicitly at suitable points. Having to be
explicit with these invocations detracts from the readability of a development,
but automating such subtleties is clearly a very big task.

In the case-study, I sometimes found it useful to define separate LEGO ver-
sions of an object which would all share a common I¥TEX identifier, and to hide
the invocation of the framework machinery. This allowed the use of this high-level
analogy through overloading to remain implicit in a casual reading of the text,
but of course the underlying framework could be made evident in a more detailed

presentation.

6.1.5 Use of elipses

This is a very common idiom in informal mathematics. It normally abbreviates
an expression using a recursive or inductive definition. The base case is often left
implicit using this sort of idiom, and some results about associativity are often
assumed.

For example, a linear sum over a list of arbitrary finite length might be defined
Ylzo, 1, .., xn) =0+ 21+ + 20
More formally, we would see this as a recursive/inductive definition.

Y] =0

Yo X) =x0+ (2X)

Still more formally, ¥ would not appear in its own definiens, and an elimination

operator over lists with special rewrite rules would be used instead. This is the
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type-theoretic basis for such definitions, and they are less readable still in this
form.

In the case-study, although LEGO does not allow recursive definitions by
pattern-matching of the sort seen above, I tended to present definitions in this
way since this makes them much more readable. I did this by omitting the
code for the definition that actually used the elimination operator, but then
demonstrating the interconvertibility of the pairs of terms shown above in the
base and inductive cases, thus producing output that had been formally checked

by the LEGO system. See page 190 for an example of this.

6.2 Goals in writing, modularity and libraries

In both formal and informal mathematics, the style in which a development is
presented depends on the goals that one sets out to reach. Quite often when
formalising one may have a single goal in mind: the proof of some particular
result. This was certainly true for my case-study, which sought to prove the
fundamental theorem of Galois Theory. A similar single-mindedness can often be
seen in informal mathematical papers which do the work necessary, and only the
work necessary, to reach some interesting result.

Such a development, whether formal or informal, may be read as a narrative
account with a definite ending. The way in which the account approaches its
conclusion is not necessarily linear; perhaps the underlying subresults can be
proved in several different orders. So this narrative method of presentation may
also be seen in methods of presentation other than conventional writing, such as
hypertext. The key feature however is that everything that is constructed and
proved along the way to the final result is designed with that result in mind. The
development is a story with an ending.

I note that in a mathematical narrative, unlike a fictional one, it is considered
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to be a good idea to give away the ending of the story at the start. Stating the
final goals in order to motivate the reader is normal in a mathematical paper
and I made an effort to do this in the case-study through use of the specially
implemented “we want to prove” feature.

Since the path that such a development follows is made as easy (or as short)
as possible, things are likely to be presented in a coherent fashion; however, the
development may be so particularly tailored to its one goal that the underlying
machinery is not useful for anything else.

In other developments one may not be so interested in proving a particular
result as in a general exploration of an area of mathematics and the building of
a reuseable library of machinery for it. Many mathematical text books have this
sort of aim. Such developments require a slightly different style of presentation;
and the way in which material is best presented will depend on which library
results are to be proved.

Library use in formalisations has not been very practicable before now, since
the proof systems the libraries work in have themselves been subject to constant
change and update. However, there are now some powerful and relatively sta-
ble systems in existence that will allow the building of large-scale libraries of
mathematics[Mizb] to become more of a possibility[QED94].

In order to write a library one requires a good implementation of modularity.
In the case of informal mathematics the interface through which the existing
resources are used is itself somewhat informal, and this makes such interfacing
much easier. However, the misunderstanding and misapplication of a previously
proven result is a serious problem of informal mathematics that we might hope
to avoid by formalisation. The objective is plausible since there are fully formal
systems where new projects make use of a library of pre-existing modules; it

is common practice in many programming languages, especially ones with an
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object-oriented flavour.

In object-oriented programming, one does not tend to mind including the
whole of a large library even if one uses only part of it; the flexibility of modules
makes up for the waste in including material one does not use. In most proof-
checkers, where efficiency is an issue and keeping the size of a development small
is more of a concern, this is not so true. Further, extending existing material may
necessitate rechecking everything that depends on any of the results already in the
library, partly due to the linearity of the proof-checker’s context, but also due for
the need for library results to share a common context at the time of definition.
This can make maintainence a problem. For this and for other reasons that are
explained in subsection 6.3.1, my case-study is a stand-alone development that
does not use pre-existing libraries.

One interesting related topic I should like to comment on briefly is the relation-
ship between modularity and literateness. When Donald Knuth first developed
literate programming, it was used mostly for the documentation of essentially in-
dependent projects. Most literate accounts are narratives in the sense described
at the start of this section. Now, literate techniques can be applied to libraries
also, but a problem occurs that is analagous to the one described above; to get the
best designed and most concise account, one wants to document the entire library
in an interdependent fashion, but a user may not want to read about functions
they do not use, and extending the library may involve some time-consuming
rewriting.

The similarity between the problems outlined in the previous two paragraphs
is interesting. Since both would occur in the literate formalisation of a library of

results, it may warrant further exploration.
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6.3 LEGO-specific concerns

Some decisions about the general proof-style that I used were influenced by issues
specific to the LEGO proof-checker. Both the particular type theory used in
LEGO and the need to keep the development efficient enough to be feasible
affected proof style in some ways that are not inherent in the desire to formalise,

and I felt the distinction should be made clear.

6.3.1 The LEGO library

The GALOIS project, of which this case-study is a part, aims to develop formal-
isations in a predicative setting. Although it is easy to use LEGO in a purely
predicative way, the type theory contains an impredicative universe of proposi-
tions. All the core LEGO libraries use this universe, and for this reason I was
not able to use any pre-existing work as a basis for the case-study.

There are other reasons why LEGO is somewhat unsuited to using libraries.
Although it has modules, I haven’t found them to be very modular in practice.
One of the main problems is that of namespace clashes; if the library defines “set”
one way, using that identifier in a different way will be denied to anyone trying
to build on the library. Building a clean interface between modules is generally
harder than one would like. In designing a better system for the development of a
lot of mathematical material by many individuals one could probably take some
inspiration from object-oriented programming. Other problems with modularity
were reviewed in subsection 6.2.

Because of these problems, all machinery in the case-study was built up from
scratch. This was not a big task, and gave me absolute control over all details
of the development; this was especially helpful when worrying about efficiency
issues. However, getting some experience of using the work of others is one of the

long-term aims of the GALOIS project, and it is unfortunate that the case-study
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has not been able to offer experience with the advantages that would be gained
by this (in terms of having ready-made material to hand) and the disadvantages

(having to interface with that material.)

6.3.2 Universe ambiguity

A second consequence of predicativity is that one has to pay attention to the level
of the type universe in which one it working. In the case-study, a set is defined
over an arbitrary element type el : Typeg. This means that the type of subsets of
this set must be an element of the next universe up in the hierarchy, Type;. This
means that we cannot form a set of subsets directly, since there is a mismatch of
levels.

LEGO does allow one to use type universes in an ambiguous fashion. But in
its standard mode, it enforces a requirement that all mentions of an ambiguous
universe in the use of any particular identifier can be resolved to the same level,
causing the sort of restriction explained above. LEGO did have a special mode
in which this requirement was not enforced, but unfortunately this slowed the
system down by a degree that prevented it being used for developments of more
than a very modest size.

In fact, most of the common constructs used in the case-study development
involved only the lowest universe of types in the hierarchy, and it wasn’t partic-

ularly necessary or useful to duplicate these constructs at higher levels.

6.3.3 Inductive types

When implementing mathematical structures as collections of related objects
(such as a group, which is implemented as a set together with some operators and

proofs that these operators fulfill various axioms), one has a choice of methods.
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One could add a layer of abstraction by using inductive types, and writing in-
troduction and elimination operators particular to each structure to relate them
to their component objects. Alternatively, one could make use of some form
of record structure to bundle the objects together in a more concrete fashion.
Record-types are not native to the type theory as I have described it, but records
can be implemented through the built-in -type construct, forming the structures
by pairing and extracting components from structures by projection.

Ideally, the former approach is probably preferable, since the layer of abstrac-
tion allows one to define a clean interface to the structures and to hide their
inner implementation in much the same way that one does in object-oriented
programming. This would help the modularity of the development. However, an
implementation using inductive types turns out to be much slower than the more
direct methods using the X-type construct, and for efficiency reasons I chose the

more direct option.

6.3.4 Freezing

Once a proof-term has been constructed to prove a result, and the reader has
observed the structure of the proof, it need not matter what that structure is as
far as the rest of the development is concerned. Because of this, we can safely
freeze the proof; this tells LEGO it should not expand the proof-term in future
checking, which can greatly increase the efficiency of the proof-checker when
dealing with expressions involving the proof-term.

However, proofs often form only part of an object. For example, in a group,
definitions of the group operators are bundled together with proofs that they
fulfill the group axioms. The other non-proof information cannot be frozen as it
will be required when doing other type-checking. In the group example, when

applying the operators from particular groups to arguments we may want to know
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their definitions.

For this reason, I break the formation of a composite object such as a particu-
lar group into two separate stages; defining the operators, and then proving that
they obey the appropriate axioms. This proof would be given a separate name
and frozen; then the operators and frozen proof term can be bundled together
to define the required group. In this way I ensure that LEGO never wastes time
expanding the details of the axiom proofs.

This distinction between proofs and other non-proof objects is usual in in-
formal mathematics, but usually it does not need to be paid explicit attention,
as one is not working in a formalism where proofs are themselves objects to be

constructed and manipulated.

6.4 The proof style chosen

When comprehending a proof, the requirements of a machine reader and those
of a human are likely to differ. For the case-study, the development source must
be machine-checked; but I wish to present the checking in such a way that the
human reader understands our development easily. 1 derive a suitable account
from a machine-checked source not just through pretty-printing, but also through
annotating the source with literate directives that focus on those things that are

important for human understanding.

6.4.1 Presenting a proof rather than a result

In [Pol97], Pollack gives an account of what it is necessary to do to persuade a
human reader that a certain result has been machine-checked. This has two parts:
first, they should be able to check that the proof-term you have constructed does

have the type you claim. This should be feasible as long as they can extract
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the term and check it in a trusted proof-checker, perhaps one they have written
themself. However, they have no need to examine this term; that task may be
automated. Secondly, they must be able to read enough of the development that
they understand what result has been proved. This is done by expanding the
definitions of all the identifiers used in the result either to their most primitive
formulation in the type theory or to some familiar and trusted library of basic
definitions. Only this much of the development needs to be readable by a human.

In writing mathematics, however, at least some of the interesting material
that must be presented is not just what has been proved, but also how it was
proven. The reader wishes to understand the proof, as well as the result. To do
this without any danger that a proof had been misread would require the reader
to see the definition of every identifier used in the final proof - this would entail
reading everything in the development. In essence, the human reader would check
the development almost as carefully as would a machine.

However, being sure that every technical detail of the proof checked by the
machine is fully understood by the human reader is not a particularly useful
aim. When a mathematician reads a paper, it is unlikely that the author needs
to communicate every detail of their particular proof for the reading to be a
worthwhile experience. What is important is that the reader understands exactly
what result has been proved, and has a good enough picture of the structure of
the proof that they could fill in the details themself if they so desired. It is only
at this level of abstraction that the proof is interesting. Current proof-checkers
tend to be capable of smaller steps of reasoning and a lower level of abstraction
than their human counterparts.

Therefore, in presenting a formalisation of a proof, the portion of the develop-
ment that needs to be made human-readable is more than that required to believe

the result has been checked, but significantly less than the entire development.
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6.4.2 Summarising omitted details

The presentation of the case-study in chapter 10 shows all the important defi-
nitions, and the structure of the proofs of the medium-size and major results.
But some details of the formalisation which need not be read are replaced with
a brief commentary written in a more informal style, or sometimes left implicit
altogether.

The account that results is supposed to read somewhat like an informal piece
of mathematics supported by precise definitions and statement of results within a
formal system, together with good indications of how the proofs were constructed
within the formal system without going down to a level of detail that would make
the proof hard to read.

In particular, one consequence of this style of presentation is that sometimes
typing and conversion judgements about identifiers whose definitions have been
omitted should themselves be read as effectively defining the identifiers in ques-
tion.

This occurs in two main ways. The first is to give the computational content of
defined objects whilst suppressing the details of the proof components required to
ensure the object is well-formed. For example, suppose one wishes to summarise
the definition a subset of some set S. This might be done by introducing the
defined object A by giving its type,

> A :subset S
and then demonstrating the predicate that underlies A by saying what it means
for a typical element x : S to belong to the subset:

> reA~...
This can be seen as an effective definition of A, with the (normally trivial) proof
that set equality is preserved by the subset predicate having been omitted.

A similar presentational style can be used to give the computational content of
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a mapping while suppressing the proof that it respects the appropriate equalities:
> f:map S S
> faro~...

The second way in which judgements can be used as effective summarised
definitions is to succinctly introduce the coercions, components and axioms that
comprise some mathematical object. Suppose I have defined a type of partially
ordered sets, and wish to introduce it to the reader. I might write:

> poset : Typey
> poset ~ (X5 :set) (X< :rel S) poset_axioms

> Introduce S : poset

> S :set

> refle : {Va,2'|S} (z=2) -z <2

> asymm. : {Va,y| S} (1 <y) — (y <) —x =y
> tranc : {Vz,y, 2| St (x <y) = (y<z2) — <z

Several definitions are implicit in the above summary.

e A coercion to extract the simpler first component (in this case, one of type

poset — set projecting the first component S ;) has been defined.

e A projection for each computational component (in this case, <) has also

been defined,
> < =~ [AS|poset] S.a1

e The axioms listed (refl., asymm_, and tran.) cover all of the properties

needed to make up the proof information poset_axioms. Thus we have that

> poset_axioms ~ A, ({Vz,2'|S} (z = 2') — o < a')

({Vr,y|S} (r <y) = (y<z) > 2=y
({Vr,y,2| S} (x <y) = (y < 2) = 2 < 2)



CHAPTER 6. PROOF STYLE 138

e Finally also the listed axioms have been defined as projections from the

proof information component S.5.5 : poset_axioms.

> (ref|<, asymme, tran<) ~ (5.2.2.f5t3, 5.2.2.snd3, S.z.z.thdg)
These sort of conventions having been understood, the summarised definition

then contains all the information required in a suitably concise form.

6.4.3 Procedural versus declarative proof style

Sometimes, the tables can turn and give a situation where a human reader requires
more details than the machine type-checker in order to follow a proof. This occurs
because the relatively smaller size of a human reader’s short-term memory can
make it hard for them to keep track of the context within which the development
works.

This problem is particularly noticeable when trying to follow what John Har-
rison calls|Har97] a procedural style of formal proof as opposed to a declarative
one. In the procedural style, the proof is constructed by stating a goal and then
meeting it by giving a sequence of commands to the checking tool; “Introduce
this variable into the context. .. use this rule on that outstanding goal to convert
it into two subgoals...” (This style of proof is called refinement proof in LEGO.)

In the declarative style, one builds to ones goal by a process of successively
layering incremental definitions and subresults. In many declarative systems, only
a statement of the next subresult needs to be given; the proof itself is produced
automatically. However one can still see a presentation in which proof-terms are
made explicit as being declarative; the feature that distinguishes the style from
a procedural one is an absence of proof commands.

Refinement proofs are often written interactively in LEGO, with the proof-
checker keeping track of the current context and the subgoals left to be proven

throughout the interactive session. The extra context provided by having a goal
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means that more arguments and terms may be left to be synthesised by the
machine rather than the user having to write them explicitly. This produces
short proof-scripts; unfortunately they tend to be very hard for a human to read
when the proof-checker is not there to remind them what the current goal is
at any stage. Whilst declarative proofs are usually more verbose, much of the
extra material is actually useful if a reader is to comprehend the structure of the
finished proof.

In the case-study, I use a declarative style whenever I wish to expose the reader
to the details of the proof. However, often I wish to do more work in one proof
step than can be comfortably read once all the details that LEGO requires are
supplied. So, I discharge these proof steps by constructing the new incremental
subresult by refinement. In this way the reader sees what is being proved (from
the type of the new subresult) but does not see the details of this proof.

However, although they are not interested in all the details, the reader may
want some clues as to how the proof step is being discharged. I could include the
short refinement proof itself, but even small such proofs do not read particularly
well. Instead, I list the identifiers that were used in the proof-term that was
finally constructed. From this the reader can see which previous results have
been used; the way in which they were used can then normally be deduced. This
is familiar from informal practice, where one might say “by this subresult, we

have that that holds.”

6.4.4 Examples

I have outlined many facets of the style of proof used in the case-study. Concrete
examples of all the techniques can be found throughout the rest of the thesis,

especially in chapter 10.



Chapter 7

Literate tools

The concept of “a literate formalisation” takes inspiration from the paradigm
of literate programming, which was introduced and given that name by Donald
Knuth[Knu92]. The philosophy behind literate programming is that although
executable by a machine, a computer program should be written and documented
in a way that makes it easy for a human reader to understand. This tallies with my
stated aims, since although a machine-checked formalisation is normally written
as a text source file very much like any other computer program, the development
is intended to be read and understood by a human mathematician. The fact that
the formalisation has been machine-checked should be evident from reading it
only in as much as the reader should know the formal system that they and the
machine are working with. Of course this is a lofty ambition, and one which is a
long way from being realised.

Presenting a development in a literate manner requires attention at many
levels. It needs to be considered with regard to the way the piece of mathematics
is formulated, the way in which its concepts are formally implemented and its
proofs structured, and the nature of the formal system within which this will be
performed. Consideration of these “deeper” matters forms a large part of this

thesis. In this chapter, I am more concerned with the translation of the resulting
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formalisation from a source in machine-readable format into a form that is tailored

for the human reader.

7.1 Implementation framework

In most literate programming environments, the author writes a source which is
neither a machine-readable program nor a human-readable document. Instead
these items are produced from the source by two translation utilities; the trans-
lations are usually known as tangling to produce code, and weaving to produce
the document. In some environments, the tangling translation is avoided by
burying all the directives relevant to the weaving process inside the system of
comments allowed by the programming language. I chose to use this variation on
the approach with my development.

An earlier form of this system that I used was named KTEXLEGO. This was a
simple collection of shell-scripts together with a IXTEX environment for presenting
chunks of code. It gave one the ability to write comments that would be processed
as chunks of I TEX documentation when the source modules were woven by the
shell-scripts. It was extremely simple, but fairly effective.

One problem with a system like IXTEXLEGO is that although the commentary
is supposed to explain the formalisation that it accompanies, there can be no
guarantee that the formal development and the informal explanation are related.
Since the syntax of the formalisation (that is to say, the ASCII source) is hard to
read, a reader usually ends up reading and understanding the author’s informal
explanation of their formalisation, rather than the formalisation itself. Of course
summarising formal results and translating them into less formal language is
useful in the sort of communication we are trying to achieve, but if the lexical
gap between the formalisation and the commentary grows too large, then it will

become hard to relate them to each other.
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I sought to address this problem not just by making the formal part of the
document easier to read, but also by trying to mix the formalisation and com-
mentary to a greater degree, allowing the use of formal parts within the natural
language commentary. Both these solutions require the translator of the chunks
of formal source to be able to parse and “understand” it. In order to achieve
this, I incorporated the translation process into the proof-checker itself. Thus the
altered version of LEGO that I use produces documentation from the source as
it is checked.

It is important that the development itself remains checkable by the usual
version of the LEGO proof-checker. The source I write could in principle be parsed
by standard LEGO so long as the embedded literate directives were removed and
one form of definition translated into an equivalent form. But in fact this is not
necessary. LEGO itself writes “compiled” versions of the input files it processes
in order to speed future processing of those files, and these files are almost free of
the directives and definitions to which I refer. There is then a trivial translation
from the terms in these files back to terms in the language of standard LEGO by

forgetting some embedded information on literate printing.

7.2 Literate techniques

In this section I review the techniques of literate programming that I drew upon
for the purposes of making a literate formalisation.

In order to structure a document in a way that made it more pleasing to the
reader, Knuth used three main devices. One was a notion of definitional abbre-
viation, achieved through parameterised macros. In the LEGO system, identifier
definitions are already used for this purpose, and so I do not need to add anything
further to obtain this portion of literateness. The other two devices, which I will

consider further here, were those of re-ordering material and pretty-printing.
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7.2.1 Re-ordering material

The purpose of re-ordering material is to get it into the order most convenient for
the understanding of the reader, rather than the order required by the machine.
In the case of Knuth’s literate programming environment for Pascal, this was
useful partly in that it allowed parts of the program which were logically related
but were necessarily a distance apart in the code because of somewhat arbitrary
restrictions on program structures to be presented together. An example would
be that it could be necessary to declare a variable a long time before that variable
was used. This problem of predefinition does not tend to arise in proof-checkers
such as LEGO, which are designed with interactive and open-ended use in mind.

The more general advantage that re-ordering afforded in literate programming
is also already present in most proof-checkers, although maybe not to the full
extent that one would desire. In presenting a program, reordering is useful in
order to show the general structure of the program, breaking it into sub-tasks and
indicating their inter-relationship, and then proceeding to work on the sub-tasks.
Sometimes it may be useful to present some sub-task independently of the context
in which it will be used, and at other times (perhaps more often) one may wish
to present the general structure first before describing the details. Re-ordering
allows the author to use whichever approach they feel is most appropriate, and to
mix and match the “bottom-up” and “top-down” approaches. This interweaving
of the two approaches in a development is common in informal mathematical
style, and we would hope to use it in a literate formalisation.

Because the meaning of an identifier can change over time depending on the
content of the context (due to discharges, other name-scoping, coercions, and
so forth), I believe that the order of presentation of the actual formalisation
to the machine and to a human reader are best kept fairly similar, to avoid a

mismatch in understandings. Therefore I would prefer that reordering be enabled
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within the proof-checking system itself rather than through post-processing of the
documentation.

Standard LEGO does allow material to be presented in both orders, from
the bottom-up through straightforward definition, and from the top-down by
construction through refinement. However, some inflexibilities in ordering remain.
For example, once one starts to construct a proof or other object, one must
proceed to finish the refinement.

Some ways to extend proof-checkers to add to their flexibility are outlined
in section 7.3. However, these ideas were largely left unimplemented for this
development. I did add to the system the simple ability to formally state and
name a goal ahead of time, and to fulfill that goal later on in the development.
This style is seen frequently in mathematics, as knowing the goals being sought
motivates the reader to follow the development.

In the development, the statements appear in the following way:

> We want to prove some_theorem : some_proposition
When the goal is fulfilled later, this appears as

> Prove as claimed some_theorem : some_proposition

= the_proof

As far as the main operation of the proof-checker is concerned, this is no different
to a normal definition,
> Define some_theorem = the_proof : some_proposition

and the only real difference is that the system formally checks that the type of
the new definition does match that promised for it earlier on.

A final simple but useful feature of the structuring and ordering part of literate
programming is the automatic generation of indexing information. This was just
as straightforward to do for a literate formalisation and so I ensured that each

identifier definition is automatically indexed by the system.
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7.2.2 Pretty-printing

The third and last device is that of pretty-printing. Programs (and scripts
for machine-checked developments) tend to be sequences of characters from the
ASCII alphabet. Programmers know that even in this limited medium, sensible
formatting conventions are helpful in making a program comprehensible to a hu-
man reader. Once one has greater typographic flexibility to hand, one can make
further use of formatting to help the reader. For example, one can reflect the
logical role that some identifier has through the font or typeface one uses for it.

Mathematics has made great use of a very large vocabulary of symbols; the
increased number of short identifiers available makes expressions lexically small,
which helps the reader to parse them. Major use is also made of other format-
ting conventions, with both dimensions of the page being used, and many sizes
of typeface. Sensible conventions for the fixity of operators are also of great
assistance.

Although pretty-printing may seem a trivial issue, being to do with mere style
as opposed to the more important underlying content, to this author, its absence
in most formal developments seems to be one the main reasons why they are
often difficult to read. Most of the ways in which I modified the LEGO proof-
checker in order to produce a more literate formalisation could be described as
pretty-printing of one form or another.

The reader of this thesis has already seen the most basic features of the pretty-
printed output in chapter 3, where the type theory of LEGO was presented, and
in other places in the material preceding the current chapter. These features
include the use of natural language phrases to introduce expressions and use them
in different ways, and the use of different typefaces for identifiers with different
roles. Also, an attempt is made to break those expressions that are of many lines

length at logical places, based on the depth of nesting of brackets and abstractions
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in expressions. (This is imperfect, but the formatting of mathematics is very hard
to automate, and this is especially true of expressions that span multiple lines.
The line-breaking system implemented works by means of a system of weightings
to influence KTEX’s notion of the “badness” of a break, and seems adequate
enough.)

Some of the other features are less self-evident, or are deserving of longer dis-
cussion. I shall now proceed to explore them. Sometimes these features could have

been extended further; I leave a discussion of such extensions until section 7.3.

7.2.2.1 Propositions and types

When using the type theory of LEGO in a predicative fashion, propositions and
types share the same universe, and the distinction as to whether some object is
a proposition or not is a purely conceptual one, as explained in section 8.1.1.
However, I do reflect this distinction through the use of different identifiers for
operators, since this is normal outside of type theory.

I also added to the LEGO system a way to mark certain declarations and
definitions as propositional, so that the distinction can be made in the literate
documentation. For example, if ¢ were some type, I might introduce a term of
that type into the context like this:

> Introduce z : ¢
But if ¢ were better considered to be a propositional type, I would mark this
introduction in my source to indicate that it was the assumption of a hypothesis.
Although no different as far as the LEGO proof-checker was concerned, it would
then be rendered differently in the documentation:
> Suppose x : t
A similar distinction works for definitions. In a standard definition, the

definiens is important, and the output would have this form:
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> Define x = long_expression : ¢
However, when t is a propositional type, this definition would correspond to the
construction of a proof object. In this case, the definiens (the proof) may be
considered to be less important than the proposition being proved, and I would
mark it so that it was rendered differently:

> Prove x : ¢

= long_expression

A conceptual distinction between propositions and other types is also made

when choosing abstraction symbols, as explained in the next section.

7.2.2.2 Quantifiers and abstractions

There are three basic forms of abstraction in the type theory of LEGO. These are
A-abstraction, the basic functional abstraction on which the A-calculus is based;
[I-abstraction, the dependent function or product type; and Y-abstraction, the
dependent sum type. In the ASCII-based syntax of LEGO, they are represented
by different pairs of brackets that surround the abstracted variable and its type;
“[x:t]7, “{x:t}”, and “<x:t>". In the standard syntax used to represent de-
pendent type theories, they are normally written by prefixing the abstracted
variable with the Greek letter after which the abstraction is named; “Ax : t.”,
“IMz : t.7,and Xz : t.”.

The Greek letters are familiar to us, but the bracketting notation can make
expressions easier to read when t is itself a longer term of the type theory and
levels of abstraction are nested. I note that another popular notation, that of
Martin-Lof, also makes use of brackets in the forming of dependent products. In
this notation one would write a Il-abstraction as “(x : t¢)”. However, rounded
parentheses are already somewhat overworked as they are also used to override
the normal precedence of operators.

I chose to combine the two notations, using both a variety of pairs of brackets
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and the Greek letters together in order to denote the abstractions. This notation
seems to be easy and natural to read for most people whatever their type-theoretic
heritage; I would rate it as a good one.

> [Axitlzit—t

> {lz:t} Tz : Type

> (Mx:t)y T x : Type
When considering a type as a logical proposition, II-abstraction represents uni-
versal quantification, and Y-abstraction represents existential quantification. I
allowed these quantifications to be marked in the development so that they would
be rendered using the appropriate symbols in the literate output. As for the other
cases of distinction between propositions and types, the different notations reflect
a conceptual difference rather than an actual one within the type theory. This
is reflected through the brackets used for these abstractions and quantifications
sharing the same shape.

Thus if T' is considered to be a logical predicate, we might use the alternative

quantification symbols:

> {Ve:t} T o~{llz:t} Tz

> (Fr:t) To~(Zx:t) T x

7.2.2.3 Identifiers and symbols

In conventional LEGO, the identifiers that can be used for defined and declared
objects consist of strings of alphanumeric characters and the underscore character,
much as in other programming languages. The pretty-printer does some simple
work on these strings by default, setting them in a particular font to indicate that
they are local or global, and writing numbers as subscripts.

The vocabulary of mathematical writings is rather larger than this, and it is

normal to make use of a great variety of other symbols in order to keep expressions
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lexically small. To enable this, I give the pretty-printer a directive to write a
LEGO identifier as some particular piece of I¥TEX. Thus a term called “alpha”
in the LEGO source can be denoted as “a” in the pretty-printed output. Although
this is a very simple idea, it makes expressions much easier to read.

Being able to write a LEGO identifier as any piece of IXTEX gives the writer a
lot of power; power that in principle could be abused. For example, it allows some
KTEX symbol to be overloaded to represent different LEGO terms. Coercions can
be used to implement many useful varieties of overloading, but in the absence of
a formal system for general overloading, using the same TEX symbol to denote
two entirely different LEGO identifiers is a quick and simple alternative.

Because it is so powerful, this form of overloading is also completely unsafe.
There is no in-built protection against overloaded identifiers introducing ambigu-
ities into the pretty-printed output. For this reason, I use this sort of overloading
rather tentatively in the development and am as careful as I can be to make sure
that such ambiguities are not introduced. The system also notes in the output
when some identifier has been overloaded, so that the reader is aware of the situ-
ation. I take some reassurance from the fact that this form of overloading is used
widely in informal mathematics, and does not seem to be responsible for many

errors in understanding.

7.2.2.4 Fixity and formatting

The mechanism for pretty-printing identifiers explained above works by a simple
“search and replace” mechanism; wherever the LEGO identifier occurs in an
expression, it is replaced by a piece of XTEX at that point instead. Therefore this
facility does not allow the elements in an expression to be reordered. Some other
systems, including Coq, also provide a means for the user to define the grammar

that underlies the formal expressions which they write. In principle, this allows
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one to write functions of arbitrary fixity.

LEGO is rather less flexible. The original system only allowed a function to
be applied postfix using a “dot” application operator. Thus one can write “x.f”
for “f x”7. This also allows a curried binary function to be written infix, since
one can write “x.plus y” instead of “plus x y”. However, although LEGO
allows this notation in input, it does not remember it for output. This seemed
unfortunate, and so I amended LEGQO’s output routines so that a function that
was originally applied postfix will be applied in that way on output also. Of
course I also propogated this change to the pretty-printed output.

I also added some additional directives to affect the fixity and spacing used
for function applications in the pretty-printed output. A standard function is
applied by writing it before its argument and leaving some spacing between them.
A prefizx function is written immediately preceding its argument, with no space
inbetween. A postfir function does the same for a function written after its
argument. Infix functions sit between their two arguments, with extra spacing,
whilst mudfiz functions are also written infix but with no additional spacing.
This variety of fixities allows most of the pretty-printing effects that I saw in the
mathematics that I wanted to formalise.

The following demonstrates the various fixities with which some function, [,
can be applied. By default, the nonfixed application can be written in either of
these two ways:

> Ox:...
> oxld:...
Alternatively, [J can be given particular fixities.
> Allow [ to be written prefix
> Ur:...

> Allow [ to be written postfix
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>zl :

> Allow [ to be written infix
>oxdy:...

> Allow [J to be written midfix

> zly ...

7.2.2.5 Default types

One of the conventions common in mathematical writing is to associate certain
identifiers with objects of certain types. Some of these conventions are so common
that they may be tacitly assumed in the text. Thus a reader will know that ~
is likely to be a relation, that f is probably a function, and that of two objects
called F and V' it is likely that F' is the field and V' the vectorspace, rather than
vice versa. Further typing conventions may also be introduced and made use of
by an individual text. These conventions enable some information concerning the
type of objects to be suppressed in the text.

I sought to allow a similar suppression in the development. Having to write
out the type of each object even though it is easy to infer can be particularly
distracting within typed abstractions, making expressions longer than one would
like. Therefore I allowed any identifier to be associated with a default type.
An association is formally noted, and from then on in, when the type of an
identifier in an introduction or an abstraction is the default, the type information
is suppressed in the pretty-printed output. If the identifier is abstracted over
some other non-default type, the full expression is printed as normal.

Thus having declared

> Unless otherwise specified, by default S | set
we can introduce the object without mentioning its type:

> Introduce S
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and we can abstract over it in a similar fashion:
> =:{IIS} S — S — prop
Additionally, an abstraction in LEGO also contains one other piece of infor-
mation. The binding may be either explicit or implicit, and this is indicated in
the abstraction by the binding symbol used. Because of this, a default includes
this binding information as well as a type, and an abstraction using a different

binding to the default will be written out in full.

7.2.2.6 Quoting expressions in text

Throughout the development, I make use of sections of text which give an informal
overview of the formal development. In order to closely tie them into the formal
development, I allow the quoting of formal expressions within the text. Any
expression appropriately marked-up in the text is type-checked in the current
context by the proof-checker, ensuring that it is well-formed and well-typed, and
then it is pretty-printed by the proof-checker just as it would be within a formal
statement such as a definition. Declarations can also be introduced locally into
the context for use in a particular piece of commentary. Since this also has
the added advantage of providing a standard formatting and use of typefaces in
formal expressions, I also made use of it elsewhere to put such expressions into
other sections of this thesis that have no direct connection to the development

itself.

7.3 Further ideas left unimplemented

There are a variety of other ideas and features that could also prove useful in a
system for producing literate documentation. Some of these are simple additions
such as improving the directives concerning the printing of identifiers in order

to handle derived names automatically. For example, currently, having directed
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that “phi” should be rendered as “¢” and have type T' by default, the author
would have to provide additional directives to handle variants such as “phil” or
“phi’”. Such small changes would be useful and essentially simple to implement
but relatively uninteresting. Instead within this section I will review some of the
more fundamental advances that could be made.

As mentioned previously, literate programming usually has features in the
literate environment to give structure to a document or program. LEGO already
has structural features in the form of modules with a notion of dependence, and
I did make use of modules to divide my formalisation into sections. However,
this module approach is relatively primitive. I have observed elsewhere in this
thesis that large-scale formalisations would benefit greatly from more powerful
structuring abilities in the proof-checker. If a literate environment is implemented
within the proof-checker itself (as I have done for the case-study) in parallel
with the new structuring abilities, then this structuring could similarly be shared
between the formalisation and the literate documentation.

Part of structuring is the reordering of material. LEGO already allows a
term to be introduced as a declaration, so that its content is not determined,
and then used in the following material as per normal. When one is ready to
give the details of the definition at a later date, the definition can then be cut
in. However, this process is a very time-consuming one for the proof-checker,
involving much rechecking of the subsequent material. I have not found it to
be feasible for use in non-trivial developments. A more general ability to leave
objects half-constructed, with “holes” remaining in them that are filled at a later
date, might be useful.

Another ability related to the re-ordering of material that might be useful

would be rapid “context-switching”, whereby a group of related local definitions
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and declarations could be brought into or out of the context with a single com-
mand, allowing multiple definitions in a common context to be made in different
parts of the development. Currently all such definitions are best made simultane-
ously, since the discharge of context items on which earlier terms are dependent
means that said context must be reintroduced and the terms then explicitly reap-
plied to the items when used in later material.

By adding a translation from the formal syntax of terms of LEGO’s type the-
ory into a pretty-printed syntax, I have made that syntax much easier to read.
However, since the reader of the development sees only the pretty-printed syntax
and not the formal syntax beneath it, I believe it is important that the translation
can be carried out in the reverse direction also. This translation should itself be
formalisable and possible to carry out without relying on intuition or understand-
ing of the material — otherwise one cannot claim that one is really presenting a
formalisation. Thus the pretty-printed syntax should be unambiguous. An ad
hoc translation of arbitrary LEGO terms into arbitrary IXTEX does not guarantee
this.

The main risk of ambiguity comes from unresolvable overloading. In writing
the development I was aware of this potential pitfall and so was careful to avoid
such ambiguities. Probably I was much more careful than one would usually
be when writing mathematics, and the matter does not seem to be a cause for
concern there. The fact that the overloading is potentially unsafe could be taken
advantage of by a dishonest writer, or could lead to upset if they were foolish,
but this remains unimportant so long as this potential is seldom actually realised.
Despite finding this reassuring, I do feel the system would be improved further if
a general notion of overloading was formalised within the formal implicit syntax
of the type theory.

Although the translation from LEGO expressions into pretty-printed IXTEX is
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flexible, it is done in a straightforward “search and replace” manner. Because of
this, it doesn’t allow one to reorder the terms in expressions, or to write operators
with arbitrary fixities, or to make as good a use of subscripts and superscripts,
as one might like. This could be achieved most easily with the use of a more
complicated translation system based on parameterised macros. However, as the
pretty-printed syntax diverges further from that of the formal expressions being
printed, introducing ambiguities through the translation again begins to be an
issue. A better solution might be to allow the definition of arbitrary expression
grammars within the LEGO proof-checker itself, as is done in Coq. This would
help to ensure that the expressions seen by the reader were merely “prettier”
versions of those written by the author and parsed by the proof-checker in order
to check the formalisation.

The last idea I want to consider is a further major change in presentation.
There are other media that a literate formalisation might be better written in.
Since a mathematical development can be read at a variety of levels, and under-
standing it involves chasing back through layers of definitions and proofs until the
reader is satisfied, a hypertext presentation might be a very good medium within
which to present such a development. A system could be be directed to produce
a web of HTML pages in much the same manner that my own one currently
produces a linear KTEX document.

The only reason I did not take this approach in the development is that using
a hyperlinked presentation instead of a linear one involves an additional paradigm
shift on top of the one already being attempted. Moving from an informal linear
presentation to a formal one (or from an unreadable formal presentation to a
literate one, depending on your perspective) already requires that very many
new issues be considered. I didn’t want to complicate the investigation further

with the other fascinating issues involved in moving to a hypertext presentation.
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7.4 Source syntax

I present the source for a short sample module so that the reader may see what

the files that the author of a development actually writes look like.

Module set LaTeX "Sets" Import and rel;

(x@)
A set is a type of elements @[el : Type(0)]@ together with an
equivalence relation defined upon it.
(ex);
[set_axioms [el | Type(0)][eq : rel el] : prop
= and3 eq.is_refl eq.is_symm eq.is_tran];
[set = <el : Type(0)><eq : rel el> set_axioms eq];
Configure Type S,T, S0,S1,52,53,34 | set;
KindCoercion el = [S : set] S.1;
[equal_in [S : set] = S.2.1 : rel S];
[S | set];
Configure LaTeX eq Infix "$=$";
(x@)
For the sake of readability, I write equality in a set
@Q[eq | rel S]@ as a standard equals sign, ‘‘@eq@’’. The use of
this symbol {\em within} expressions should not be confusing,
as the symbols for definitional equality and convertibility
that are used to relate expressions are written slightly
differently, as ‘‘{\bf =}’’ and ‘‘$\cong$’’ respectively.
(@x);
[eq = S.2.1 : rel S];

*&[refl = S.2.2.fst3 : eq.is_refl];
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*&[symm = S.2.2.snd3 : eq.is_symm];

*x&[tran = S.2.2.thd3 : eq.is_tran];
*&[tran_via [y :: S]l[x,z || S] = S.2.2.thd3|xlylz
(x.eq y)->(y.eq z)->x.eq z];

Discharge S;

Those used to reading LEGO source may have observed some of the small
extensions to the standard syntax that I have used in the above example in order
to add the literate facility to the proof-checker. I shall briefly review them below.

The “Module” command now carries an optional “LaTeX” argument that
states the title that the section documenting this module should be given. Text to
be processed as KTEX is marked as comments with the special “(*@)” and “(@*)”
delimiters, and contain LEGO expressions marked-up between single “@” char-
acters. These are rendered in the current context. Typed terms are introduced
temporarily by placing a declaration in this form of expression mark-up; I intro-
duce the identifier el and its type explicitly in the first comment, but introduce
eq silently in the second one by using an implicit binding in order to mention it
later. Some identifiers are given the default type set with the “Configure Type”
directive. When S is introduced later, its type is suppressed, although it is given
in full in the definition of equal_in because the abstraction there is an explicit
one whereas the default is implicit. The numbers on SO, S1, ... are pretty-printed
as subscripts. The identifier eq is made infix and made to be rendered as the
symbol “=" in the pretty-printed KXTEX with the “Configure LaTeX” directive.
The definitions of refl, symm, and so on are prefixed by an ampersand, “&”, in
order to indicate that they are proof objects. Finally, the abstractions over x, y
and z in the definition of tran_via are written with the doubled binding symbols
“. .

CCI |7’

and in order to indicate that they should be pretty-printed with logical

universal quantification symbols rather than the usual II-abstractions.
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To conclude, the module is shown in its pretty-printed form.

7.4.0.7 Sets

A set is a type of elements el : Typey together with an equivalence relation defined
upon it.

> Define set_axioms = [Ael | Typeg| [Aeq: rel el

N5 eq.is_refl eq.is.symm eq.is_tran : {Ilel | Typey} (rel el) — prop

> Define set = (Xel: Typeg) (Xeq:rel el) set_axioms eq : Type;

> Unless otherwise specified, by default S, T, Sy, S, Sa, S3, 54 | set

> Define kind-coercion el = [AS:set] 5.1 : set — Typey

> Define equal_in = [\S :set] S.p.q : {15 :set} rel S

> Introduce S

> Allow = to be written infix

“__»

For the sake of readability, I write equality in a set as a standard equals sign, “=
The use of this symbol within expressions should not be confusing, as the symbols

for definitional equality and convertibility that are used to relate expressions are

13 7

written slightly differently, as “=" and “=” respectively.
> Define = = S5.q : rel S
> Prove refl : =.is_refl
= 542.2.f5t3

> Prove symm : =.is_.symm

= S.2.2.snd3

> Prove tran : =.is_tran
= 542.2.thd3

> Prove tranvia : {Vy: S} {Vz,2| S} (z=y) = (y=2) o =2
= [Ay: 5] [Az, 2| S] S.2.2.thds|z|y|z

> Discharge S



Chapter 8

Representation of foundational

concepts

This chapter reviews the foundations on which the case-study is built. I explain
how I implemented the basic logical and set-theoretic framework within which
the case-study proceeds. I also review some of the alternative formulations which
I did not choose to use. This chapter also demonstrates some examples of how
the coercions, the decisions on proof-style and the pretty-printing techniques

explained in chapters 4, 5, 6 and 7 work in practice.

8.1 Logical framework

8.1.1 A predicative basis

In UTT, the type theory underlying LEGO, there is a special impredicative type
of propositions, Prop. But for the case-study we have decided to work in a
predicative style, and so I do not use this piece of the type theory. This means that
propositions and types share the same predicative hierarchy of type universes,

namely Typey, Type;, and so on. (The motivation for using a predicative and
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constructive logical framework was explained in chapter 2.)

There is thus no distinction within the theory itself between proofs and other
terms, or between propositions and types. The operators of the type theory work
on both sorts of object in the same way, as do all the LEGO proof commands.

However, this identification between proofs and other terms is relatively unfa-
miliar in informal mathematics, even if there is a precedent in some constructive
proof (e.g. an existence proof as an algorithm for constructing a witness.) Since
I wish for the development to be presented in as familiar a style as possible, I
draw a distinction between propositions and types at the level at which they
are presented. The hope is that the advantages of the common framework for
proofs and non-proof objects can be used without losing the useful conceptual
distinction between them.

The distinction is drawn in two ways. As introduced and explained in chap-
ters 3 and 7, different phrasings are used for the introduction and construction
of proofs as opposed to non-proofs, and different symbols are used for quantifi-
cation. Other notational distinctions are implemented by defining two different
identifiers for the same term (or, at least, for a pair of intraconvertible terms)
and then using the appropriate one of them depending on the circumstances.

As an example of this practice, and as a basis for the case-study framework,
I define extra names for the lowest two levels of the type universe hierarchy;

> prop =~ Typeg
> prop; =~ Type;
Now whenever some type p : Typey is meant to be considered as a proposition, it

can be type-cast as p : prop in order that this intention is made clear.
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8.1.2 The logical operators

I introduce some proposition and type variables into the context for use in con-
structing examples in the following presentation.

> Unless otherwise specified, by default p, p1, p2, p3 : prop

> Unless otherwise specified, by default t,¢1,t5 : Typeg

> Introduce p, p1, p2, p3; t,t1,t2 and ¢ : t — prop

Conjunction is implemented as a product; thus the conjunction of two propo-

sitions is a non-dependent Y-type. Logical versions of the pairing constructor
and the projection destructors are also defined.

> p1 A p2 = p1# p2

> Suppose H : p1 A po

> pair H.fst H.snd : p; A po

> pair H.fst H.snd >~ (H.1, H 3)
Larger conjunctions can be built out of the binary one:

> Agp1p2ps = (pr A p2) Aps
Implication is written directly as an arrow-type, as is conventional. I also define
logical equivalence as the conjunction of two implications.

> p1 e p2 = (p1— p2) A (P2 — p1)
Existentional and universal quantifications are written directly as - and Il-types,
although the abstractions are tagged so that they use the conventional logical
quantification symbols.

> (Fr:t) Yy~ (Sx:t) Y x

> {Vz:t} o~ {llx:t} ¢ x

The types upon which I shall base the remaining logic operators are well-

known, but not primitive to LEGO, and so I define them using the inductive
types of the theory. I define the disjoint sum of two types, the empty type,

and the unit type. They have straightforward introduction and elimination rules
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which I shall not detail here.
>t @ te 2 Typey
> L : Typeg
> T : Typeg
When used as propositions, these types represent disjunction, absurdity, and
truth, respectively. We can reduce by cases over a disjunction, conclude any
proposition from absurdity, and we have a trivial proof of truth. These facts all
follow from the more general elimination operators for the primitive types defined
above.
>oinl:pr — p1 Vop
> inr:py — p1 Vopo
> case : {VC'|Typer} (p1 Vp2) — (p1 = C) — (pp — C) = C
> false : prop
> exfalso : {Vp} false — p
> true : prop
> 7 true
Finally, logical negation is contructed in the standard intuitionistic fashion;
the negation of a proposition is proved if that proposition implies absurdity.

> —p ~ p — false

8.2 Sets

There are other frameworks in which to do mathematics than set theory; for
example, it is possible that a category-theoretic framework would be at least as
easy to use in a formalisation in type theory. But the Galois theory developed in
the case-study is most usually seen in a set-theoretic framework, and so it seemed

natural to use such a framework for the development.
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Whilst sets are a primitive concept in informal mathematics, they need an
explicit implemention in type theory. There are a variety of possibilities. I ended
up choosing the most common approach, which is to represent a set as a type with
a total equivalence relation defined upon it. Such a structure is often known in

the literature of type theory as a setoid; the terminology is due to Rod Burstall.

8.2.1 Formalisation

I present this implementation of setoids at a fairly fine level of detail. This
provides an example of the general style of construction I use throughout this
case-study, which is reviewed in subsection 8.6 at the end of this chapter.

> relt~t—t— prop

> Introduce ~ : rel ¢

> ~isrefl >~ {Vo:t} o ~

> ~isssymm >~ {Vz,y |t} (x ~y) -y ~z

> ~dstran >~ {Vz,y,z [t} (x ~y) = (y~2) > x ~ 2

> set_axioms ~ =~ A, ~.is_refl ~.is_symm ~.is_tran

> Define set = (Xel: Typeg) (Xeq:rel el) set_axioms eq : Type;

> Discharge ~

> Unless otherwise specified, by default S, T, Sy, S, 52, S3, S, : set
Sets are thus triples of objects: a type, a relation over that type, and a proof of
the relation’s equivalence properties. I use the identifier set rather than “setoid”
since the latter terminology is uncommon outside of type theory, and I wish to
hide this implementation layer in the presentation so that wherever possible, the
reader can follow the development in a familiar set-theoretic framework.

In order to allow easy quantification over the elements of a set, I introduce a

function to coerce a set to its underlying element type.

> Define kind-coercion el = [AS] S.1 : set — Typeg
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> Introduce S | set
I can now treat S as an abbreviation for its element type; this first (and principal)
component of the triple is extracted implicitly by LEGO through the coercive
projection el.

The other components are projected by breaking down the »-type in a similar
manner. However, these projections are not declared as coercions as it is more
natural for them to be invoked explicitly. (One could write S for equality in S
- the system would allow the declaration of a coercion to enable this. But this
would be against all mathematical convention.)

> =z:rel S

> refl : =.is_refl

> symm : =.is.symm
> tran : =.is_tran

> Discharge S

Note that the precise structure of the X-type used to implement a set (for
example, the order of the axioms) is not crucial here. Everything important
about the implementation can be observed through the types of the coercions and
projections defined upon it (where the projections in question include ones that
extract proofs of the axioms satisfied.) In the rest of the case-study presentation, I
shall concentrate on these essentials rather than looking at trivial implementation
details. Thus I would omit the precise definitions of set, set_axioms and el, and
instead note that set : Type;, and that el is a coercion set — Typey, and then
introduce the four projections above.

Also, coercions are usually left implicit in expressions, and the computations
they perform are commonly the natural and obvious ones. They are named only
in case the user wishes to refer to them explicitly elsewhere. When this is not the

case, it is sometimes more natural to indicate that a coercion has been defined but
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to leave it anonymous by, for example, noting that if S : set, then also S : Typey.

These conventions were also discussed in section 6.4.2.

8.2.2 Alternatives

I considered two alternatives to using total equivalence relations to implement
sets. One was to use partial equivalences instead; this allows a cleaner separation
of proof information from non-proof information, and affects the way subsets
are dealt with. To explain the reasons for avoiding this approach I will first
need to show how the concept of subsets is handled within the chosen setoid
framework. The other alternative was to use some metatheoretic addition to the
framework, such as quotient or congruence types. This introduces an extra layer
of abstraction into the reasoning, which can be both a burden (extra work) and
a blessing (a clean interface.) For this particular case-study, I thought it best to
use the more direct setoid implementation, especially since coercions appear to

offer a solution to some of the interface problems it usually entails.

8.3 Mappings

In type theory, a function space is a primitive construct; in fact, it is simply the
non-dependent case of the more general II-type. However, just as sets carry more
machinery than types, the type-theoretic implementation of mappings between
sets is not just that of functions between their element types. Mappings are
functions that are proved to respect the equalities in the sets between which they
run. [ wish also to define a set of mappings between two sets, so I need to say

what it means for two mappings to be equal.
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8.3.1 Formalisation

> Introduce Sy, .5, 53

> map 51 59 : set
The elements of the set map S; Sy are functions from S; to S, that respect the
set equalities by sending equal arguments to equal results. The function itself is
extracted with an implicit coercion, declared as a II-coercion so that mappings
may be applied to arguments directly. The proof component of a mapping is
extracted with an explicit projection, resp.

> Introduce f, g : map S7 S

> f:S — S

> furesp i {Var, 22 [S1} (21 = 22) — (f 21) = (f 22)
Two mappings are equal as elements of the set if they are extensionally equal;
that is to say the results returned by applying each of them to any particular
argument are equal.

> f=gx{Ve:5} (fz) = (92)

> Discharge g, f

Binary mappings are defined in an analagous way.

> mapy S; Sy S @ set

> Introduce f, g : mapy S1 So S3

> f:S] — Sy — 53

> frespy : {Vay, 2o [ S} (71 = 22) — {Vy1,v2[S2} (1 = v2) —

(f z191) = (f 22 32)

> f=gx{Ve:Sip{Vy:5} (fry) =(g2y)

I also define specialised versions of the resps projection that focus on only one
of the arguments to the binary mapping, leaving the other argument unchanged.

These follow from the more general case.

> forespsy : {Vry, 29| S} (21 = 22) — {Vy: S} (f 219) = (f 72 9)
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> frespsy : {Va: S} {Vyr,y2|So}t (1 = y2) — (f 2 y1) = (f = y2)

8.3.2 Alternatives

One obvious generalisation that could have been made would have been to define
the concept of a map that took n arguments for any natural number n. (The
type of natural numbers is easy to define inductively in LEGO.) Unary and binary
mappings, defined individually above, would then be particular cases of the more
general definition.

This would have advantages in that all operators, projections and proofs for
maps would need to be constructed only once. Since I have defined separate sets
of unary maps and binary maps, I have to construct any such objects that they
share separately also. In a general library of results, the generalisation from maps
of unary and binary arity to maps of arity n would seem an appropriate one to
make.

However, this extra layer of abstraction would introduce some inefficiencies
and I felt it best to keep everything simple and directly defined in implementing
foundational concepts, since they are used so often. For the case-study, the
generalisation would not have saved much formalisation work and would have
slowed the proof-checking process noticeably.

Another way to implement n-ary mappings in a generic way would be to
have them as simple unary maps from a n-fold cartesian product. My main
reason for avoiding this implementation idea was that the syntax of LEGO does
not accomodate it particularly well. One cannot write an abstraction that gives
separate names to the individual components of a tuple. Therefore rather than
naming a : S7 and b : Sy by abstracting over a pair as (a, b) : S; # Sa, one has to
abstract over x : S; # Sy and then use z.; : S; and z.5 : S5. Also, using curried

mappings rather than unary maps from a product allows a convenient mechanism
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for changing fixity: I can use such a mapping f infix by writing a.f b.
> Discharge g, f, S3, 52,51

8.4 Subsets

The identification of each S : set with an underlying element type means that the
typing judgement “ x : S 7 represents the concept that x is a member of the set
S. This is convenient in allowing easy abstraction over S through the primitive
constructs of the type theory.

However, I would also like to have the concept of set membership be a propo-
sition provable within the type theory, since many mathematical results concern
questions about whether some element is a member of some set. To do this, we
define the type of the subsets of any given set; these are described by membership
predicates.

In informal set theory no particular distinction is made between stand-alone
sets and sets which are subsets of other sets. I should like to allow a similar
blurring in this formalisation, since the idioms it allows are easy to read. I achieve
at least a partial success in this aim through the declaration of a few coercions.
In particular, the framework coerces any subset to be a set in its own right; this
allows membership of the subset to be considered both as a proposition and as a

typing judgement.

8.4.1 Formalisation

I define the type of subsets of some set, and configure some identifiers to have
this as their default type.
> Introduce S

> subset S : Type;
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> Unless otherwise specified, by default A, B, A{, Ay, A3 : subset S
A subset is a predicate over the elements of S that satisfies a certain axiom. An
element of S that satisfies the predicate is in the subset.

> Introduce z,y : S and A

> pred A: S — prop

b v € A~pred Ax
The axiom for a subset is that the predicate must respect the equality in the set.

> eqclosed|A : {Vzy,22|S} (x1 =22) = (11 € A) m 20 € A

I consider subsets as sets in their own right using a coercion. The elements

are elements of S coupled with a proof of their membership of A. Equality is
inherited directly from the set and hence is trivially an equivalence relation.

> Ac:set

> Ael~ (3z:S)zre A

> Introduce a,b : A

> a=>b~equalinSajby
There are also two other coercions in this framework that allow me to write ex-
pressions involving elements of sets and subsets in a more natural way. Firstly,
any element of A can be coerced to be the representative element of S by forget-
ting the proof that this element is in A.

> rep: A— S

Secondly, I define a coercion between proofs that some element of S satisfies

the subset predicate, and the element of A that is created by combining the
element with this proof. This allows operators defined on A to be indirectly
applied to arbitrary elements of S by providing a proof that these elements are
in the subset.

> make: (x € A) — A

This pair of coercions rep and make form an example of a general methodology
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that is explained in subsection 8.6.

These coercions are used implicitly in expressions throughout the rest of this
section. It is hoped that these expressions read naturally as a result.

The evidence that a subset element satisfies the subset predicate is extracted
with the ev projection.

> aev:a€ A

I present the relation of inclusion between subsets of a set, C. Inclusion is eas-
ily proved to be reflexive and transitive, and its symmetric closure defines subset
equality. I overload the = symbol to represent this equality between subsets, in
addition to its current role representing the equality of elements within a set.

> Introduce Ay, Ay, Az

> Ay C Ay~ {Vr: A} x € Ay

> subsrefl: AC A

> subs_tran : (A; C Ap) — (A C Az) — A C A;
> A = Ay~ (A C Ag) A (A C A)

I now present a useful type, that of all the subsets included in some specified
subset. This allows me to quantify over subsets of A by quantifying over the type
subset_of A. A pair of coercions analagous to rep and make are defined.

> subset_of A : Type;

> subsetof A~ (¥B) BC A

> unsubs : (subset_of A) — subset S

> make_subs : {VB|subset S} (B C A) — subset_of A

Many of the concepts that are considered to be defined on sets in an infor-
mal presentation are more naturally defined on subsets in this particular formal
framework. An example is intersection, N.

> Ay N Ay :subset S
> x € (A NA)~(xeA) A (xeA)
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8.4.2 Alternatives

Within informal mathematics, one does not explicitly recognise a distinction be-
tween sets and subsets (and between other structures and their substructures.)
In the case-study, I kept the concepts distinct within the implementation, but
attempted to blur them when useful in practice by coercing subsets into sets. An
alternative approach would be to define a type which represented both sets and
subsets.

One way to do this would be to include a membership predicate within each
set, defined over its underlying element type. This would combine the machinery
from the subset and set types together into one type to represent both of them.
However, to sensibly compare two such objects or their elements, they would
need to share the same underlying type and equality relation. This common
“signature” for a pair of sets would play a similar role to that which a set plays
for two of its subsets in the case-study framework.

Related to this is the idea of deliverablestBMcK93]. This is a general method-
ology for developments in a type theory that involves a clean separation of compu-
tational objects from the proofs of their logical properties. In such a framework,
the notion of a setoid is necessarily built around an equality which is a partial
equivalence relation rather than a total one. The relation is not reflexive on
all elements of the base type. The elements on which equality is reflexive are
the members of the setoid. Thus the proposition that x € A is defined to be
equivalent to x = .

I used this methodology in my MSc Thesis[Bai94], which was a development
of polynomial rings within LEGO. One of the main problems with the approach
that I observed at that time was that quantification over the members of a set
required both an abstraction over the underlying type, and then a hypothesis that

the abstracted element was a member of the set. This verbosity was undesirable.
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However, now that coercions are available, this problem could be solved by means
similar to those used to make working with subsets more pleasant in the case-
study framework.

Nevertheless, adding a propositional component to every set can be awkward
in practice since many of the sets one wants to use contain all the elements in
their underlying type. In such a case, the predicate is true everywhere, and so
each element of the set needs to supply a trivial proof of truth. This redundancy
seems somewhat unnatural.

However, the main reason for deciding not to use deliverables in the case-study
development is that although the distinction between objects and their properties
is a natural one in some cases (such as in proving properties of programs, where
this methodology was first developed), and is certainly interesting to apply to
conventional mathematics, it is nevertheless not a distinction seen commonly in
informal practice. Most interesting mathematical structures are defined as objects
that satisfy certain properties. When one defines operators on these structures,
one can then assume those properties when one makes the definition. In the
deliverables approach, one is forced to make all such operators total in that they
must be well-defined on those objects of the correct type that do not satisfy the
properties in question also. This requirement is not found in the everyday practice
of informal mathematics, and so I avoided the deliverables methodology, which

would have enforced it.

8.5 Quotients

The type of the arguments to which we apply equality in some S : set itself
involves S. (In fact, it is the coercion el applied to S.) Because of this, the
set in question can be left implicit and synthesised when the equality is applied.

Thus for z,y : S one can write x = y rather than z.(equal_in S) y. This idiom
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is familiar from set theory, which assumes an intensional “book” equality that
is applied to elements of any set. In a setoid framework this equality must be
specified explicitly when the set is defined, but having made the definition so the
equality can be written in the same style as is used in informal set theory.

The construction of a setoid in type theory by combining an equivalence re-
lation with an existing type is similar to the process of making a quotient of an
existing set with a new equivalence relation in set-theoretic mathematics. When
a quotient is taken, it is necessary to check that various functions are well-defined
on the quotient set; they must respect the new equivalence relation. In imple-
menting mappings between sets, as outlined in subsection 8.3, exactly the same
sort of result needs to be proved to show that a function is a mapping.

Because most of the machinery is already present, the implementation of
quotient sets in our framework is relatively simple. I first define an equivalence
relation over an existing set. This is a symmetric and transitive relation that also
relates all elements that are already equal in the original set. A Il-coercion is
used to project the relation itself, to allow one to apply the object directly, just
as for mappings.

> equiv_rel S : Type;

> Introduce ~ : equiv_rel S

> ~c:rel S

> =.is_subrelation ~ ~ {Vx,y|S} (x =y) mz ~y

> ~.g: /\; (=.is_subrelation ~) ~.is_symm ~.is_tran
Reflexivity of ~ then follows from the reflexivity of = in S, and so ~ can be used
as a new equality on S to form a quotient set.

> S/~ :set

> (S/~).el > S.el

> equalin (S/~)zy~x~y
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Any subset A of S can be turned into a subset of S/~ by considering all the
elements that are related by ~ to some y € A. I overload the quotient notation
to write this subset as A/~.

> x € (A/~) 2 (Fy:A)y~=x
Note that this construction works even when the original predicate underlying
A does not respect the new relation ~. In the case when it does, the predicate
underlying A/~ will be unchanged.

A common construction is to take the quotient of a group by (an equivalence

relation induced by) one of its subgroups; this will be defined in subsection 9.3.1.2.

8.6 Construction methodology

Many definitions of new mathematical constructions take the following form:
“A mew thing is an old thing such that this holds.” A familar example from
conventional mathematics might be the definition of a commutative group as
being a group whose binary operator commutes.

Formally, we might write this definition as follows, using a »-type.

> Introduce old_thing : Type and ¢ : old_thing — prop

> Define new_thing = (XX :old_thing) ¢ X : Type
An example from the formalisation already presented is the element type of a
subset A of the set S. An element of A is an element X : S such that X € A.
The type is defined as a -type that is in line with the generic structure outlined
above.

Mappings and equivalence relations are defined in the same way, although the
construction of the particular predicate and »-type were not made explicit in the
previous presentation. A mapping from Sy to Ss is a function f : S; — S5 that
respects equality. An equivalence relation on S is a relation ~ : rel S that satisfies

various axioms.
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The proof information included in new_thing would normally be extracted via
some defined projections. The identifiers ev and resp perform this function for
subset elements and mappings.

As is indicated by the phrasing of the general definition, having defined the
new_thing we may wish to use any X : new_thing as if it were an old_thing. In the
example from the first paragraph, a commutative group can be treated as can any
other group in an informal development. In the formal framework, I accomodate
this by defining a coercion from new_thing back to old_thing. This occurs in all
three examples taken so far from the formalisation; subset elements are coerced
to set elements, mappings are coerced to functions, and equivalence relations over
a set are coerced to plain relations.

I have thus implemented the informal idiom whereby a new_thing is treated as
if it were an old_thing by using a coercion. The counterpart to this idiom, whereby
an old_thing is treated as a new_thing due to the relevant proof obligations having
been discharged, requires more general techniques of overloading. But it can be
partially implemented in the existing framework with a second coercion.

> Introduce 7' : old_thing — Type and f : {VX :new_thing} T' X

> Introduce X : old_thing and suppose P : ¢ X
Here, f is defined over new_things, and has been given a dependent target type
in order to illustrate the most general case. Since we have a proof P that the
old_thing called X satisfies the predicate p, there is a new_thing, (X, P), to which
we can apply f to obtain a result of type T" X. The idea is that we wish to con-
struct a term of type T' X by applying f to X, and that we know this application
to be well-defined through the existence of the proof term P.

When this idiom is used in informal mathematics, the mechanism works
through an apparent overloading of the identifier X. The proof term P needs

to be constructed only once, to justify the overloading; from then on a use of X
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as if it has type new_thing is enough to reinvoke the previous proof.

The existing system of coercions does not allow this form of proof synthesis
directly, although it can offer an explanation and, in simple cases, an imple-
mentation for such a mechanism. This works using the idea of overloading an
identifier through the use of coercions from a unit type as described on page 108
in chapter 5. We would define the identifier X to have a unit type which could
then be overloaded to be either an old_thing or a new new_thing via two coercions.
As noted previously though, the coercion system would need to be made more
powerful in order to handle this form of overloading in most useful cases.

However, even in the existing framework I can use coercions to get a partial
implementation of something similar that allows me to apply f directly to the
proof P. This is the technique I make use of in the case-study.

> Define coercion make_new_from_old = [AX | old_thing| [AP: ¢ X]
(X, P : new_thing) : {ILX |old_thing} (¢ X) — new_thing

Since the type of the application is dependent on the value of the argument of
type new_thing, the principal type computed by LEGO will unfortunately involve
the proof term P, rather than the original term X to which P will be coerced via
(X, P).

> fP:TP
However, in such cases one can use an explicit type-casting to use the more natural
type involving X.

> fP:TX

A particular example of this form of construction is given by letting old_thing
be the elements of some set S, taking a subset A of S, and setting the predicate
over x : S to be that x € A. This makes the element type of the subset A be
the new_thing, and the pair of coercions for extracting underlying objects, and for

building new things from proofs about the old are rep, and make, respectively.
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The construction methodology can be generalised further so that some non-
proof information can also be included in the new object. “A new thing is an old
thing called X, with some machinery on X, such that this holds.” For example,
a group is a set together with some operators on that set, such that the entire
package satisfies certain axioms.

> Forget back through ¢
> Introduce machinery_on : old_thing — Type and ¢

: {ILX | old_thing} (machinery_on X) — prop
> Define new_thing = (XX :old_thing) (XY : machinery_on X) ¢ Y : Type

A set forms a good example of this. A set is a type el, together with an equality
relation on el, which satisfies the three axioms to make it an equivalence. As
for the previous examples, the old_thing (the element type) is extracted with a
coercion, and the proof information can be explicitly projected (by the operators
refl, symm and tran.) The extra machinery is also extracted with an explicit
projection, =. If one ignores the presentational distinction between proof and
non-proof objects, both the machinery and the proofs of axioms can all be seen
as general extra structure depending on the original old_thing, the element type.

This methodology for constructing new objects by building extra machinery
and proof requirements on top of old objects, and defining some explicit projec-
tions and also a pair of implicit coercions for assembling and disassembling the
new object, will be used often in the case-study development. Another example
already presented is that of a subset_of some other subset. In chapter 9, examples
will include the algebraic objects such as groups and fields, which are formed by

adding new operators and axioms to existing algebraic objects.



Chapter 9

Representation of further

mathematical concepts

This chapter looks at the way in which some common mathematical concepts were
formalised for the purposes of this development. A few useful results about these
are also summarised (but many more were also proved.) The concepts considered
include isomorphism and function restriction, decideability and discreteness, the
algebraic hierarchy of groups, fields and vectorspaces, finiteness of size and of

dimension, and some interrelationships between these notions.

9.0.1 Isomorphism

A first useful notion is that of a set isomorphism (or bijection.) Composition and
identity for mappings are first defined in the obvious way:

> Introduce Sy, .S5,95 : set; f : map Sy So; g : map Sy S3 and x : 5

> identity|S; : map S1 51

> identity z ~ x

> go f:mapS; S3

> gofrg(fw)

178
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The isomorphisms are now the subset of functions that have a both-sides
inverse.
> iso 57 Y9 : subset (map S; S9)
> f € (iso 51 52)
~ (3f :map Sy S1) ((f' o f) = identity) A ((f o f’) = identity)
> Discharge z, g, f, S5, S2, S1
If f:iso ST, Iwrite f~! for it’s inverse in iso 7' S. I can define a group structure
on the subset of isomorphisms iso S S, which will be termed permutations of .S,

and the notations o and ~! will be overloaded for use with arbitrary groups.

9.1 Decision

> Introduce p : prop
The proposition p is decideable if we have a constructive proof that either it or
its negation is true. I write this

> p.ornot >~ p V (—p)

Thus p.or_not can be read as meaning “p is decideable.”

9.1.0.1 Definition by cases

If p is a decideable proposition;
> Suppose H : p.or_not
then I can work by cases over it.
> Introduce S : set and true_case, false_case : S
> if H true_case false_case : S
> IFg : (-p) — (if H true_case false_case) = false_case

> IFy : p — (if H true_case false_case) = true_case
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9.1.1 Decideable subsets

A decideable subset of S is one for which the membership predicate is decideable
for all elements of S:

> dsubset S ~ (Y A:subset S) {Vz:S} (x € A) V (z ¢ A)

> Introduce A : dsubset S and z : S

> x €2 A:(z € A).ornot
Implicit coercions from dsubsets to normal subsets, and from proofs that subsets

are decideable to dsubsets, are also defined in the way described in section 8.6.

9.1.1.1 Restriction of individual functions

> Introduce f : map S S
I can restrict a function to a decideable subset A of its domain by defining a new
function by cases. The restricted function f[A has the same domain set as f but
has no effect on elements outside of A.

> fl[A:map S S

> flAz~if (v € A) (fx) x

9.1.1.2 Restriction of subsets of functions

I can also restrict a whole subset of mappings to A in order to produce a new
subset of mappings. I use the same symbol for this as for an individual restriction.
(This is an example of a simple overloading of syntax implemented by pretty-
printing.)

> Introduce F' : subset (map S S)

> Explicitly overload the identifier |

> F[A :subset (map S S)

> f e (FIA) = Gf:F) f = (f'I4)

> Discharge F
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Note the nature of this definition: the elements of F'[A are equal to existing
mappings f’ : F that have been restricted to A. This is a useful method of
definition that will be used elsewhere also, but it can introduce extra trivial steps
of equational reasoning into some proofs. These steps would not normally be
noticed in informal mathematical reasoning because of the intensional notion of

equality commonly used, but in this formalisation they need explicit attention.

9.1.2 Discreteness

If the equality relation is decideable for all pairs of elements in a set, then this
set is defined to be discrete.

> Slisdiscrete >~ {Vz,y: S} (v =y) V (z # y)
One useful result about discreteness is that it is preserved by isomorphism.

> DISCy : {VS,T:set} (S.iso T') — S.is_discrete — T.is_discrete

9.2 Size and finiteness

9.2.1 The natural numbers

9.2.1.1 Definition

The set of natural numbers, N, is defined in a standard way. The elements form
an inductive type with constructors 0 and +1, and equality in the set is defined
by recursion. This equality can be proved to be decideable and so N is a discrete
set.

> 0:N

> Introduce m,n : N

> n+l:N

> 0 =0~ true
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> 0 =n+1 ~ false

> m+1 =0 ~ false

> m+l=n+l>2m=mn
Many results can be proved by induction. One useful one is that all predicates
respect equality in N.

> nateqresp: (m=mn) — {Vp:N — prop} (p m) —pn

Thus every predicate on N forms a subset.

9.2.1.2 Ordering

Two orders are defined on N. The “less than” ordering < is defined by recursion,
> 0 <0~ false
> 0 < n+l =~ true
> m+1 < 0 ~ false
> m+l <n+l>2m<n
< is easily proved to be irreflexive and transitive. The reflexive and antisymmetric
weaker order < is defined in terms of <:

> m<n~(m<n)V(m=n)

9.2.1.3 Canonical subsets

The reason for defining these relations is to allow me to construct canonical
subsets with n elements. These will be used to define a notion of finite size.

> canonical _subset n : subset N

> m € (canonical_subset n) >~ m < n

By defining the canonical_subset construction as a coercion, I am able to write
various nice abbreviations by treating any natural number n as a subset, and

hence (by the as_a_set coercion) also as a set of n distinct indices.



CHAPTER 9. FURTHER MATHEMATICAL CONCEPTS 183

9.2.1.4 Tuples

I can now define a set of n-tuples over S very simply as the maps from n (as a
set of indices) to S. For i : n, projecting the ith member from the tuple x is
achieved simply by applying the map x to .
> S ~mapnS
> Introduce « : S"n and i : n
D xTi™apxi
Another way to define the set of n-tuples over S would have been as the n-fold
cartesian product of S with itself. However, in such a framework, the action of
projection must be defined by induction over the subset of the natural numbers
less than n. This is awkward to formulate and to reason about, and I much prefer
this direct implementation of tuples as mappings from indexing sets.
I define analogues of zero and successor within the canonical indexing sets.
> 0n:ntl
> 1+1:n+l
I also define operations to take the head and tail of non-empty tuples.
> Introduce y : S n+1
> hd: map (S"n+1) S
> tl: map (S"n+1) (S"n)
> hdy >~ y0
> (thy)i ~ ya+l
Tupling operations are easily defined to lift functions to work on tuples (by
composition of the function and the tuple to make a new tuple), and to lift subsets
of a set to become subsets of tuples. I overload the symbol "
> f n:map (S"n) (S"n)
> (f na)hi~ [ ()

> A’n : subset (S"n)
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> x € (AMn) >~ {Vi:n} (xi) € A

> Discharge y, 4, x

9.2.2 Function tools

I define also a set of further tools to use on sets (some discrete), subsets (some
decideable), functions and tuples, such as excluding an element from a subset,
adding an element into a subset, isomorphisms between subsets to which this
has been done, isomorphisms to swap a pair of elements in a set, and Kronigger
0 tuples. These tools will not be seen in the presentation. I mention them so
that you know what mechanisms below the surface are actually used to prove
the expected properties about finite size and dimension. Details are found in the

appendix.

9.2.3 Size

My notion of size is defined on subsets (it turns out that we do not need to
consider the sizes of objects in the development, only the sizes of subobjects of
these objects.) Two subsets (possibly of different sets) are said to have the same
size if there is an isomorphism between them.

> Introduce 7' : set and B : subset T’

> AZX B : prop

> A B~isoB A

>~

I write this propositional relation with a new symbol = in order to indicate that
it is the existence of the isomorphism, rather than it’s computational content,
that is the matter of interest here. = is easily proved to be reflexive, symmetric

and transitive.
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9.2.3.1 Finiteness

A subset is finite if it has the same size as one of the canonical n-element subsets.

> Alisfinite ~ (In:N) A =n

9.2.3.2 Comparing sizes

I define one subset to be smaller than another if they are both finite and one has

a smaller size than the other.

> A< B~ (Ja,b:N) A\, (A=a) (B=b) (a <b)

9.2.3.3 Results about finite size

Many standard results about finiteness and size can be proved, although the
proofs are quite complicated and make copious use of the set of tools described
in subsection 9.2.2 above. I prove first that finite size is unique;

> EQSIZE; : (m=n) - m=n
The < relation is clearly transitive. From EQSIZE; it also follows that it is
antisymmetric.

> smallerrasymm: (B A) - (A< B) - A=B
Two results relating decideability and finiteness, and = and subset equality, are
also proved.

> FIN; : B.is_finite — (A.decideable_subs B) — A < B

> FINg: (A C B) — A.isfinite - (A= B) - A=DB
It also follows from DISC; that all finite sets are discrete.

> DISC, ¢ A.is_finite — A.is_discrete
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9.3 Algebras

So far I have considered only sets and subsets. I now build some more structure
on top of sets to turn them into groups, abelian groups, and fields. More levels
in this hierarchy of objects would allow some concepts to be defined at a more
general level, but would also require extra processing time. For the purposes of

the case-study, I therefore kept the hierarchy as simple as possible.

9.3.1 Groups
9.3.1.1 Definition

A group is a set with an identity element id, an associative composition operator
o, and an inversion operator ~!.
> group
~ (3G :set) (Yid:G) (Zo:mapy G G G) (X' :map G G) group_axioms
> Explicitly overload the identifier o
> Allow o to be written infix
> Explicitly overload the identifier —*
> Allow ~! to be written postfix
The axioms are as follows:
> Introduce G : group
> o.assoc : {Vg,h,7:G} ((go h)oj)=(go (hoj))
> o.d:{Vg:G} (goid) =g
> ido:{Vg:G} (dog) =g
> o.inv:{Vg:G} (gog ') =id
Left inversion can be proved from right inversion:
> invo: {Vg:G} (g7 o g) =id

A subgroup is a subset of the group that is closed with respect to the three
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operators. I define decideable subgroups and subgroups of other subgroups just
as I did for subsets.
> subgroup G ~ (XU :subset G)
A (id € U) ({vg,h:U} (g o h) € U) ({vg:U} g~ € U)
> dsubgroup G ~ (XU :subgroup GG) U.is_decideable
> Introduce U : subgroup G and ¢,h : G
> subgroup_of U ~ (XD :subgroup G) D C U

9.3.1.2 Quotient by a subgroup

A common way in which to quotient a group G is by the equivalence relation of
being in the same coset of some subgroup U.

> ~-U : equiv_rel G

> g(~U)h~(gtoh)eU
I use a coercion in order to write the subgroup itself in order to represent this
equivalence relation. This allows me to use the standard notation for this form

of taking a quotient:

> G/U : set

9.3.1.3 Normality of subgroups

I define the standard operation of conjugation within a group.

> gxho~hto(goh)
This allows me to define the condition of one subgroup being normal in another
subgroup.

> Introduce D : subgroup G

> D.normaliin U >~ {Vh:U} {Vg:D} (g9 % h) € D

> Discharge D, h,g,U,G
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9.3.1.4 Abelian groups

An abelian group is one in which the composition operator commutes.

> abelian_group ~ (3G : group) {Vg,h:G} (g o h) = (h o g)
I use additive notation for the operators in abelian groups in order to emphasise
this commutativity.

> Introduce G : abelian_group and g,h : G

> 0~id

> g+ h>~goh
b —g o~ gt
I also define the minus operator as the addition of a negated element:

> Explicitly overload the identifier —

> g—h~g+ (—h)

9.3.2 Fields
9.3.2.1 Definition

A field is an abelian group with a commutative and associative product x that
distributes through +, together with an identity (unit) element 1 and a recipro-
cation operator 1/ that acts as the inverse of x on all non-zero elements.
> field ~ (X F :abelian_group) (X1:F) (Xx:mapy F F F) (X' :map F F)
field_axioms

I define the field to be non-trivial, and I also define the reciprocation operator
to leave the zero element 0 unchanged, rather than only defining it on non-zero
elements. This axiomatisation will make the field equality decideable, but since
all fields considered in the development will be discrete, this is acceptable. Having
the reciprocation operator defined on the whole field makes equational reasoning

using it much easier.
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> Introduce F' : field

> times_assoc : {Vz,y,z: F} ((x X y) X 2) = (x X (y X 2))

> times_.comm : {Vz,y: F} (x X y) = (y X z)

> times_plus : {Vx,y,z: F} (x x (y + 2)) = ((x x y) + (z X 2))

> timesun: {Vz:F} (z x 1) =z

> nontriv:1=#0

> times_recip : {Vz: F'} ((z = 0) A ((Y/2) = 0)) vV ((z x (/2)) = 1)

The standard collection of subobjects are defined.

v

subfield F' ~ (XK : subgroup F’)

Ay (1€ K) ({(va,y K} (& x ) € K) ({va: K} (Ya) € K)
> dsubfield F' ~ (3K :subfield F') K.is_decideable

> Introduce K : subfield F

> subfield_of K ~ (3.J :subfield F') J C K

9.3.2.2 Vectorspaces

A vectorspace over F'is an abelian group of vectors that can be acted on by the
field of scalars with the operator x.

> F-space ~ (3V :abelian_group) (3*:mapy F' 'V V) space_axioms

> Introduce V' : F-space

> scplus: {Vz:F} {Vo,w:V} (z % (v+w)) = ((zxv) + (x xw))

> plussc: {Vz,y: F} {Mv:V} ((z + y) *v) = ((x *xv) + (y * v))

> timessc : {Va,y: F} {Vv:V} ((z x y) x v) = (z * (y * v))

> unsc: {Vu:V} (1x*xv)=v

Any field may be considered as a vectorspace over itself by taking products

in the field to be the scaling operator. This construction is defined as a coercion
so it can be used transparently.

> F': F-space
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> k|F ~ X

9.4 Span and dimension

The Galois case-study will involve vectorspaces of finite dimension. I thus need

to formalise what this means.

9.4.1 Linear sums

Suppose I have some G : abelian_group. I can define a linear sum across n-tuples
over (G by induction.

> Introduce x : G"n+1

> > (=0

> Y x~(hdz)+ (O (thx))

> Discharge

9.4.1.1 Linear combinations

We can form the linear combination of a tuple of scalars with a tuple of vectors
by lifting the scaling operator * to work on tuples, and then forming the linear
sum of the result.

> Introduce  : F n; v : Vnand w : V

> x ~ x''n

> Y (xxwv):V

9.4.1.2 Spans

I now consider the span of the tuple of vectors v under some subset K of scalars.
> wv-span_over K : subset V

> w € (v-span_over K) ~ (3x: K"n) (3 (x * v)) = w
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9.4.2 Finite-dimensional spaces
9.4.2.1 Independence

A tuple of vectors v is said to be independent over some subset of scalars K if no
vector in it can be written as a linear combination of the others. This is phrased
as a fact about zero sum linear combinations:
> independent over K : subset (V"'n)
> v € (independent_over K)
~ {Vx:K"n} (O (x *xv)) =0) = {Vi:n} (xi) =0

9.4.2.2 Bases

> Introduce W : subset V'
v is a basis over K for W if it is an independent tuple of vectors in W that spans
W over K.

> W .has_basis_over K v

~ A\; (v € (W'n)) (W = (v-span_over K)) (v € (independent_over K))

In such a case we say that W has finite dimension n over K:

> W.has fin.dim_over K n ~ (Jv:V"n) W .has_basis_over K v
or simply that the vectorspace W is finite-dimensional over K:

> W.is_fin.dim_over K ~ (3n:N) W .has_fin.dim_over K n

It can be proved that the dimension of a finite-dimensional vectorspace is

unique. In other words, all bases for W over K have the same size. Thus we may
talk about the finite dimension of W over K.

> Discharge

W, w,v,z,V,K,F,h,qg,G,B,n,m, f,x, A, false_case,true_case, S, H,p



Chapter 10

The case-study development

In this chapter I present an account of the case-study development. The actual
mathematics is not particularly difficult, and should be understandable without
a detailed knowledge of the formal framework. The minimal prequisites for un-
derstanding the presentation should thus be a grounding in simple algebra and
an understanding of the basic syntax of UTT expressions and judgements as pre-
sented in chapter 3. Special attention should be given to the way in which the
conversion judgement “~” is used to summarise definitions; this is explained in
subsection 6.4.2. Reading chapter 2, which gives an overview of the general ap-
proach taken to proving the result in question is also advised since the Galois
theory is developed in a constructive setting.

To understand the more formal part of this presentation more fully, it is helpful
to have read more of this thesis. Chapter 4 must be browsed to understand
how coercions are used. Chapter 6 on proof style, and chapters 8 and 9 on the
implementation of the mathematical framework within which the development
takes place also give a useful background.

Although the presentation is not at quite as high a level as that usually found
in a mathematics paper, it is still made at a relatively high-level compared to the

underlying formalisation, with many details suppressed. The full details of the

192



CHAPTER 10. THE CASE-STUDY DEVELOPMENT 193

formalisation are given in the long appendix to this thesis. It may be useful to
refer to this appendix to chase identifiers back to their definitions, but the hope
is that this will not often be necessary to understand and believe[Pol97] the case-
study, only to clarify any ambiguities or to examine details of the formalisation
for the sake of interest.

The proofs themselves are presented at a relatively high-level too; the di-
rection and structure of the larger proofs are described by the kind of natural
language explanations common in an informal mathematical paper. However
these explanations do involve formal statements that have been checked by the
machine. To illustrate that the material may be presented at other levels also,
an auxiliary proof is presented at a level between that of this chapter and that of

the uncommented appendix in the following chapter 11.

10.1 Definitions and setting

A standard presentation of Galois theory works with individual fields, later ex-

tending and comparing them so that the originals become subfields of each other

and of these extensions. In this presentation I found it useful instead to start

by introducing a universal field which contains all the other fields I will consider.

These can then be worked on directly as decideable subfields of the universal field.
> Introduce F' | field

Although I work in a constructive setting, all fields are taken to be discrete.

> FIELDy : {Vz,y: F} (x = y) V (x # y)
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10.1.1 Subfield morphisms
10.1.1.1 Definition of the automorphisms of a subfield

This section defines the group of automorphisms that act on a subfield of F' as a
subgroup of its permutation group.

> Introduce L : subfield F'

10.1.1.1.1 Previously defined material
I can define the group perm of permutations of a set and the subgroup of Perm

of permutations that act only on a subset of that set.

> perm F': group

> Perm L : subgroup (perm F')

> Introduce g : perm I and x : F

> gfixesr ~ (gx)==x

> g€ (Perm L) >~ {Vz: F} (x € L) V (g.fixes z)
When L is a decideable subfield of F', any element of perm L (i.e. a permutation
of L where L is considered as a set in its own right) can be extended to be an
element of Perm L defined on the whole of the universal field F', by setting it to
be the identity outside of L. I can also prove that

> PERMc: {Vf:Perm L} {Vz:L} (fz) € L
and so Perm L and perm L can be considered to be essentially equivalent within
this setting. Thus for decideable subfields L, in this development I shall use the
associated subgroups Perm L, since these are all included in a universal group
perm F'in the same way that all the subfields L are included in the universal field
F.

Another building block will be the subset of mappings that distribute through

a binary operation @ on some subset.

> Introduce & : mapy F' F' F and f : map F' F
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as_a_subset_of_maps

subset subset
(perm F) (map F F)
as_a_subset_of_perm
as_a_set

as_a_set

set

Figure 10.1: An incoherency problem

> resp_maps & L : subset (map F F)

> [ € (respmapy & L) ~ {Va,y: L} (f (¢ @ y) = ((f ) ® (f v))
Now since the equality on the set of permutations of F' is essentially the same as
that on the set of ordinary mappings, any predicate defining a subset of mappings
(such as that above) can in turn define a subset of permutations. A similar
construction works in the reverse direction.

> Introduce G : subset (perm F') and A : subset (map F' F)

> g € A.as_a_subset_of perm ~ g.rep € A

> f € G.as_a_subset_of maps ~ (Jg:G) f = g.rep

> Discharge A, G, f,®, x

Having to make the moves between subsets of map F' F' and subgroups of perm
F' explicit in this presentation is unfortunate. (So also is having to fulfill the triv-
ial but tedious proof obligations that such moves induce, though the details are
suppressed in this chapter.) I would consider this to be the greatest problem with
the framework I chose for the case-study development. However, I did not find
another framework without worse problems, or a way to define the constructions
as_a_subset_of_perm and as_a_subset_of _maps as coercions without introducing in-
coherencies. These arise because the equivalent subsets of perm F' and map F' F

will be coerced to distinct sets, as shown in figure 10.1.
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10.1.1.1.2 The permutations that are automorphisms of L
An automorphism of L is a permutation of the subfield that respects the
operations + and x on L. I define the subset of maps that respect these operations
on L:
> Define resp_plus_times = (resp-mapy + L) N (resp_mapy X L)
: subset (map F' F)

The subset of subfield automorphisms can now be defined as the intersection of
the permutations on L with this subset. I introduce a temporary coercion to
allow the direct application of members of this subset.

> Define Aut_subset = (Perm L) N resp_plus_times.as_a_subset_of _perm

: subset (perm F)

> Let coercion Aut_rep = [Ag: Aut_subset| g.rep : Aut subset — perm F

Perm L already forms a subgroup. Now, since permutations of a subset can
be proved to be closed on that subset by the result PERMc, I can prove that
membership of resp_plus_times also is closed for subset epimorphisms under the
group operators id, o and ~!. It then follows that Aut_subset forms a subgroup.

> Aut : subgroup (perm F')

> g € Aut ~ g € Aut_subset
Two canonical coercions are also defined that allow one to consider subfield au-
tomorphisms as subset permutations and as subfield homomorphisms.

> Aut_Perm : Aut — Perm L

> Aut_hom : Aut — subfield_hom L

> Discharge g, L

10.1.1.2 Subfield morphisms that fix a second subfield

Given K, J : subfield F', I define the subset of maps which are subfield morphisms

that act only on J, and that also fix everything in K.
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> Allow -fix_hom to be written postfix

> Define -fix_hom
= [AK, J :subfield F] (map_from J) N ((resp_plus_times J) N (fixing K))
: (subfield F') — (subfield F') — subset (map F F)

> Introduce K, J : subfield F' and g : K-fix_hom J

These are the basic axioms that g satisfies:

v

g.ev.fst: {Va: F} (x € J) V (g.fixes z)

g.ev.snd.fst.fst : {Vz,y:J} (9 (x + ) = ((g x) + (g v))
> g.ev.snd.fst.snd : {Vz,y:J} (g (z x y)) = ((g ) X (9 v))

g.ev.snd.snd : {Vz: K} g.fixes ©

v

v

Recall that any field can be considered as a vectorspace over itself. In fact,
the field will form an algebra, since multiplication is defined on both the scalars
and the vectors. When K C J, the subset K-fix hom J contains maps which are
morphisms on J as an algebra over K, since they leave scalars in K unaffected,
and distribute through the scaling multiplication. Thus for z : K, v : J one has
that (g (x *x v)) = (z % (g v)) and so g is an algebra homomorphism. This can
be a useful way in which to view the role of the subset K-fix_hom J.

> Discharge g, J, K

10.1.1.3 Definition of fixing subgroups and fixed subfields

> Introduce L : subfield F'
The Fundamental Theorem of Galois Theory will state that a certain Galois
connection between subsets of F' and subsets of perm F' is an anti-isomorphism
for some classes of these objects (certain special subfields and subgroups.) I now
define this connection.
The connection could be made at several levels. The level at which I work is
relative to a subfield L. The connection then runs between subfields contained in

L and subgroups contained in Aut L.
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> Introduce G : subgroup_of (Aut L)
Elements z : F fixed by all automorphisms in G form a subfield. (It is closed
under the field operators because all g : G respect these operators, and so fixedness
under such g will be preserved by them.) Now take the part of this subfield within
that is within L; this defines the fix operator that forms one half of the connection.

> fix L G : subfield_of L

> x € (fix L G) ~ ({Vg:G} g.fixesx) A (x € L)

> Introduce K : subfield of L and g : perm F
Conversely, morphisms ¢ that fix everything in K form a subgroup. (The proof
that the composition and inverses of morphisms will fix all x : L that the original
morphisms do is straightforward.) The aut operator returns the part of this
subgroup that is within Aut L, and defines the second half of the connection.

> aut L K : subgroup_of (Aut L)

> g€ (aut L K) ~ ({Va: K} g.fixes z) A (g € (Aut L))
When the subfield L is clear from the context, I will denote fix L G and aut L K
by the abbreviations GV and K*, respectively.

> Discharge g, K, z,G, L

10.1.1.4 The Galois connection between fixing subgroups and fixed

subfields

> Introduce L | subfield F'
I now need to prove that ¥ and 2 form a Galois connection between subgroups of
Aut L and subfields of L. The proofs are straightforward; for example it, is clear
that if U C G then any z : F' fixed by everything in G is fixed by everything in
U, and so on. The original inclusions extend to show that equal subgroups fix

equal subfields and that equal subfields have equal fixing subgroups.
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> Construct by refinement GC;
: {VU, G| subgroup_of (Aut L)} (U C G) — GY C UV

(¥, ev, €, fixes, snd, fst, pair, perm, C, Aut, subgroup_of)

> Construct by refinement GC,eq
: {VU, G | subgroup_of (Aut L)} (U =G) - U" = GY

(perm, C, fst, GCq, snd, v, pair, =, Aut, subgroup_of)

> Construct by refinement GC, : {VJ, K |subfield of L} (J C K) — K* C J*

(4, perm, ev, Aut, €, fixing_group, snd, fst, pair, C, subfield_of)

> Construct by refinement GCyeq
: {VJ, K |subfield of L} (J = K) — J* = K*

(C, fst, GCa, snd, &, perm, pair, =, subfield_of)

> Construct by refinement GCjz : {VG : subgroup_of (Aut L)} G C GV~

(Y, ev, €, fixes, fst, Aut, perm, fixing_group, pair, subgroup_of)

> Construct by refinement GCy : {VK :subfield of L} K C K%V

(4, perm, ev, Aut, €, fixing_group, fst, fixes, pair, subfield_of)

Every Galois connection can also be proved to satisfy the following two equalities

by combining these previous results together.

> Prove GCs : {VG : subgroup_of (Aut L)} G¥V = G4V
= [AG :subgroup_of (Aut L)] pair (GC4 GV) (GCy (GC3 G))

> Prove GCg : {VK :subfield of L} K* = K~V4
= [AK :subfield_of L] pair (GC3 K*) (GC2 (GC4 K))

> Discharge L

10.1.2 Galois groups and subfields
10.1.2.1 Definition of a Galois group

A Galois group on L is a finite subgroup of Aut L with a fixed subfield over which
L is finite-dimensional.

> Introduce L : subfield F

> Define galois_group = (XG : subgroup_of (Aut L)) G'.is_galois_group : Type;

> Introduce G : galois_group L
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The axioms that define G as a Galois group are
> gg finite G : Glis finite
> gg_findim G : L.is_fin_.dim_over GV
There is the usual coercion from proofs to objects:
> make_gg : {IIG |subgroup_of (Aut L)} G.is_galois_group — galois_group L
> Discharge G, L

10.1.2.2 Definition of a Galois subfield

> Introduce L : subfield F’
> Define galois_subfield = (XK :subfield F') K.is_galois_subfield L : Type;
A Galois subfield of L is equal to the fixed subfield of some Galois group.
> Introduce K : galois_subfield L and let G = K .gf_gg : galois_group L
> gfequal: GY = K
Again, there is a coercion from proofs to objects.
> make_gf : {IIK |subfield F'} (K .is_galois_subfield L) — galois_subfield L
> Discharge G, K, L

10.1.3 Some special subfields
10.1.3.1 Introduction of a particular subfield

The first two-thirds of the Fundamental Theorem will concern a decideable sub-
field of our universal field F'. I introduce it into the context now.

> Introduce L | dsubfield F’

10.1.3.2 A coercion to aid readability

I introduce a useful coercion that will help me to write expressions used in the

following work in a natural fashion. It uses the transitivity of subset inclusion to
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turn any subgroup of GG : galois_group L into a subgroup of Aut L.

> subg-trans : {IIG | galois_group L} (subgroup_of G) — subgroup_of (Aut L)

10.1.3.3 Definition of a K-subfield

For K C L, a K-subfield is a decideable subfield of L that contains K, and also
has some properties when the subfields are considered as vectorspaces:
> Define -subfield = [AK :subfield_of L] (¥.J :dsubfield_of L) J.is_-subfield K

: (subfield_of L) — Type;
> Introduce K : subfield_of L and J : K-subfield

The four axioms that define J as a K-subfield are:

> subsubs J:J C L

> subssub J: K CJ

> sub_fin_.dim_over K J : J.is_fin_.dim_over K

> fin_dim_over_sub J : L.is_fin_dim_over J
If L.is_fin_.dim_over K, then classically any J C L containing K would have these
properties. But in a constructive formalisation of the Fundamental Theorem, I
need to state them explicitly, as they do not hold in general and are necessary in
my proofs.

There is also the usual coercion from proofs to objects.
> make_-subfield : {II.J | dsubfield_of L} (J.is_-subfield K') — K-subfield
> Discharge J, K

10.2 Statement of the Fundamental Theorem

I can now state the main result that I will prove, the Fundamental Theorem of
Galois Theory. It falls into three thirds, each of which I divide into a further

three parts.
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The first two thirds show that ¥ and 2 form an anti-isomorphism between the
Galois groups and subfields of L.
> Introduce G : galois_group L
First comes a subresult regarding certain subgroups of G,
> Let ftyi = {VU :subgroup_of G} (U.is_decideable_in G) —

(L.is_fin_dim_over U") — U .is_galois_group : prop;

Then a pair of results shows the first half of the anti-isomorphism:

> Let ftyii = GV.is_galois_subfield L : prop;

> Let ftyiii = G = G2 : prop

> We want to prove FTy @ A, ftyi ftyii ftyiii

> Introduce K : galois_subfield L
The second third is complementary to the first, showing a subresult concerning
K-subfields, and completing the anti-isomorphism.

> Let ftoi = {VJ: K-subfield} J.is_galois_subfield L : prop;

> Let ftoii = K%.is_galois_group : prop

> Let ftoiii = K = K2V : prop

> We want to prove FTy @ A, ftoi ftaii ftaiii

The final third concerns K-subfields of L. There is a logical equivalence be-

tween the properties of K being a Galois subfield with respect to such a subfield
J and the normality of J’s fixing subgroup J* in K*.

> Introduce J : K-subfield

> Let ftsA = K.is_galois_subfield J : prop;

> Let ft3B = J%.normal_in K* : prop

Also in this circumstance, restriction to J forms an isomorphism of groups be-

tween the quotient group K4/J% and aut J K.
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> We want to prove FT3 : (ft3A < ft3B) A
(ftsA — (3r:iso (K2/J%) (aut J K)) ({Vg: K%/J*} (g1J) = (7 g)) A

({¥Vg, h: K2/} ((h o g)1) = (A1) © (g1]))))
> Discharge fth7ft3A, J, ftgiii,ftgii,ftgi, K,ftliii,ftlii, ftli, G

10.3 Proof of the Fundamental Theorem

10.3.1 Some subresults

10.3.1.1 Lemma 1l

I state and prove a simple lemma relating restriction to the taking of a quotient

with respect to a fixing subgroup.

10.3.1.1.1 Statement of Lemma 1
I divide the lemma into two parts.

> Introduce G : subgroup_of (Aut L); J : dsubfield of L and let U = G N J*#

: subgroup (perm F)
> We want to prove LEMMA;i

1 {Vo1,92: G} (91.(R-U) g2) < ((911]) = (921))
> We want to prove LEMMAii : (G[J) = (G/U)

10.3.1.1.2 Proof of the first part
The proof proceeds via the logical equivalence of a sequence of propositions.
> Introduce g1, ¢ : G
By definition,
> gi(U) ga~= (g1 0og) €U

Since (g;7' o ¢2) € G,
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> Qi og) €U) < (917" 0 g2) € J%)

> Qu:((g17'0ge) €J%) & ({Va:J} (917 0 g2 7) = )
I also have that

> Qi ({V2:J} (it ogex) =2) & (Vo J} (g1 2) = (92 7))
> {Vz:J} (g1 2) = (92 @) = 91.(=J) 92

> Qu: (g1-(=1J) g2) < ((921]) = (921))

Thus the logical equivalence is proved.

> Discharge to prove as claimed LEMMAi
{V91,92: G} (91.(=-U) g2) < ((11]) = (921))

using
(Qq.iff-tran Q2).iff_tran (Qs.iff_tran Q4)

(171 0 g2) €U) = ((911)) = (921))
> Discharge gs, g1

10.3.1.1.3 Proof of the second part
LEMMAi allows me to define an isomorphism,
> 0 :iso (G/U) (G1J)
The definition is as follows. In the forward direction: each element of the quotient
G /U has a representative in G,
> Introduce g : G/U and let ¢’ = (g.ev) : G
The result of applying 6 to g is the restriction of its representative g’ to J:
> 0g~dglJ
Since there is an isomorphism between the two subsets, they are by definition

of equal size.

> Prove as claimed LEMMA;ii : (G[J) = (G/U)

=0

> Discharge U, J, G
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10.3.1.2 Theorem A

> Introduce G : galois_group L and let K = GV : subfield_of L
This theorem separates into three parts. The proofs of the first two parts have
not been formalised in the case-study due to a lack of time. The reader and the

proof-checker should assume this pair of results without proof for this case-study.

10.3.1.2.1 Statement of Theorem A
The first part relates the number of distinct algebra morphisms over some
J : K-subfield to the dimension of J over K, and can be proved using Dedekind’s
Lemma.
> Assume without proof THM_A;
: {VJ: K-subfield} (K-fix-hom J) < (sub_fin_dim_over K J).basis

The second part follows from a result about the free generation of any vectorspace
over L on which a finite automorphism subgroup such as G acts linearly from the
fixed part under G of this vectorspace considered as a space over K.
> Assume without proof THM_A,
: {VU : subgroup_of G} (XH :U".is_fin.dim_over K) (G/U) = (basis H)
The third part, which I shall prove, is a corollary to the second.
> We want to prove THM_Aj
: (In:N) (Gw: F n) (L.has_basis over K w) A (G = w)

10.3.1.2.2 Proof of the corollary
Consider the trivial subgroup containing only the identity permutation on F'.
> {id} : subgroup_of G
> ge{id~id=yg
The corollary will follow by applying THM_As to this subgroup.

> Prove subresult Py : (¥H : {id}".is_fin_dim_over K) (G/{id}) = (basis H)
= THM_A; {id}
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Since
> Py:{id}V =1L
we have that
> Py : L.has_basis_over K (basis H)
Now by definition,
> gi.(~-{id}) g2 = (17" 0 g2) € {id}
and so it follows from the uniqueness of inverses that any pair of elements of
perm [ related by ~-{id} are equal.
> Pj3 :is_same_relation (~-{id}) (equal_in (perm F))
Thus by means of a canonical isomorphism between G and GG/= we can conclude
that
> Py G = (G/{id})
Therefore the basis w = (basis H) satisfies the properties we require.

> Prove as claimed THM_As
: (In:N) (Jw: F n) (L.has_basis.over K w) A (G = w)
= THM_A3_proof

> Discharge but keep K, G

10.3.1.3 Theorem B

> Introduce J : K-subfield
Note that since J is a K-subfield there exists w such that

> W : J.has_basis_over K w

10.3.1.3.1 Statement of Theorem B
Theorem B divides into five related parts. Firstly there is a prelude to establish
that G'[J is a finite subset.
> We want to prove THM_B, : G'[J.is_finite
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Secondly, the main part of the theorem proves three results as a consequence of
the facts that a number of other objects also have the same finite size.

> We want to prove THM_B; : G[J = (K-fix_hom J)

> We want to prove THM By : G1J = w

> We want to prove THM B3 : J = J2V
Finally I will prove a corollary to B1 by setting J to be L.

> We want to prove THM_By, : (GL) = (K-fix-hom L)

10.3.1.3.2 Preliminaries
I define U : subgroup_of GG as the part that fixes J:
> Ux~GnJ?
Applying THM_A, to this subgroup gives me a basis over K for UV.
> THM_Ay U : (¥H :U".is_fin.dim_over GV) (G/U) = (basis H)
> Let v = basis H : UY”(dim H)

10.3.1.3.3 A cycle of inequalities
I now prove a cycle of inequalities concerning the sizes of G/U, G|J, K-
fix_hom J, w and v.
By LEMMAii I have
> a:G/U=G[J
I can prove that G[J is a decideable subset of K-fix hom J. (The decideability
proof is based on a result SPANy the proof of which I shall use as an example in
the next chapter.)
> by : G|J.decideable_subs K-fix_hom J
It then follows from FIN; that G[.J is smaller, and also that it is itself finite.
> b:GlJ x K-fixhom J

> Prove as claimed THM_B, : G'[J.is_finite
= SMALLERy b
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THM_A; applied to J provides the next inequality:
> c¢: K-fixhom J < w
Now I prove that the span of v over K contains that of w. Firstly,
> dy : (w-span_over K) C J
because K C J and each element of w is in J. By GCy,
> ody:J CJRY
and since U C J#, by GC; in turn
> dy: JAY CUY
Lastly UY C (v-span_over K) by definition. Thus I have
> die3 : (w-span_over K) C (v-span_over K)
and since v and w are K-bases and hence independent, I can conclude that
> drw<wv
Finally, THM_A, proved that
> e:v=G/U
By the antisymmetry of < this chain of inequalities allows me to conclude all
these objects have the same size:
> b':G|J = K-fixhom J
> ¢ : K-fixhom J = w

> d:w=wv

10.3.1.3.4 Conclusion
The required results now follow. If a subset of a finite set has the same size

as the whole set, then it is the whole set.

> Prove as claimed THM B, : G|J = (K-fix-hom J)

= FIN3 byj.snd THM_Bg b’

The second of the three main results is immediate:

> Prove as claimed THM B, : G1J = w

= b’.egsize_tran ¢’
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For the third, I have that J C JV and need to prove the reverse inclusion. This
follows since by djs3 the span of w is contained in that of v, but by d' I know
that v and w have the same size. It follows that the spanned subsets U" and J
are equal; then as J%V C UV the inclusion is proved.

> Prove as claimed THM B3 : J = J2Y
= THM_B3_proof

> Discharge J
For the corollary to THM_By, I set J to be equal to the whole of L considered
as a K-subfield.
> J~L
> Prove as claimed THM By : (G[L) = (K-fix-hom L)

= THM_B; J

> Discharge K, G

10.3.2 The main proof
10.3.2.1 Proof of first part of the fundamental theorem

> Introduce G : galois_group L and U | subgroup_of G

> Suppose H; : U.is_decideable_in G and H, : L.is_fin_dim_over UY

10.3.2.1.1 Proof of FT;i
The first result follows straight from the hypotheses. U is finite since it is a
decideable subset of finite G,

> Prove subresult P; : U.is_finite
= SMALLERy (FIN; G.gg_finite (pair Hy U.2))

Together with the assumption Hs it thus fulfils the axioms necessary to make it
a Galois group.

> Prove FTyi : U.is_galois_group
= pair P1 Ha
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10.3.2.1.2 Proof of FT4ii
The second result is also immediate; GV is a Galois subfield since it is (equal
to) the fixed subfield of the Galois group G.

> Prove FTqii : GV.is_galois_subfield L
= (G, equal_subs_refl GV : GV.is_galois_subfield L)

> Discharge Py, Hy, H1, U

10.3.2.1.3 Proof of FTiii
For the third result, I have already that

> GC3G:GCGY-
and wish to prove the reverse inclusion also. The two subsets are subgroups of
Aut L, but I prove the inclusion via intervening subsets of map F' F' and lift the
result at the end.

> We want to prove subresult Py

: GV%.as_a_subset_of_maps C (G.as_a_subset_of_maps

From comparing axioms, every element of GV is a GV-fixing L-algebra morphism.

> Prove subresult Psa : GV%.as_a_subset_of_maps C (GV-fix.hom L)
= ALGy L G¥

But the corollary to THM_B; shows that this set is in turn equal to G restricted
to L.

> Prove subresult Pob : (GV-fix-hom L) C (G]L)
= (THMB4 G).snd

Now G C (Perm L), and so restrictions to L have no effect.

> Prove subresult Poc’ : {Vg: G} g = (g[L)
= [Ag:G] (REST3 L g).fst (G.1.2 g).fst

> Locally construct by refinement Pyc : (G[L) C G.as_a_subset_of_maps
(map, refl, iso, rep-map, =, Pac’, [, as_a_subset_of_maps, eq_closed,

restriction_perm, perm, AA4, apply_across, C, €, snd)
Thus the inclusion is proved:
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> Prove subresult as claimed Pq
: GV .as_a_subset_of_maps C (.as_a_subset_of_maps

= P2a.subs_tran (P2b.subs_tran Pac)

Since equality in map F' F' and equality in Aut L are the same relation, I can lift
the inclusion to one between subgroups of Aut L.

> Locally construct by refinement P3 : G4 C G

(P27 V’ A7 iSO7 map, rep-map, =, AAQS’)
Hence the two subgroups are proved to be equal.

> Prove FTqiii : G = GV2
= pair (GC3 G) P3

> Discharge P3, Py, Poc, Poc’, Pob, Poa

> Discharge to prove as claimed FT,
: {VG : galois_group L} [dft;i = {VU :subgroup_of G}
(U .is_decideable_in G) — (L.is_fin_dim_over U") — U.is_galois_group]
[0ft1ii = GV.is_galois_subfield L] [0ftiiii = G = GV%] A, ftyi ftyii ftyiii

using
pairg” FT1i FTqii FTyiii
: A3 ({VU | subgroup_of G} (U.is_decideable_in G) — (L.is_fin_dim_over UY) —

U .is_galois_group) (GV .is_galois_subfield L) (G = GV*)
> Discharge G

10.3.2.2 Proof of second part of the fundamental theorem

> Introduce K : galois_subfield L
> Let G = K.gf gg : galois_group L and Q = K .gf equal : G¥Y = K
For this part of the fundamental theorem, most of the work goes into proving the

first result.

10.3.2.2.1 Proof of FTsi
> Introduce J : K-subfield

THM _B; gives me an important equality between J and J2V.
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> Prove subresult Q' : J = J2V
= THM B3 G J

Thus J is a Galois subfield if J# is a Galois subgroup. I shall use FT;i to prove
this. I need to show that J# C G and that it fulfills the two hypotheses:
> We want to prove subresult Hy : J2.is_decideable_in G
> We want to prove subresult Hy : L.is_fin_dim_over J2V
Firstly, since K C J, I have that J* C K% = GV2. Since
> FTLiiiG: G =G
this means that
> J® : subgroup_of G

as required.

Hypothesis H;
I now prove the first hypothesis H;.
> Introduce g : G
Now g € J* if and only if it is equal to the identity on J.
> Py:(g.(=]J)id) < (g € J?)
A useful subresult SPAN, shows that if GV is finitely generated by J, this equality
of maps can be decided under certain conditions. (This result will be proved
in the next chapter as an example of a proof at a lower level.) Since g is an
automorphism on L, it is clearly an homomorphism on J C L, as is the identity
map.
> (Hg, Hi) : (g € (subgroup_hom J)) A (id € (subgroup_hom .J))
Now, let A : subset F' be the subset where those two homomorphisms agree; that
is, everything fixed by g.
> x € A~ gfixes x

Now SPAN, will establish the required decideability result:
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> SPANy : (GY C J) — (J.has_fin_span_over GV) —
{Vv:JNA} {Vz:G"} (xr x v) € A) = (J C A).or_not
The first two conditions are trivially satisfied since .J is by definition a GV-subfield.

> Prove subresult Psa : GV C J

= Q.fst.subs_tran (subs_sub J)

> Prove subresult Psb : J.has_fin_span_over GV
= span_fin_dim (FINDIMz J Q.equal_subs_symm (sub_fin_dim_over K J))

To apply SPANy I need to prove the third condition also.

> We want to prove subresult Psc : {Vv:J N A} {Vz:G"} (z x v) € A

> Introduce v : J N A and x : GV
I must prove that z x v is fixed by g. Now x and v are both in L, and ¢ is an
automorphism of L. This proves

> Locally construct by refinement Q; : (¢ (z x v)) = ((9 ) x (g v))
(A, N, ev, €, fst, sub_subs, rep_map, ap, make, G, V, resp_plus_times,

as_a_subset_of_perm, perm, Perm, snd, X, resp_mapa, iso, map, rep, +)

But x € GY and v € A, so g fixes both these elements.

> Locally construct by refinement Qy : ((9 ) X (g v)) = (x X v)

(A, N, ev, €, snd, G, 7, fixes, fst, times_resp)

> Discharge to prove subresult as claimed Psc
{Vo: J N A} {Vz:G"} (x x v) € A
using

Qi.tran Q2 : g.fixes (z X v)

> Discharge x, v

> Prove subresult P3 : (¢g.(=]J) id).or_not
= SPAN4 P3a P3b Pjc

> Discharge to prove subresult as claimed H; : J*.is_decideable_in G
using

DECy P2 P3 : (g € J2).or_not

> Discharge g

Hypothesis H,
This is immediate since L has finite dimension over the K-subfield J, and I

already have from THM B3 that J = J4V.
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> Prove subresult as claimed Hs : L.is_fin_dim_over J2V
= FINDIMy L Q' (fin_dim_over_sub J)

Therefore by FTyi, J* is a Galois group

> Prove subresult Py : J%.is_galois_group
= FT1i G|J% Hy Hp

and the result that J is a Galois subfield then follows, since by Q' it is equal to
the fixed subfield of this Galois group.

> Construct by refinement FToi : J.is_galois_subfield L
(Q', 2, Y, equal_subs_symm, perm, equal_subs_refl, P4, GCieq, equal_subs_tran,

=, galois_group)

> DiSCharge P4, HQ, Hl, P3, P3C, Q27 Ql, P3b, Pga, A, HI, Hg, PQ, Q', J

10.3.2.2.2 Proof of FT,ii
I need to prove that K* is a Galois group. This is easy as FTiii shows that
G=G"" =K*".

> Prove subresult Q3 : G = K*
= (FT1iii G).equal_subs_tran (GC2eq Q)

Then since G is a Galois group, so is K.

> Prove FTyii : K%.is_galois_group
= GAL; Qs G2

10.3.2.2.3 Proof of FT,iii
Applying the fix operator to both sides of the same equality Q3 proves the
third result.
> GCieq Q3 : GV = K&V
> Prove FTaiii : K = K2V

= Q.equal_subs_symm.equal_subs_tran (GCieq Q3)

> Discharge Q3,Q, G
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> Discharge to prove as claimed FT,
: {VK : galois_subfield L} [dftai = {V.J: K-subfield} .J.is_galois_subfield L]
[0ftaii = K %.is_galois_group] [0ftsiii = K = K*V] A, ftai ftaii ftaiii
using
pairs’ FTai FTaii FTaiii

: N3 ({VJ: K-subfield} J.is_galois_subfield L) K*.is_galois_group (K = K~7)
> Discharge K

10.3.2.3 Lemma 2

> Introduce K : galois_subfield L; let G = K* : subgroup_of (Aut L.;) and
introduce J : K-subfield

10.3.2.3.1 Statement of Lemma 2
The statement of this lemma is based around the logical equivalence of two

propositions:

> Let p;y = J%.normal_in G : prop

> Let po = (G[J) C (aut J K).as_a_subset_of_maps : prop

> p1 <> p2 : prop
When I use the lemma, I will want slightly different versions of ps in it.

> We want to prove LEMMA,i

: (J2.normal_in G) — (G[J) = (aut J K).as_a_subset_of_maps
> We want to prove LEMMAii : ((G[J) = (aut J K)) — J*.normal_in G

10.3.2.3.2 Preliminaries
I start by noting a subset inclusion that will be used a couple of times. From
the results FToii and FTaiii I previously proved, I know that G is a Galois group,
and J is a GV-subfield. By reordering axioms and using THM _B;, I have that
> Po: (aut J K).as_a_subset_of maps C (G[J)
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Also note that J is a Galois subfield and hence is equal to the fixed subfield of
its fixing group.

> Prove subresult Q : J = J2V
= FTaiii (FT2i K J)

I split the logical equivalence p; < po into four separate parts via an inter-
mediate proposition:

> Let p={Vg:G} {Vx:J} (g x) € J~V : prop

10.3.2.3.3 The first two implications,p; < p
The first implication will be useful in its own right later in the development,
so I name it as a third part to this lemma.
> We want to prove LEMMA,iii
: (J2.normaliin G) — {Vg:G} {Vz:J} (g x) € J*Y
That p; and p are equivalent statements follows from definitions and some equa-
tional reasoning.
> p1 = {Vg:G} {Vh:J?} (g7t o (hoyg)) e J?
> Introduce ¢ : G and h : J*
Recall that for any f : perm F
> feJr~ ({Vx:J} ffixesx) A (f € (Aut L))
Now g, h, and their combinations are known to be elements of Aut L, so I need
concentrate only on their fixing behaviour.
> Introduce x : J
A little equational reasoning shows that
> (Py",Py") : ((g7 o (h o g)).fixes x) « (h.fixes (g x))
Now by definition,
> (gx)e JAY >~ ({Vh:J"} hfixes (g x)) A ((g x) € L)
Since g x is always in L, this equivalence of fixings means [ have proved my result:

> (P1,P2) :pr—p
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> Prove as claimed LEMMAiii
: (JA.normaliin G) — {Vg:G} {Vx:J} (g x) € J*Y

:P1

> Discharge Py',Pi", 2, f, h, g

10.3.2.3.4 The third implication, p, — p
> Suppose H : po
I want to prove the intermediate proposition p.
> Introduce g : G and = : J
Now (g ) = (g[J z). Since, by the hypothesis H, g[J is an automorphism
of J, it is closed on J. Hence
> P3':i(gx)eJ

> Prove subresult P3 : (g x) € J&Y
= Q.fst P3’

> Discharge x, g, H

10.3.2.3.5 The fourth implication, p — ps
> Suppose H : p
I want to prove the proposition po. I will use a little lemma about the restriction
of a function and its inverse.
> Introduce gy, go : perm F; suppose P_gy : g2 € G and Qg : (g1 o g2) = id
> We want to prove subresult little_lemma : ((g1]J) o (g2[J)) = id
> Introduce x : F
> Suppose Hn : x & J
Any restriction to J will not touch z, so clearly
> Cn: ((g1]J) o (g2]J)).fixes x
> Suppose Hy : x € J
I have that
> (RESTy J g2 Hy).symm : (g2]J ) = (g2 x)
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> H P_gy Hy: (g2 x) € J*Y
Therefore using Q I have that (g2 ) € J and hence g;[J has the same effect on
go x that g; does. Thus

> Cy: ((g1]J) o (g2]J)).fixes x

> Discharge Hy, Hn

> Discharge to prove subresult as claimed little_lemma : ((¢1[J) o (g2]J)) = id
using

case (x €7 J) Cy Cn: ((g11J) o (g21J)).fixes =

> Discharge x
> Discharge Qg, P_g2, g2, 1
I want to prove that (G[J) C (aut J K).as_a_subset_of_maps.

> Introduce g : G[J and let ¢’ = (g.ev).y.rep : perm F
The little_lemma proves that g = (¢’].J) has ¢'~!]J as its inverse and is hence an
permutation of F. It fixes K C J because ¢’ does, and because g.(=[J) ¢’. For
the same reason it also acts as an automorphism on J. Therefore

> Py:g € (aut J K).as_a_subset_of_maps

> Discharge g, H

10.3.2.3.6 The end of the proof

> Prove as claimed LEMMA,i
: (J2.normal_in G) — (G[J) = (aut J K).as_a_subset_of_maps
= [AH : p1] pair (P4 (P1 H)) Po

> Suppose H : (G[J) = (aut J K)
The result THM_B, gives me that G'[.J is finite. Its size is equal to that of (aut
J K) = (aut J K).as_a_subset_of_maps. Since by P the latter is a subset of G[J,
it follows that these two subsets are in fact equal.

> H': (aut J K).as_a_subset_of_maps = (G[J)
The second part of the lemma then follows using on H' the other two implications

that were proved earlier.
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> Discharge to prove as claimed LEMMA,ii
: ((G1J) = (aut J K)) — J%normal.in G
using

P2 (P3 H'.snd) : p1
> Discharge H
> Discharge J, G, K

10.3.2.4 Proof of final part of the fundamental theorem

> Introduce K : galois_subfield L and J : K-subfield
For the first two parts of this final result, I need to show that K'.is_galois_subfield

J if and only if J%.normal_in K%,

10.3.2.4.1 Proof of FTsi
> Suppose H : K.is_galois_subfield J
> We want to prove FT3i : J%.normal_in K*
From LEMMA,ii, it will suffice to prove that (K*[J) = (aut J K).
Now,
> FTaii H : (aut J K).(is_galois_group|J)
and so by the corollary THM_A; (with J replacing L) applied to this Galois group,
I have
> Py:(In:N) (Jw:F" n)
(J.has_basis_over (fix J (aut J K)) w) A ((aut J K) = w)
But since J is already finite dimensional over K, and since
> FTeiii H : K = (fix J (aut J K))
I have that
> Py : (Im:N) (Jv: F m) J.has_basis_over (fix J (aut J K)) v
Therefore these bases have the same size:

> Q:v=w
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But by THM_B,,

> Qo (K2J)=w
which completes the proof that K“[J has the same size as aut J K. Hence the
required result follows.

> Prove as claimed FTsi : J2.normal_in K2
= LEMMA:ii K J ((Q2.egsize_tran Q1).eqgsize_tran P1.2.2.snd.eqsize_symm)

> Discharge Qq, Q2, v, m, w,n, Py, Py

> Discharge H

10.3.2.4.2 Proof of FTsii

> Suppose H : J%.normal_in K%

> We want to prove FTsii : K.is_galois_subfield .J
From the hypothesis I have that

> Prove subresult Py : (K%[J) = (aut J K).as_a_subset_of_maps
= LEMMAsi K J H

I shall prove that this subgroup has a fixed subfield equal to K and is also a
Galois group on J.
I already know that
> GCy (subssub J) : K C (fix J (aut J K))
and need to prove the reverse inclusion. Now
> FThiii K : K = K&V
I need to show that (fix J (aut J K)) C K%Y = (fix L (aut L K)).
> Introduce x : fix J (aut J K) and g : K*
Now z € J C L. Also, (g[J) € (K*]J) = aut J K. Therefore
> P3' i (g]J).fixes x
and then since (¢ ) = (g[J x), I have that g.fixes = also, completing the proof.
> Discharge g,z
> Ps: K = (fix J (aut J K))
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It remains for me to show that aut J K is a galois group on J. Using the above
equality, I have that

> Prove subresult Py_y : J.is_fin_dim_over (fix J (aut J K))
= FINDIM3 J P3 (sub_fin_.dim_over K J)

and the group is finite because it is equal in size to K*[J, which is finite by
THM_B,.

> Py i (aut J K).is_finite

Therefore

> Prove subresult Py : (aut J K).is_galois_group

= pair P2_; P22

> Prove as claimed FTsii ¢ K.is_galois_subfield .J
= (P2, P3.equal_subs_symm : K.is_galois_subfield .J)

> Discharge Py, Py o, Py g, P3
> Discharge Py, H

10.3.2.4.3 Proof of FTsiii
I need to exhibit an isomorphism between the groups K*/J* and aut J K. I

shall build this isomorphism in four stages.

> Let U = K* N J* : subgroup (perm F)

> Suppose H : K.is_galois_subfield J
Since

> GCy (subssub J) : J& C K%
it follows that J* = U. Hence there is an identity isomorphism

> osiso (K24/J%) (K%/U)
Now by LEMMAii the restriction to J forms an isomorphism,

>y iiso (K2/U) (K2[J)
Under the hypothesis H,

> LEMMA. K J (FTsi H) : (K*]J) = (aut J K).as_a_subset_of_maps

Therefore there is an identity isomorphism,
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> w3 :iso (K2[J) (aut J K).as_a_subset_of_maps
Finally, considering this subset of maps as a subgroup of field automorphisms has
no computational effect on it:

>y :iso (aut J K').as_a_subset_of_maps (aut J K)
Composing these (mostly identity-like) parts gives me my isomorphism,

> Let 1 = ((mmy o m3) 0 my) o my tiso (K2/J*) (aut J K)
It remains for me to show that 7 has the required properties.

> Introduce g,h : G/J* and = : F
The only computationally relevant part of this isomorphism is the restriction to
J performed by 7.

> Po.symm : (7 g) = (g]J)
By LEMMA,iii on the hypothesis H, g and h applied to arguments in J produce
results in J2Y = J. Thus they are closed on J.

> Py3:(zeld)—(gx)eJ
Therefore, restriction to J will distribute through composition of the two func-
tions. This shows that 7 is an isomorphism of groups.

> Discharge x

> Pui((hog)ld) = ((h1J) o (g1))

> Discharge h, g

> Prove FTsiii : (Im:iso (K%/J%) (aut J K)) ({Vg:K*/J%} (g]J) = (7 g)) A
{Vg,h: K2/ J%} ((ho g)I]) = ((hIJ) o (9]])))
= (m, pair Po P4 : (3m:iso (K2/J%) (aut J K)) ({Vg: K2 /J*} (g1J) = (7 g))

A ({Yg,h: K2/ J2} ((ho g)1]) = ((h1J) o (g]]))))
> Discharge H,U
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> Discharge to prove as claimed FTj
: {VL | dsubfield F'} {VK :galois_subfield L} {V.J: K-subfield}
[0ftsA = K.is_galois_subfield J| [0ftsB = J%.normal_in K2] (ft3A < ft3B) A
(ftsA — (Ir:iso (K2/J%) (aut J K)) ({Vg: K%/J*} (gIJ) = (7w g)) A
({Vg, h: K2/J%} ((h o g)IJ) = ((hJ) o (g]]))))
using
pairs' FT3i FT3ii FTiii : Ay ((K.is_galois_subfield J) — J®.normal_in K%)
((J*.normal_in K%) — K.is_galois_subfield J) ((K.is_galois_subfield J) —
(Fm:iso (K*/J%) (aut J K)) ({Vg: K*/J*} (g1J) = (7 g)) A
({Vg,h: K*/J*} ((h o g)IJ) = ((RIJ) o (g1J))))
> Discharge J, K, L

> Discharge F



Chapter 11

A short detailed proof

Chapter 10 showed a formal proof at a relatively high-level compared to the
detail required by the proof-checker. This short chapter presents a subresult at
this lower level with all necessary details made explicit, so that the reader can

see what this sort of presentation can look like.

11.1 A result about finite spans

I take as my example a result SPAN, which was used in proving the second third

of the fundamental theorem. It also had application in order to prove a result

about the decideability of a subset that was needed in the proof of theorem B.
> Introduce F' | field and J, K | subfield F

11.1.1 Preliminary material

The statement of the result I shall use as my example involves two definitions
that the reader has not yet seen, and its proof will require four subresults. I
review these items now.

I define the homomorphisms of a subgroup:

224
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> subgroup_hom J : subset (map F' F)
These are mappings which respect binary addition within the subgroup J. By
induction, this respectfulness extends to the action of these mappings on linear
sums; this is the result LINSUM,.

> Introduce g : subgroup_hom J and n : N

> g € (subgroup_hom J) >~ {Va,y:J} (¢ (z + y)) = ((9 z) + (9 v))

> LINSUM, J g : {Va:J"n} (g (X ) = (3 (g o @)
I should explain the use of composition above: recall that a tuple x : F\n is just
an indexing map from n to F. Therefore the composition g o x is also a tuple,
with

> (gox)hi~g(xi)

The other three subresults I shall require all involve decideability. First, recall
that I only consider discrete fields. Secondly, the decideability of a proposition
is preserved by logical equivalence. Finally the subresult FINg is a formulation of
the fact that a finite conjunction of decideable propositions is decideable; this is
easily proved by induction.

> FIELD, : F'.is_discrete
> DECy : {Vp1,pa} (p1 <> p2) — py.or-not — ps.or_not
> FINg
: {VP:subset n} ({Vi:n} (ie P)V (i ¢ P)) — ({Vi:n} i € P).or_not
> Discharge n, g

A final definition is that of the subset of some domain set upon which two

mappings agree.
> Introduce g1, g2 | subgroup_hom J
> Let A = gy.agree g, : subset F' and introduce x : F'
> x €A~ (g x)= (g9 7

> Discharge x
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11.1.2 Statement of the result

Under three conditions, two on the relationship of the subfields J and K, and
one involving closedness on A,

> Suppose H; : K C J and Hy : J.has_fin_span_over K

> Suppose Hy : {Vw:J N A} {Vo: K} (z xw) € A
then it is decideable whether or not ¢g; and g, agree across J.

> We want to prove SPANy : (J C A).or_not

11.1.3 The proof

Under the hypothesis Hs, I introduce names for the K-span of J, and the tuple
that does the spanning.

> Let n = size_of_span Hy : N

> Let w = spanning_tuple Hy : J"n

The proof decides the proposition w € (A”n) that the homomorphisms agree

on each basis vector. This will be shown to be logically equivalent to agreement
on all of J. The subresult DEC, then completes the proof.

> We want to prove subresult Py : (w € (A"n)) V (w & (An))

> We want to prove subresult Py : (w € (A"n)) < (J C A)

11.1.3.1 The deciding

I wish to apply the subresult FINg. Since the field is discrete, whether or not g,
and go agree on an individual spanning element w.: is decideable.

> Prove subresult Py : {Vx:J} (x € A) V (z € A)
= [Az:J] FIELD: (g1 z) (g2 )

> Prove subresult P15 : {Vi:n} ((wi) € A) V ((w\i) € A)

= [Xi:n] P1_1 (make (w.ev 7))
In order to apply FINg, I also need to prove that the indices ¢ : n such that

(w\i) € A form a subset. This is an example of where the lack of an intensional
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equality introduces a trivial but tedious extra proof step into the formalisation.

> Prove subresult P;_3 : subset_axioms ([Ai:n] (w\i) € A)
= [M1,i2:n] [AQi:iy = i2] [AH : (wni1) € A] eq_closed (w.rep.resp Qi) H

> Let P3 = ([Ai:n] (wyi) € A P;_3 : subset n) : subset n
Therefore,

> Prove subresult as claimed Py : (w € (A"n)) V (w & (A"n))
= FING P3 Py1o

11.1.3.2 The logical equivalence

I need to prove a logical implication in both directions;
> We want to prove subresult Py : (w € (A"n)) — J C A
> We want to prove subresult Py 5 : (J C A) — w € (An)

The reverse implication is trivial since if J C A then w € (J"n) C (A"n).
> Suppose Hy : J C A

> Discharge to prove subresult as claimed Py : (J C A) — w € (A”n)

using [i:n] Hy (w.ev i) : w € (An)
> Discharge Hy
It remains for me to prove the forward implication. This is the important part
of the proof, which requires the hypotheses Hy, Hy and Hj.
> Suppose Hs : w € (An)
> Introduce v : J
The proof proceeds by finding a linear combination over K for v.

> Prove subresult P4 : v € (w-span_over K)

= Hy.5.2.snd.fst v
> Let € = Py1 : K”'n
I abbreviate the combination that sums to v:
>Letv=x*w: F"n

> Prove subresult P5 : (3> v) = v

=Py.2

Now since & € (K”*n) C (J"n), and also w € (J”"n), so is their combination.



CHAPTER 11. A SHORT DETAILED PROOF 228

> Prove subresult Pg : v € (J"n)

= [Xi:n] times_closed (H (x.ev i)) (w.ev 7)

LINSUM, shows that the applications of g; and g5 to the linear combination can

be moved through the summation sign.

> Prove subresult P; : {Vg:subgroup_hom J} (g (O v)) = (O (g o v))

= [Ag:subgroup_hom J] LINSUM3 J g Psg
I have that w is in both J"n and A"n. Hence Hj gives me that g; and g, agree
on each tuple component (w * ).

> Prove subresult Pg : w € ((J N A)"n)
= [Ai:n] pair (w.ev i) (Hs 1)

> Prove subresult Pg : (g1 0 v) = (g2 o v)
= [Xi:n] H3 (Pg i) (x.ev 7)

Combining this with P; shows that g1 v = > (g1 0 v) = ) (g2 0 v) = g2 v, as
was to be proved.

> Prove subresult P1g: (O v) € A
= ((P7 g1).tran (3_.resp Pg)).tran (P7 g2).symm

> Discharge to prove subresult as claimed Py ; : (w € (A"n)) — J C A

using eq-closed Ps P1g : v € A

> Discharge v, Hj

11.1.3.3 Conclusion

The logical equivalence is thus proved

> Prove subresult as claimed Py : (w € (A”n)) < (J C A)

= pair Pa_1 P22

and the required result follows from applying DECs to the two main subresults.

> Prove as claimed SPANy : (J € A).or_not
= DEC; P2 Py

> Discharge Py, Po_1, P19, Pg, Ps, P7,Pg, Ps, v, ®, Py, Poy, Py, P3, P13, P19, Pi_y,
w, n, H37 H27 Hh AaQQagla Kv ']7 F



Chapter 12

Related work and conclusions

In this last chapter I briefly review some of the other pieces of work that seem
relevant to this thesis, and compare their approaches with my own. It should be
understood that in some cases I am not comparing like with like since these other
pieces of work had their own objectives and emphases; nevertheless, I hope that
remarking on the differences is worthwhile. I also draw some conclusions about
the success or otherwise of the case-study which in turn suggest some particular

areas that further work might explore.

12.1 Related work

I did not make an attempt to be exhaustive in my review. Certain qualities
made a piece of work seem more relevant to me; to start with, it should be large-
scale, since formalising and presenting a larger development necessitates solving
problems that do not occur in smaller “toy” projects. The involvement of either a
type theory or an area of mathematics similar to that with which the case-study

was concerned also made the project more important to me.

229
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12.1.1 The GALOIS project

The case-study presented is designed to form one part of the larger formalisation
of constructive Galois theory that comprises the GALOIS project. I review the
other pieces of work on this project and their relation to the case-study.

An overall structure for GALOIS was suggested in a 1994 draft[Acz94] by
Peter Aczel, which gives what is termed “a pre-formal blueprint for GALOIS”;
an informal but careful presentation of the theory in the intended constructive
style. A new independent paper[Dre95] by Andraes Dress suggested an alterna-
tive approach to some of the material, and the blueprint may be understood to
have been tweaked to adopt these new ideas. The case-study is largely faithful
to the resulting blueprint; the main change is to consider the extension fields L
as subfields of a larger universal field F' in order to fit better with the frame-
work I implemented in type theory. Chapters 2 and 10 gave an explanation and
justification of this alternative approach.

One of the aims of GALOIS was to encourage the collaboration of different
authors in a large project and to examine the issues involved in making this fea-
sible. The first work undertaken for GALOIS was an initial formalisation[Bar95|
by Gilles Barthes of the unsolvability of the group of permutations on a set with
five or more elements. This work is placed in context by a later report[Acz93].
My own MSc thesis[Bai94] formalised some GALOIS-related work on polyno-
mial rings. However, both these formalisations would need to be almost entirely
rewritten if they were to be used in combination with the case-study work, as
they all feature different design decisions at a fairly low level. Although the act
of having formalised some mathematics in one framework makes future formali-
sations much easier, there is still significant work involved in translating between

the different frameworks.
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The translation into a form compatible with my case-study would be signifi-
cantly easier in the case of the final related development[Jon95], a formalisation
of the decideability of dependence in finite vectorspaces that formed the MSc
thesis of Alex Jones. This is largely because both this and the case-study were
based on a common predicative library[Bai95]. (The library did precede the im-
plementation of coercions, but it was modified to take advantage of these in a

fairly straightforward way.)

12.1.2 Large-scale developments in LEGO
12.1.2.1 Pollack & McKinna’s work on type theory

The largest LEGO development that has currently been undertaken is probably
the ongoing formalisation of the theory of the A-calculus and pure type systems
(PTS) by James McKinna and Randy Pollack|[McKP93, McKP97]. The authors
were careful to choose concept representations that would be suitable for general
use rather than for specific goals, and to structure their development through
abstraction to make it a modular and extensible library. Currently it comprises
more than a megabyte of source code.

It would have been pleasant to use a similar approach for my own case-study.
Unfortunately, my own experience was that adding the necessary extra layer of
abstraction pushed the time required for machine-checking beyond the bounds
of feasibility. I found that the lesser computing resources to which I had ac-
cess, and the disparate range of mathematical topics required for the case-study?,
meant that I had to tailor my own development toward the particular objective
of proving the fundamental theorem, rather than building up a more modular

and reuseable library of results.

'Pollack and McKinna note[]McKP97] that type theory itself is “especially suitable for formal-
ization because the objects are inductively constructed, their properties are proved by induction
over structure, and there is little equality reasoning”
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Although the presentation of their work to a reader has not been their fun-
damental concern, the authors experimented with a few different styles over
the course of the papers|]McKP93, Pol94, McKP97] they have written on their
work. The original paper[McKP93] presented the source for parts of their formal
proofs by copying it verbatim into the text. This sort of summary of verbatim
source is probably the most common style found in the formalisations reviewed
in this chapter. Since this manual extraction could introduce errors, for Pol-
lack’s PhD thesis[Pol94] the process was automated, with an external program
extracting marked-up sections of the source documents. For the most recent
report[McKP97], which needs to review a large amount of material in a small
amount of space, the authors wrote an informal account that avoids the ASCII
notation of LEGO, but which makes reference to formal names that can found in
the source if the reader wishes to inspect the development at this level.

My own approach combines some aspects of the later two accounts and at-
tempts to integrate the processing into the LEGO proof-checker itself. Source
code is extracted and included in the thesis, but it is also pretty-printed, and
the extraction and pretty-printing is performed by LEGO itself rather than by
an external program. The case-study includes informal explanations, but these
are interwoven more closely with formal terms of the type theory, again using the
LEGO program itself to check the well-formedness of these terms.

Pretty-printing has both advantages and disadvantages. Although it is in-
tended that the translation between the formal and pretty-printed material could
be unambiguously reversed, this has not been formally checked and so the pretty-
printing risks introducing parsing ambiguities into the presented material. Also,
although moving the literate processes into the proof-checker has narrowed fur-
ther the gap between the checked proof and the presented account, I have been

able to choose which parts of the formal presentation to include and which to
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suppress, so errors in my own judgement would still provide an opportunity for

mistakes and misunderstandings.

12.1.2.2 Ruys’ work on algebra

Mark Ruys worked on a formalisation of the fundamental theorem of algebra for
his PhD thesis. Although the development was not completed, he proved a large
body of results from algebra, including the binomial theorem and formulations of
such notions as ordered fields and multivariate complex polynomials. His work is
of interest to me for three particular reasons.

One is that it provides an example of where coercions would help to simplify
expressions by allowing overloading of generic notions. Ruys uses a dense hier-
archy of algebraic objects, and has to define new identifiers each time he wishes
to lift concepts from a supertype to a subtype. Thus, for example, constructions
defined on fields all have the suffix “Fd”, and most of their definiens are explic-
itly inherited from earlier supertype objects such as rings through applying their
own versions of the constructions to the ring underlying the field. Had implicit
coercions been available to him the work would be both much shorter and easier
to read.

Ruys implemented a framework for universal algebra with signatures and the-
ories over those signatures defining models (which are the algebraic objects them-
selves.) This allows some more explicit inheritance of results and constructions
(although again, in the presence of coercions it seems this process would have
been easier.) I experimented with such a framework, but found it to be more
trouble than it was worth for the purposes of the case-study, which does not
crucially require any algebraic objects other than groups, fields and vectorspaces.
Although duplicating some notions and proofs for the different objects was neces-

sary, I found again that using concrete implementations of the structures (rather
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than representing them through an abstraction layer) was necessary in order to
keep the proof-checker running at a reasonable speed.

Ruys also implemented a mechanism to translate the LEGO source files into
a hyperlinked collection of pages browseable through the World Wide Web. Even
though the source has not been pretty-printed, the ability to browse a develop-
ment at different depths of detail and to expand proofs or check definitions using
hyperlinks adds a great deal to the ease of readability. It is my suspicion that
such a style[Gru96] is probably a better method of presentation than the linear
one employed by informal mathematics, certainly for libraries of formal results
and quite possibly for broader categories of development. However, as noted in
chapter 7, I chose not to complicate my own case-study further by adopting this

paradigm as it is reasonably novel, especially to traditional mathematicians.

12.1.3 Developments in similar type theories

The proof-checker Coq[Coq96] and its type theory CIC (the Calculus of Inductive
Constructions[Wer94]) are close cousins of LEGO and UTT. Many projects (espe-
cially proofs of program and protocol correctness) have been undertaken in Coq,
although it doesn’t currently have many facilities to aid large-scale developments
that LEGO does not.

One large development of mathematics in Coq is a formalisation of construc-
tive category theory[HS95] by Gérard Huet and Amokrane Saibi. The paper cited
is a summary of verbatim Coq source with informal commentary leading up to a
proof of Yoneda’s Lemma. Saibi has built on this work further, proving further
results and making use of Coq’s new functionality for inheritance through coer-
cion synthesis. A draft paper[Sai97b] presents this work in the same style as the
previous one and the use of coercions makes the formal expressions noticeably

easier to read.
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12.1.4 Literate developments

As seen above, many large-scale formal developments have not addressed the
issue of presenting the work to a reader at any level other than structuring their
definitions and proofs. A completed formalisation is usually presented by quoting
verbatim select parts of the formal source, and interspersing this with informal
summary and commentary.

Some systems for formal mathematics take literateness and readability as a

more important part of the formalisation. I review some of these in this section.

12.1.4.1 Deva and DevaWEB

Deva|Web93| is a formal system that was originally developed in the late 80’s
as a notation to support program development. It uses a descendant of the
AUTOMATH family of type theories in which the types of A-terms are themselves
A-terms. It has become a system used in the pursuit of literate formalisations,
taking some direct inspiration from Knuth'’s literate programming[Knu92] in order
to develop a DevaWEB environment[BRS93] which uses both the pretty-printing
and also the reordering facilities found in the WEB paradigm of weaving and
tangling.

The pretty-printing pays attention to the formatting of large typed expressions
(propositions and proof objects for those propositions) in order that they can be
read as conventional natural deduction proofs. For example, one novelty is use of
the symbol “-” instead of “:” in typing judgements so that a typed term = : ¢
can be read as “x, therefore t.” Similarly some operators for the composition
of proof-terms in either direction are used to indicate the flow of reasoning in a
pretty-printed proof-term.

Some reasonably sized developments have been carried out in Deva, but it

is still not clear that it has any more of the necessary support for organisation
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of a very large-scale proof than other less literate systems such as LEGO. On
the smaller scale it is more clearly successful, and has prompted some interest-
ing investigation of formal proof styles[Sim96] using the Deva system and the

DevaWEB environment as a basis.

12.1.4.2 Mizar and its journal

The Mizar project[Rud92] started with an attempt to formalise the language of
mathematics (the so-called mathematical vernacular) in the early 70’s. Since 1989
the major focus of the project has been to build up a database of mathematical
results formally proven in the Mizar system.

The Mizar system, unlike most of those I consider, is based on classical set
theory rather than type theory. One of the major objectives of the designers of
the system was that it should be both useable and used by mathematicians, and
they may be judged to have succeeded in this: their database of results is the
largest in the world, containing tens of thousands of theorems.

The results proved within the system are published, and so making these re-
sults readable by human mathematicians and useable by other formal systems
is an important concern in Mizar, working within the context of the wider QED
project[QED94]|. There is a printed journal[Miza|, but probably the canonical
source is the electronic version of this journal[Mizb], which presents abstracts to-
gether with the library of definitions and results that have been built up. These
presentations are pretty-printed versions of the formal source, with the details
of proofs suppressed but no additional informal commentary added. The result-
ing accounts have something in common with the uncommented pretty-printed
formal development as presented in Appendix B, but with more flexible use of
automatically produced natural language. Although somewhat dry in style, be-

cause the variety of styles of expression is limited as a result of the automation
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process, the results are very readable.

12.1.4.3 The work of John Harrison

As mentioned in chapter 6, John Harrison has written[Har97] about an interesting
distinction between two styles of formal proof. A procedural proof is one where
one lists a sequence of actions to be performed to construct a proof object. The
canonical example given of a procedural proof system is HOL; LEGQO’s refinement
proofs are similar. However a declarative proof is one that proceeds by specifying
the next result to be proved. In some cases the previous results that will be used
to prove the new one may also be listed, but this is not strictly necessary as in
some systems they may be found by a proof-search. One example of a declarative
proof style is that found in the Mizar journals|Miza, Mizb|; my case-study proof
style is also declarative for the most part, although it contains more details about
the structure of the proof objects constructed.

Harrison perceives advantages and disadvantages of both styles in reading and
writing nice formal proofs. He has also attempted to combine the best of both
styles by implementing a “Mizar-mode for HOL” [Har96b]. In his paper[Har97] he
considers the strengths and weaknesses of the two styles in terms of such qualities
as writeability, readability, maintainability and efficiency of checking. 1 thought
it would be worthwhile to review how the case-study system measures up in these
regards. Proofs are as easy to write as they ever were in LEGO, although the
writer tends to make use of the interactive features of the system for trying out
ideas and then converting the procedural proofs constructed to declarative ones
afterwards. Of course the whole point of the proof style is that I aim to produce
readable proofs. My proofs are not very modular, and this makes them difficult to
maintain; I have often has to redo later work as a result of changing some earlier

choices. Efficiency of checking is also not as good as it could be, and sometimes
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the need to ensure that checking remained practical meant I had to make choices
that were non-optimal in other regards. A new proof system in which some of
the theoretically useful features (e.g. more abstraction through inductive types

and cutting) were implemented more efficiently would certainly be desirable.

12.1.5 Computer algebra systems

As well as checking formal proofs, machine assistants are also used in algebraic
computation. AXIOM[Dav] is a good example of such a computer algebra system.
The machine plays the role of a symbolic solver and the user communicates with
it in terms of strongly-typed formulae and specifications. The algebraic subject
matter makes such systems interesting in relation to my work, as does the need for
them to present large bodies of results. (AXIOM uses a hypertext-based interface
for this.)

Most computer algebra systems are just computational tools and they ignore
the proof properties of the systems with which they deal. However, there is
interest from the world of computer algebra systems in beginning to cover their
formal properties as well. In the other direction, the proof-checking community
is beginning to become interested in the high-speed computational and rewriting
abilities of these systems. One can expect there to be useful combinations of
these systems in the near future.

Some work has already been performed along these lines. Relatively slow
proof-checkers have been persuaded to farm out their rewriting and symbolic
search work to faster external computer algebra systems. Also Paul Jackson[Jac95]
has incorporated some features from computer algebra systems into the founda-

tions of the NuPrl[NuP86] proof system.
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12.1.6 The formalisation process

I shall briefly review some papers relevant to formalisation in general and to
literate formalisation in particular.

Polemics to motivate the formalisation of mathematics can be found in the
QED manifesto[QED94]. I have already mentioned that John Harrison[Har97]
and Martin Simons[Sim96] have written papers on the style of formal proofs, as
has Leslie Lamport[Lam94]. Harrison has also written a history of formalisa-
tion efforts[Har96a|, including a discussion of recent attempts using computers
that make the formalist program a pragmatic possibility, rather than one of only
theoretical interest.

To successfully formalise mathematics in a style that present-day mathemati-
cians will be willing to read, one needs a formal language that faithfully represents
the style of language found in informal mathematics, the so-called mathematical
vernacular. There have been several pieces of work with this phrase as a title over
the past few decades. Forming a formal yet flexible language has been attempted
by e.g. the Mizar group[Rud92] in the 70’s, de Bruijn[deB94] in the 80’s, and now
by a group at Durham[CL97].

Machine-checked formalisations of a result are good evidence for it being true,
but one needs to be confident that one has received a correctly checked formali-
sation and that one correctly understands what result has been proved, in order
to “believe” a machine-checked proof. These issues are examined in the context
of modern computer proof-assistants in a paper by Randy Pollack[Pol97] that I
have cited several times already in this thesis.

I quickly review here what would need to be done to make the case-study
formalisation “believeable” in Pollack’s sense. To independently check the for-
malisation should not be too much of a problem because all syntactical short-cuts

can be unambiguously expanded at the source code level. This suffices to check
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the formalisation itself. At the level of the pretty-printed account in the appendix,
I believe the presentation can be parsed automatically and unambiguously at least
in principle and so one could understand fully the result that has been proven by
reading that account, although the material is not actually presented in a form

that would currently make that very easy.

12.2 Conclusions

In this final section I review the ways in which the case-study development and
the methodologies behind it met, or did not meet, my objectives for the work. I
also extrapolate the work done a little, judging which parts seemed to be going
in the right direction and which would be better rethought. In turn this suggests

some avenues for literate large-scale formalisations to explore in the future.

12.2.1 Areas of success

At the most basic level, the case-study formalisation was successful in that the
results required were formulated and proven. One major subresult was left un-
proved, but this was because other equally time-consuming matters were decided
to constitute more valuable work rather than because it would have been any
more difficult to prove. I experimented with various working methodologies and
fundamental frameworks. The one on which I settled seems effective and flexi-
ble; it allowed a faithful formulation of the required material, and the proof style
resulted in the development having a more readable shape than most formalisa-
tions.

On the level of improving the readability of expressions in the type theory,
the implemented mechanisms for coercion synthesis formed a very good bridge

between formal rigour and the natural informal idioms. Coercion synthesis is seen
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to enrich the expressiveness of a type theory a great deal, without introducing
ambiguities or other drawbacks. I would count the material on coercions as the
most immediately useful and worthwhile work that I did, and see no reason not
to include them in every modern proof-checker based on a type theory.

The tools and mechanisms implemented for literate formalisation and pretty-
printing were largely successful and the combined features constituted an original
methodology and literate environment. The ability to pretty-print from within
the proof-checker and thus to typecheck and “quote” formal terms in informal
commentary seems especially valuable. The resulting environment can be used

to present proofs at various levels of detail.

12.2.2 Weaknesses in the work

The eventual aim of literate formalisation must be to provide tools through which
a mathematician may formalise a proof by translating it into a format which is
parsed and processed to produce a document which is as easy to read as the
best informal developments published in journals today, but is also essentially
unambiguous and that can be checked by a machine. Of course as we take the
first steps towards this aim, the work currently falls far short of this objective.

Although the case-study pieces presented are far easier to read than formal
source code, they are still clumsy and tedious compared to the fluent and id-
iomatic language that may be used within informal mathematics. An experi-
enced mathematician will find chapter 10 much harder to read than a carefully
written informal account. This is partly because of my own inexperience with
writing readable mathematics, but also the literate environment itself still has
many problems.

There are also some problems with the formalisation framework. It is still nec-

essary to distinguish between objects and subobjects to a greater degree than is
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normal in conventional mathematics. Also some definitions were skewed towards
allowing this particular development to proof-check in a reasonable amount of
time rather than implementing them in a modular and reuseable way.

There still remains work to do on coercions, especially in implementing them
in a more efficient manner. Some other possible extensions were discussed in
chapter 5.

The pretty-printing system works, but it is does not yet provide the ability to
write formal mathematics using all of the informal tricks and conventions which
mathematicians are familiar. These include some simple lexical features, and
also some semantic notions such as proper overloading. The coherency of the
overloading used in the case-study is supported by the formal environment, but
it is not guaranteed. The same can be said for the agreement of the formal proofs
with the informal commentary and summaries.

A final note is that even a formal proof cannot be an absolute guarantee of

truth. In his PhD thesis[Pol94], Randy Pollack writes

A minor theme of this thesis is that there is no such thing as
absolute certainty, and machine verification of various kinds does not

alter that common truth about the world.

This is a theme with which I identify. However I do hope that I have taken some
new and worthwhile steps in the direction of this impossible goal, allowing a
reader to be more confident in trusting the case-study than they would normally

be with such a formalisation.

12.2.3 Suggestions for future directions

The above two sections suggest many directions that might be pursued in further
work, either to develop the good aspects or to rethink the bad ones. 1 emphasise

three in particular.
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Although coercions are powerful tools, their potential has not yet been fully
realised. Alternative approaches to coherency and coercion generation were dis-
cussed in chapter 5. The most useful extension would probably be the imple-
mentation of a safe form of overloading through the use of coercions from unit
types.

Mathematicians could consider reassessing how they present their accounts
to take advantage of the searching abilities provided by structured databases
and browsing facilities provided by hypertext. This functionality is especially
important in formal mathematics where one may wish to chase definitions, or
to review a development at various levels of detail, anywhere from the precise
intricacies to a very general overview.

In order to make good progress on the modularity of large-scale proofs and
their literate presentation, I perceive a need for the next generation of proof-
checkers to be built with support for these aspects of formalisation in mind, with
information hiding, user-specified grammars for both input and output, and the

ability to take a less linear direction in proofs.
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Appendix A

Resources

Source code, executables, documentation and other resources for the LEGO proof-

checker are available electronically. The home page for LEGO at Edinburgh is:
<http://www.dcs.ed.ac.uk/home/lego/>

The next release of the proof-checker will probably be accompanied by a beta-
test version that features coercion synthesis. This will be based on my code and
therefore should be compatible with my use of coercions in this thesis.

The extended version of LEGO that I used for the case-study development,
and the source code for the checked development, should also be available elec-
tronically, here at Manchester. Since I am not certain what will happen to my
FTP space following the end of my studies here, and I am not planning to con-
tinue in academia, I shall provide a single URL that I hope can remain available,
and from where I can link dynamically to wherever the material ends up being

archived.

<http://www.cs.man.ac.uk/"baileya/thesis.html>
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Appendix B

Formalisation

This is the full pretty-printed case-study development, in the order that it is
checked by LEGO. It is presented mostly for reference purposes: a reader can use
it to chase back definitions and to read the full details of any proof. However, it is
largely uncommented, and the presentation has not been tweaked for maximum
readability. Ideally I would have liked to have had time to tidy it further so as to
make it easier to consult and read small sections of, as in its current form it does
not represent the full potential of the current literate environment. Even so, I
believe that reading this sectioned and pretty-printed version of the development
is still far easier than reading the ASCII source files would be.

The first part of the development (pages 255-368) sets up the mathematical
framework in which the case-study itself will take place. Its most important
parts are summarised in the corresponding chapters 8 and 9. A small portion of
this code (starting on page 364) is the uncommented version of the development
segment presented more fully in chapter 11.

The second part of the development (pages 368-413) is the detailed and un-
commented version of the case-study proof of the fundamental theorem of Galois
theory itself. This is the part of the proof that is presented at a higher level of ab-

straction (omitting many of the lower level details presented here) in chapter 10.

255
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B.1 Logic and basic types

B.1.1 The universe

B.1.1.1 The universe of propositions

Most propositions are types in the lowest universe; occasionally we have to con-
struct a type that we would consider to be a proposition but that lies in the next
universe up.

> Define prop = Typeg : Type;

> Define prop; = Type; : Types

> Unless otherwise specified, by default p, p1, p2, p3 : prop

B.1.2 Conjunction
B.1.2.1 Logical conjunction

> Allow A to be written infix

> Define A = [Ap1,p2] p1 # p2 : prop — prop — prop

> Introduce py1, ps | prop and suppose H : p; A pa

> Define frozen pair = (AP :p1| NP2 :po] (P, P2) : p1 — p2 — p1 A p2

> Define frozen fst = H.q : p;

> Define frozen snd = H 5 : po

> Discharge H, po, p1

> Define Ay = [Ap1,p2,ps] (p1 A p2) A ps = prop — prop — prop — prop

> Introduce py, pa, ps | prop and suppose H : A, p1 p2 p3

> Define frozen pairs = [AP; :p1] [APy:po] [APs: ps] pair (pair P, Py) P
‘D1 —>p2—>p3—>/\3p1p2p3

> Define frozen fst3 = H fst.fst : p;

> Define frozen snd3 = H .fst.snd : po
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> Define frozen thd; = H.snd : p;3
> Discharge H, ps, p2, p1
> Explicitly overload the identifier A
> Define A = [Apy, pa: propi] p1 # p2 @ prop; — prop; — prop;
> Introduce p1,pe | prop; and suppose H : p; A po
> Define frozen pair’ = APy :p1] [APy:pa] (P, P2) : p1 — p2 — p1 A po
> Define frozen fst' = H.q : py
> Define frozen snd’ = H .5 : po
> Discharge H, ps, p1
> Explicitly overload the identifier A,
> Define /\; = [Ap1,p2,p3:propi] (p1 A p2) A ps
¢ Propy — propi; — propi; — props

> Introduce p1, ps, p3 | prop; and suppose H : A; p1 p2 p3

> Define frozen pairs’ = [AP; :p1] [APa:po] [APs: ps] pair’ (pair' Py Py) Ps

D1 —>pg—>p3—>/\3p1pgp3
> Define frozen fst3’ = H.fst'.fst' : p;

> Define frozen snds’ = H.fst’.snd’ : po
> Define frozen thds' = H.snd’ : p3

> Discharge H, ps, p2, p1

B.1.2.2 Logical equivalence

> Allow < to be written infix
> Explicitly overload the identifier «

> Define <> = [Apy, p2] (p1 — p2) A (p2 — p1) : prop — prop — prop

257

> Define «» = [Ap1, p2 i prop1] (p1 — p2) A (p2 — p1) : propy — prop; — prop;
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B.1.2.3 Results concerning logical equivalence
> Prove iff_refl : {Vp} p < p
= [Ap] pair ((AP:p] P) ([AP:p] P)

> Prove iff symm : {Vp1,ps | prop} (p1 < p2) — p2 < p1
= [Ap1,p2 | prop] [AQ :p1 < p2] pair Q.snd Q.fst

> Prove iff_tran : {Vp1, p2, p3 | prop} (p1 < p2) — (p2 < p3) — p1 < D3
= [Ap1,p2,p3 | prop] [AQ1:p1 < p2] [AQ2:p2 < p3]
pair ([AP:p1] Q2.fst (Q1.fst P)) ([AP:p3] Q1.snd (Q2.snd P))

B.1.3 Disjunction

B.1.3.1 The sum of two types

> Allow @ to be written infix

> Introduce t1,ty : Typey; globally declare @ : Typeg; left : t; — @; right
: to — @ and disjoint_sum_elim : {TIIC _disjoint_sum:® — Type;}
({Ilzq:t1} C_disjoint_sum (left x9)) —
({Ilzy : to} C_disjoint_sum (right x1)) — {Ilz: @} C_disjoint_sum z

> Reductions: [A\C'_disjoint_sum: @& — Type;] [Afleft:{Ilxs: 1}
C_disjoint_sum (left z3)] [Nf_right : {1z, :to} C_disjoint_sum (right x1)]
(Ao :tq] [Axy 1 to]

disjoint_sum_elim C_disjoint_sum f_left f right (left zo) = f_left xo

|| disjoint_sum_elim C_disjoint_sum f_left f right (right z;) =
foright xq

> Discharge to, 1

> Introduce t1,t5 | Typeo

> Define disjoint_sum_rec = [\t | Type;] disjoint_sum_elim t; o ([A_:t; @ to] t)
: {11t | Typer} (t1 — t) — (ta = t) — (1 D ty) — t

> Discharge to, 1
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B.1.3.2 Logical disjunction

> Allow V to be written infix

> Define V = [Apy, p2] p1 @ p2 : prop — prop — prop

> Introduce py, pe | prop; suppose P; : p; and Ps : po

> Define inl = left p; po P; : p1 V po

> Define inr = right p; po Py : p1 V po

> Discharge P, P,

> Define case = [\t | Typei| [AH :p1 V pa] [Ny :p1 — t] [NT2:p2 — 1]
disjoint_sum_rec 77 T5, H
: {lIt|Typer} (p1 V p2) = (01 = ) = (p2 = 1) — ¢

> Define case_elim = [At: (p1 V p2) — Typeyr] [NH :p1 V po] ATy : {Ilz:p;}
t (inl )] [NTy: {Ilz :po} t (inr )] disjoint_sum_elim py po t Ty To H
s {IIt: (p1 V p2) — Typer} {IH :py V po} ({Ilz:pi} t (inl z)) —
({Tlz:po} t (inrz)) -t H

> Discharge po, p1

> Prove inl_is_true : {IIp; | prop} p1 — {IIpa} p1 V po
= [Ap1 | prop] [APy :p1] [Ap2] inllp1|p2 P1

> Prove inr_is_true : {IIp;} {IIpy | prop} ps — p1 V po

= [Ap1] [Apz | prop] [AP2 : p2] inr|pi|p2 Po
> Define \/; = [Ap1,p2,p3] p1 V (p2 V p3) & prop — prop — prop — prop
> Introduce py, pe, ps | prop; suppose Py : py; Py : po and Py : ps
> Define inlg = inl|p1|(p2 V p3) Pi : V3 p1 02 D3
> Define inms = inr[py (inl|p2|ps P) : /5 p1 D2 D3
> Define inrg = inr|py (inr|pa|ps Ps) : \/5 p1 D2 D3
> Define cases = [At| Typei] [AH :\/5 p1 p2 p3] [ANT1:p1 — t] [No:py — 1]
[AT3:p3 — t] case H Ty ([ANH':py V p3] case H' Ty T3)

s {It| Typer} (Vs pip2ps) = (p1 —t) = (p2—1t) = (p3 —t) =t
> Discharge Ps, P, Py, ps, p2, p1



APPENDIX B. FORMALISATION 260

B.1.4 Truth and falsehood
B.1.4.1 The unit type

> Globally declare T : Typeg; » : T and unit_elim
: {IIC unit: T — Typey} (Cunit ) — {Ilz: T} C_unit z
> Reductions: [AC_unit: T — Type;] [Af_star: C_unit |

unit_elim C'_unit f_star x = f_star
> Define unit_rec = [At| Type;| unit_elim ([A_: T] ¢) : {Ilt|Type;} t = T — ¢t
B.1.4.2 Logical truth
> Define true = T : prop
> Define frozen 7 = x : true
B.1.4.3 The empty type

> Globally declare | : Typey and empty_elim
: {TIC _empty : L — Type } {I1z: L} C_empty =

> Define frozen empty_rec = [At: Type;| empty_elim ([A_: L] ?)
: {ITt: Type;} L — ¢t

B.1.4.4 Logical falsehood

> Define false = L : prop

> Prove ex falso : {Vp} false — p

= [Ap] empty_rec p

B.1.4.5 Logical negation

> Allow — to be written prefix

> Define = = [Ap] p — false : prop — prop
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B.2 Sets

B.2.1 Basic definitions
B.2.1.1 Relations

> Allow ~ to be written infix
> Allow ~' to be written infix
> Define rel = [A\t: Typeg] t — ¢t — prop : Typey — Type;

"rel t

> Introduce ¢ | Typey and ~, ~
> Define is_refl = {Vz:t} z ~ x : prop

> Define is.symm = {Vz,y |t} (x ~ y) — y ~ x : prop

> Define is_tran = {Vz,y,z |t} (x ~y) — (y ~ 2) — = ~ z : prop
> Define is_subrelation = {Vz,y |t} (x ~y) — = ~" y : prop

> Discharge but keep ~/, ~

> Define is_same_relation = (~.is_subrelation ~') A (~'.is_subrelation ~) : prop

> Discharge ~/, ~, t

B.2.1.2 Sets

A set is a type of elements el : Typey together with an equivalence relation defined
upon it.

> Define set_axioms = [Ael | Typey| [Aeq: rel el

N5 eq.is_refl eq.is.symm eq.is_tran : {Ilel | Typey} (rel el) — prop

> Define set = (Xel: Typeg) (Xeq:rel el) set_axioms eq : Type;

> Unless otherwise specified, by default S, T, Sy, S1, Sa, S3, 54 | set

> Define kind-coercion el = [AS:set] S.1 : set — Typey

> Define equal_in = [\S :set] S.p.q : {15 :set} rel S

> Introduce S

> Allow = to be written infix
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“__»

For the sake of readability, I write equality in a set as a standard equals sign, “=

The use of this symbol within expressions should not be confusing, as the symbols

for definitional equality and convertibility that are used to relate expressions are
[44 2

written slightly differently, as “=" and “=” respectively.

> Define = = S.5.q : rel S

> Prove refl : =.is_refl

= 542.2.f5t3
> Prove symm : =.is_.symm

= S.2.2.snd3
> Prove tran : =.is_tran

= S.2.2.thds

> Prove tranvia : {Vy:S} {Vz,2| S} (z=y) = (y=2) o ==z
= [Ay: 5] [Az, 2| S] S.2.2.thds|z|y|z

> Discharge S

B.2.2 Mappings
B.2.2.1 Unary and binary mappings

> Introduce Sy, .55, 53
> Define is_map = [Af: 57 — So] {Vry, 22|51} (21 = 22) — (f 21) = (f x2)
: (S — S3) — prop
> Define is_mapy = [A\f: 51 — So — S3] {Vay, 22|51} (1 = 23) —
{¥y1, 82152} (1 = w2) = (f 21 91) = (f 22 92) : (51 — 52 — S3) — prop
> Discharge Ss3, .55, 51
> Introduce Sy, S, 55 @ set
> Let map_el = (Xf:5, — Ss) f.is_map : Typeg
> Let m-coercion ap = [Af:map_el] f1 : mapel — S5 — 5
> Let map_eq = [Af1, fo:map_el] {Vz:S1} (fi ) = (f2 x) : rel map_el

> Prove subresult map_eq_refl : map_eq.is_refl
= [Af:map_el] [Az:S1] refl (f z)
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> Prove subresult map_eq_symm : map_eq.is_symm
= [Af1, fo | map_el] [AQ:map_eq f1 f2] [Az:S1] symm (Q z)

> Prove subresult map_eq_tran : map_eq.is_tran
= [Af1, f2, f3 | map_el] [AQ1:map_eq f1 f2] [NQ2:map_eq f2 f3] [Az:S1]

tran (Q1 7) (Q2 =)
> Prove map_forms_set : set_axioms map_eq

= pairg map_eq_refl map_eq_symm map_eq_tran

> Define map = ((Xf:S; — Sy) f.is_map,
i fo: (5F 180 — So) fismap] {¥a: 81} (frap @) = (fo.ap @),

map_forms_set : set) : set
> Let mapyel = (Xf:5; — Sy — S3) f.is_mapy : Typeg

> Let m-coercion apy = [Af :mapy_el] f.1 : mapsel = S; — Sy — Ss

> Let mapz-eq = [Af1, fo:mapy-el] {Vz: 51} {Vy: S} (fizy) = (f229)

: rel mapo_el

> Prove subresult map,_eq_refl : map,_eq.is_refl
= [Af:mapz_el] [Ax:S1] [Ay:S2] refl (f z y)

> Prove subresult maps;_eq_symm : maps_eq.is_symm
= [Af1, f2 | mapa_el] [AQ:mapz_eq f1 f2] [z :S1] [Ay:S2] symm (Q = y)

> Prove subresult map,_eq_tran : maps_eq.is_tran
= [Af1, f2, f3| mapz_el] [AQ1:map2_eq f1 f2] [AQ2:map2_eq fo f3] [Az:S1]

[Ay: S2] tran (Q1 = y) (Q2 = y)
> Prove mapy_forms_set : set_axioms maps_eq

= pairs mapz_eq_refl maps_eq_symm maps_eq_tran
> Define maps
= ((Xf:51 — Sy — S3) fismapg, [Afi1, fo: (Xf 91 — Sy — S3) f.is_mapy)]
{Vo:S1} {Yy:5:} (fi-ap2 = y) = (f2-ap2 = y), mapy_forms_set : set) : set
> Discharge map,_eq_tran, maps_eq_symm, map,_eq_refl, map,_eq, aps, maps_el,
map_eq_tran, map_eq_symm, map_eq_refl, map_eq, ap, map_el, S3, S5, S1
> Introduce Sy, Ss, S3
> Define m-coercion ap = [Af :map Sy Ss] f1: (map S; S3) — S; — S
> Define m-coercion aps = [Af :mapy S So S3] f1
: (mapy 57 S S3) — S1 — S — S5
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> Introduce g : mapy S7 Sy S3 and f : map S7 S
> Introduce x1, x5 | St; suppose Qz : x1 = x; introduce x : S1; y & So; Y1, Yo

| S and suppose Qy : y1 = o

> Prove resp : (f x1) = (f z2)
=f2Qx

> Prove resps : (f x1) = (f z2)
= f2Qx

> Prove resps : (g 1 11) = (g 22 y2)
=g2 Qr Qy

> Prove resps; : (g T y) = (g T2 y)
= g.2 Qz (refl y)

> Prove respss : (g = y1) = (g = y2)

= g.2 (refl z) Qy

> DiSCharge Qy’y27y1ay7$7Q$7x27$17 fvgv 53752a Sl

B.2.2.2 Composition and identity for mappings

> Introduce S, S1, S, S3

> Prove identity_forms_map : ([Az: S] x).is_-map
= [Az1,z2|S] [AH :21 = z2] H

> Define identity = ([Az:S] z, identity_forms_map : map S S) : map S S

> Prove compose_makes_map

: {Vf:map Sy S3} {Vg:map Sy So} ([Az:S1] f (g x)).is-map
= [Af:map S2 S3] [Ag:map S1 S2] [Az1,z2|S1] [ANQz:z1 = x2]

f.resp (g.resp Qz)
> Prove compose_forms_maps : {Vf1, fo| map Sz S5} (f1 = f2) —

{V91,92 | map S; 52} (91 = 92) - {VCEisl} (fl (91 55)) = (fz (92 l’))
= [Af1, foImap S2 S3] [AQf: f1 = f2] [Ag1,g92 | map S1 S2] [M\Qg:g1 = go]

[Az:S1] (Qf (91 @)).tran (fa.resp (Qg x))
> Allow o to be written infix

> Define o = ([Af:map Sy S3] [A\g:map S1 Ss]
([Ax:S1] f (g x), compose_makes_map f g : map S; S3),
compose_forms_maps : mapy (map Sy S3) (map S; S3) (map S; S3))
: mapy (map Sy S3) (map S; S2) (map S; Ss)
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> Discharge S3, S5, 51, S

B.2.2.3 Results concerning composition and identity for mappings

> Introduce Sy, S1, S5, S3

> Introduce fi, fo | map Sy S3 and suppose Qf : fi = fo

> Introduce f : map Sy S3; g : map S7 Sy and h : map Sy Si
> Introduce g1, go | map S Se and suppose Qg : g1 = ¢

> Prove compose_resp : (f1 0 g1) = (f2 © g2)
= o.resps Qf Qg

> Prove compose; : (f1 o g) = (f2 0 g)
= oresps; Qf g

> Prove composey : (f o g1) = (f o ¢2)

= o.respsz f Qg

> Prove rewrite_compose : {Vz:51} (fogz) = (f (g 2))
= [)\Cttsl] ref| (f (g x))

> Prove compose_assoc : ((f o g) o h) = (f o (g o h))
= [Az:So] refl (f (g (h x)))

> Prove identity_compose : (identity o g) = g
= [Az: 5] refl (g z)

> Prove compose_identity : (g o identity) = ¢
= [Az: 5] refl (g z)

> DiSCharge ang2agla h)Q?f)Qf?f%fla 53752a 51750

B.2.3 Subsets
B.2.3.1 Subset definitions

> Define subset_axioms = [AS] [AA: S — prop| {Vz1,22| S} (1 = 29) —
(A z1) — A xy: {ILS} (S — prop) — prop

> Define subset = [\S :set] (¥ A:S — prop) subset_axioms A : set — Type;

> Introduce S

> Unless otherwise specified, by default A, B, Ay, Ay, A3 | subset S
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> Introduce x : S and A : subset .S
> Define pred = Ay : S — prop

> Allow € to be written infix

> Define € = pred x : prop

> Discharge A, x

> Introduce A : subset S

> Prove subresult subset_eq_refl : ([Az,y: (3z":S) 2’ € Al ©1 = y.1).is_refl
=[z:(Zz:S) z € A] refl x4

> Prove subresult subset_eq symm : ([Az,y: (X2’:S) 2/ € A x4 = y.1).is.symm
= [Az,y| (B2':S) 2’ € A] symm|S|z.1]y.1

> Prove subresult subset_eq_tran : ([Az,y: (X2’:S) 2/ € A] x4 = y.1).is_tran
= [Az,y,2z | (S’ :S) 2’ € A] tran|S|z.1]y.1]z.1

> Prove subset forms_set : set_axioms ([Az,y: (3z':S) 2’ € Al x4 = y1)

= pairsg subset_eq_refl subset_eq_symm subset_eq_tran

> Discharge subset_eq_tran, subset_eq_symm, subset_eq_refl, A

> Define coercion as_a_set = [A\A:subset S]
((Bx:S) z e A [Mr,y:(Xa":S) 2’ € Al x4 = y.1,subset_forms_set A : set)
: (subset S) — set

> Define as_el_of = [Ax:S] [AA:subset S] [\e ELA:x € A] (x,xELA : A)

: {Ilx: S} {IIA:subset S} (x € A) — A
> Introduce A : subset S

> Prove rep_forms_map : {Vay, 25| A} (z1.(equaliin A) 23) — 1.4 = 24
= [Az1,z2 | A] [AQ:z1.(equalin A) z3] Q

> Define rep_map = ([A\x: A] x.1,rep_forms_.map : map A S) : map A S
> Define coercion rep = rep_map.ap : A — S

> Discharge A

> Introduce A

> Prove eq_closed : {Vz1,25| S} (1 = 22) = (11 € A) a2 € A
= [)\271,.’22|S] [)\inlfl = $2} [)\Xl X1 € A] Aa Q X,

> Define ev = [Ar: A] xo : {llz: A} x € A
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> Define coercion make = [Az | S| z.aselof A: {llz|S} (zr € A) — A
> Discharge A

> Allow C to be written infix

> Define C = [AA, B:subset S| {Vz: A} x € B

: (subset S) — (subset S) — prop
> Introduce A, B and suppose H : A C B

> Prove inclusion_forms_map
:{Vz,y| A} (z = y) — (make (H x.ev)) = (make (H y.ev))
= P,y | Al PQ:z =y Q

> Define inclusion = ([Az: A] H x.ev, inclusion_forms_map : map A B)
:map A B
> Discharge H, B, A
> Introduce A, B : subset S
> Explicitly overload the identifier =
> Define== (A C B) A (B C A) : prop
> Prove subs_refl : A C A
— [\z: A] zev
> Discharge B, A

> Prove subs_tran : {VAI,AQ,Ag} (Al - Ag) — (A2 - Ag) — A1 - Ag
= [MNA1, A2, As] [NH1: A1 C Az] [AH2: Az C As] [Ax: A1] H2 (H1 x)

> Prove equal_subs_refl : {VA:subset S} A=A
= [AA :subset S] pair (subs_refl A) (subs_refl A)

> Prove equal_subs_symm : {VA;, Ay} (A = As) — Ay = A

= [MA1, A] [AH : A1 = As] pair H.snd H fst

> Prove equal_subs_tran : {VA;, Ay, A3} (A1 = Ay) — (Ay = A3) — A = A
= [MA1, A2, A3] [NH1: Ay = Az] [AHa: Ay = A3
pair (subs_tran H;.fst Ha.fst) (subs_tran Ha.snd Hj.snd)

> Define subset_of = [AA:subset S| (XB:subset S) B C A

: (subset S) — Type;
> Introduce A, B : subset S

> Define coercion unsubs = [AB:subset_of A] B.; : (subset_of A) — subset S
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> Define coercion make_subs = [AH : B C A] (B, H : subset_of A)
: (B C A) — subset of A

> Prove intersect_forms_subset : subset_axioms ([A\z:S] (x € A) A (z € B))
= [Az1,z2|S] ANQz:z1 = x2] [NH: (21 € A) A (z1 € B)]

pair (eq_closed Qz H .fst) (eq_closed Qxz H.snd)
> Allow N to be written infix

> Define N = ([Az:S5] (z € A) A (z € B),intersect_forms_subset : subset S)

: subset S
> Discharge B, A, S

B.2.3.2 Placing one subset inside another

> Introduce S and B, A : subset S

> Prove aaso_forms_subset : subset_axioms|A ([Az: A] x.rep € B)
= [Az1,z2 | A] AQ:21 = x2] [AH :z1.rep € B] eqclosed|S|B Q H

> Define as_a_subset_of = ([\xz: A] x.rep € B, aaso_forms_subset : subset A)
: subset A

> Discharge A, B

> Introduce A : subset S; By, By | subset S; suppose H : By C By and @
: By = By

> Prove AASO;s : (Bj.as_a_subset_of A) C (Bsy.as_a_subset_of A)

= [A\z: Bj.as_a_subset_of A] H (x.rep.rep.as_el_of B z.ev)

> Discharge but keep @, H, Bs, By

> Prove AASO; : (Bj.as_a_subset of A) = (Bs.as_a_subset_of A)
= pair (AASO;s Q.fst) (AASO;s Q.snd)

> Discharge Q, H, By, B1, A, S

B.2.3.3 Singleton subsets

> Introduce S and e : S

> Construct by refinement singleton forms_subset : subset_axioms e¢ =

(tran, =)
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> Define singleton = (e =, singleton_forms_subset : subset 5) : subset S
> Discharge e

> Construct by refinement singleton;s
: {Iley,e2 | S} (€1 = eg) — (singleton e;) C (singleton e3)

(singleton, ev, symm, tran, =)

> Construct by refinement singleton;
: {Iley,eq | S} (1 = e3) — (singleton e;) = (singleton e3)

(symm, singletonss, singleton, C, pair, =)

> Discharge S

B.2.4 Quotients
B.2.4.1 Equivalence relations

> Define is_equiv_rel = [AS] [A~:rel S] Ay ({Iz,y | S} (z =y) — 2 ~ y)
~.is_symm ~.is_tran : {ILS} (rel S) — prop

> Define equiv_rel = [AS :set] (X~ :rel S) ~.is_equiv_rel : set — Type;

> Define m-coercion ap_equiv_rel = [AS] [A~:equiv_rel S] ~ 3

: {ILS} (equiv_rel S) — rel S

B.2.4.2 Equality as an equivalence relation

> Construct by refinement eq_is_eqrel : {ILS :set} (equal_in S).is_equiv_rel

(tran, symm, =, equal_in, is_tran, is_symm, pairs, set)

> Explicitly overload the identifier =
> Define = = [AS] (equal_in S, eq_is_eqrel S : equiv_rel S) : {ILS} equiv_rel S

B.2.4.3 The quotient of a set

> Introduce S : set and ~ : equiv_rel S

> Prove quotient_forms_set : set_axioms ~

= pairg ([Az:S] ~.2.fstg (refl x)) ~.2.snd3 ~.2.thds

> Allow / to be written midfix
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> Define / = (.9, ~, quotient_forms_set : set) : set

> Discharge ~, S

B.2.4.4 The quotient of a subset

> Introduce S; A : subset S and ~ : equiv_rel S
> Define is_quotsubs = [A\z:S/~] (Xy:A) y ~ x : (S/~) — prop

> Prove quotsubs_forms_subset : subset_axioms is_quotsubs
= [Az1,22|S/~] [ANQ:z1 = 2] [AH : x1.is_quotsubs]

(H.1,tran|(S/~) H.2 Q : x2.is_quotsubs)
> Explicitly overload the identifier /

> Define / = (is_quotsubs, quotsubs_forms_subset : subset (S/~))
: subset (S/~)
> Discharge ~, A, S

B.2.5 Set morphisms
B.2.5.1 Split set monomorphisms (left-invertible mappings)

> Introduce S, T
> Define is_split-mono = [Af:map S T] (3f' :map T S) (f' o f) = identity

: (map S T) — prop
> Prove split_mono_forms_subset : subset_axioms is_split_mono

= [Mf1, f2|map S T) AQf : f1 = fo] [NH : f1.is_split_-mono]
(H.1,(composez H.1 Qf.symm).tran H.2 : fa.is_split-mono)

> Discharge T', .S
> Define split-mono = [AS, T : set]

(is_split-mono|S|T", split_-mono_forms_subset|S|T : subset (map S T'))

: {ILS, T :set} subset (map S T)

B.2.5.2 Split set epimorphisms (right-invertible mappings)

> Introduce S, T
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> Define is_split_epi = [Af:map S T (3f':map T' S) (f o f') = identity
: (map S T') — prop

> Prove split_epi_forms_subset : subset_axioms is_split_epi

= [M1, foImap S T] [AQf: f1 = fo] [NH : f1.is_split_epi]
(H.1,(compose; Qf.symm H.q).tran H.2 : fo.is_split_epi)

> Discharge T, S

> Define split_epi = [\S, T : set]
(is_split_epi|S|T", split_epi_forms_subset|S|T : subset (map S T'))
: {ILS, T': set} subset (map S T')

B.2.5.3 Set isomorphisms

> Introduce S, T
> Define is_iso = [Af:map S T| (3f :map T' S)

((f" o f) = identity) A ((f o f") = identity) : (map S T') — prop
> Prove iso_forms_subset : subset_axioms is_iso
= (M1, f2|map S T) AQf : fi = f2] [\H : fu.is.iso]
(H .1, pair ((H.1.composez Qf).symm.tran H.o.fst)

((Qf.compose1 H.1).symm.tran H.2.snd) : fa.is_iso)

> Discharge T, S

> Define iso
= [AS, T :set] (is_iso|S|T', iso_forms_subset|S|T : subset (map S T))
: {ILS, T': set} subset (map S T')

> Introduce S, T

> Prove inverse_makes_iso : {Ilf:iso S T'} (f.ev)1 € (iso T 5)
= [Af:iso S T (f.rep, pair (f.ev).2.snd (f.ev).2.fst : (f.ev).1 € (iso T S))

> Introduce f | map S T and fi, fo | map T' S

> Suppose Qf1 : (f1 o f) = identity and Qfs : (f o fo) = identity
> Prove subresult Q; : fi = (f1 o identity)

= f1.compose_identity.symm

> Prove subresult Qg : (f1 o identity) = (f1 o (f o f2))

= f1.composez Q f2.symm

271
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> Prove subresult Qs : (fi o (f o f2)) = ((fi o f) o fa)

= (compose_assoc f1 f fz2).symm

> Prove subresult Q4 : ((f1 o f) o f3) = (identity o f5)
= Qf1.compose; f>

> Prove subresult Qs : (identity o f3) = f2

= identity_compose fa

> Prove inverse_lemma : f; = f5
= (Q1.tran Q2).tran (Qs.tran (Qq.tran Qs))

> Discharge Qs, Qu, Q3, Q2, Q1, @ f2, @ f1, fo, f1, f

> Prove inverse_forms_map
: ([\f:iso S T] make f.inverse_makes_iso).(is_map|(iso S T)|(iso T S))
= [Af1, f2liso S T] [AQf: f1 = f2]

inverse_lemma (f1.ev).2.fst ((Qf.composei (f2.ev).1).tran (f2.ev).2.snd)

> Allow ! to be written postfix
> Define ~* = ([Af:iso S T] make f.inverse_ makes_iso, inverse_forms map :
map (iso S T') (iso 7" S)) : map (iso S T') (iso T' 5)
> Introduce f :iso S T
> Prove inverse_compose_iso : (f~! o f) = identity
= (f.ev).2.fst
> Prove iso_compose_inverse : (f o f~!) = identity
= (f.ev).2.snd

> Discharge f,T, 5

B.2.5.4 Results concerning set morphisms

> Introduce S, T

> Prove subresult iso_subs_mono : (iso S T') C (split_-mono S T')
= [Mf:iso S T] (f!,inverse_compose_iso f : f € (split-mono S T))

> Prove subresult iso_subs_epi : (iso S T') C (split_epi S T)
= [Af:iso S T] (f!,iso_compose_inverse f : f € (split-epi S T))

> Prove subresult mono_epi_subs_iso
: ((split-mono S T') N (split_epi S T')) C (iso S T)
= [Af: (split_-mono S T') N (split_epi S T')] ((f.ev.fst).1, pair (f.ev.fst).2
((f.composes (inverse_lemma (f.ev.fst).2 (f.ev.snd).2)).tran (f.ev.snd).2) :

f € (iso ST))
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> Prove iso_eq_-mono_epi : (iso S T') = ((split-mono S T') N (split_epi S T'))

= pair ([Af:iso S T pair (iso_subs_mono f) (iso_subs_epi f)) mono_epi_subs_iso

> Prove subresult P : {Vf|map S T} {IIH;: f € (split-mono S T}
{IIH,: f € (splitepi S T')} (make (pair H; H)) € (iso S T)
= [Af|map S T] [AH1: f € (split-mono S T')| [AHz: f € (split_epi S T)]

iso_eq_mono_epi.snd (make (pair Hi H2))

> Discharge T', S
> Introduce S' : set
> Prove identity_is_split_-mono : identity € (split-mono S 5)
= (identity|S, identity.compose _identity : identity € (split-mono S S))
> Prove identity_is_split_epi : identity € (split_epi S .S)
= (identity|S, identity compose identity : identity € (split_epi S ))
> Prove identity_is_iso : identity € (iso S S)
= P identity_is_split_mono identity_is_split_epi
> Discharge S
> Introduce Sy, .S, 53
> Introduce f : split-mono Sy S3 and ¢ : split_-mono S; S5
> Let f" = (f.ev).; : map S5 Sy and g' = (g.ev).1 : map Sy S;
> Prove subresult Py : ((g' of') o (fog)) = (g o (f o (fog))

= compose_assoc g' f' (f o g)

> Prove subresult Po_; : (f o (fog)) = ((f o f)og)

= (compose_assoc f' f g).symm
> Prove subresult Py 5 : (((f.ev).q o f) o g) = (identity o g)
= compose; (f.ev).2 g
> Prove subresult Py_3 : (identity o g) = ¢
= identity_compose g
> Prove subresult Py : (g o (f' o (f o g))) = (g o g)
= composez g' (P2-1.tran (P2_2.tran P2_3))
> Prove subresult P : [6f' = (g.ev).1] (f' o g) = identity
= (g.ev).2

> Prove compose_split_monos_is_split_-mono : (f o g) € (split-mono S; S3)
= (g’ o f',Py.tran (Pa.tran P3) : (f o g) € (split_-mono S1 S3))

> Discharge P3, Py, Po_3, P20, Poy,P1,g",f", 9, f
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> Introduce f : split_epi Sy S5 and ¢ : split_epi S; S
> Let f' = (f.ev).s : map S3 S and g' = (g.ev).1 : map Sy S;
> Prove subresult Py : (fo(go (g of")))=((fog)o(g of))

= (compose_assoc f g (g’ o f')).symm

> Prove subresult P4 : ((gog')of')= (g0 (g of"))

= compose_assoc g g’ f’

> Prove subresult Py 5 : ((g o (g.ev).1) o f') = (identity o ')

= compose; (g.ev).2 f’

> Prove subresult Py_3 : (identity o f') = f

= identity_compose f’

> Prove subresult Py : (f o ((gog')of')) = (fof)

= composez f (P2-1.tran (P2_2.tran P2_3))
> Prove subresult Ps : [6f" = (f.ev).4] (f o f') = identity
= (f.ev).2
> Prove compose_split_epis_is_split_epi : (f o g) € (split_epi Sy S3)
= (g’ o f',Py.tran (P2.tran P3) : (f o g) € (split_epi S1 S3))
> Discharge P3, PQ, P2_3, PQ_Q, Pg_l, Pl, g,, f', g, f
> Prove compose_isos_is_iso
: {Vf:iso Sy S3} {Vg:iso S; Sa} (f o g) € (iso Sy S3)
= [Af:iso S2 S3] [Ag:iso S1 S2]
P (compose_split-monos_is_split_-mono (iso_subs_mono f) (iso_subs_mono g))

(compose_split_epis_is_split_epi (iso_subs_epi f) (iso_subs_epi g))

> Explicitly overload the identifier o

> Define o
= [Af:iso Sy S3] [Ag:iso S1 Sa| (f o g,compose_isos_is_iso f g : iso S7 S3)
: (iso Sy S3) — (iso Sy S3) — iso S; S3

> Prove rewrite_iso_compose

: {Vf:iso Sy S3} {Vg:iso Sy S} {Vx:51} (fogax)=(f (g2))

= [Af:iso S2 S3] [Ag:iso S1 S2] [Az:S1] rewrite_compose f g x
> Discharge S3, S5, S1, P, mono_epi_subs_iso, iso_subs_epi, iso_subs_mono
> Prove iso_refl : {V.S:set} iso S S

= [A\S :set] identity_is_iso S

> Prove iso_symm : {VS, S5} (iso S7 S2) — iso Sy S;
= [AS1, S2] [AH :iso S1 Sa] H™!
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> Prove iso_tran : {VS}, Sy, S5} (iso Sy S3) — (iso Sy S3) — iso Sy S5

= [AS1, S2, 53] [A\H1 :iso S1 S2] [AHz :iso S2 S3] compose_isos_is_iso Ho H

> Introduce S,T; Ay, Ay; suppose QA : Ay = As and introduce A : subset S
> Let iso_to = inclusion QA.fst : map A; A, and iso_from = inclusion () A.snd
:map Ay A

> Prove subresult Py : {Vz: A} (iso_from o iso_to z) =z
= [Az: Aq] refl z

> Prove subresult Py : {Vy: Ay} (iso_to o iso_from y) =y
= [Ay: A2] refl y

> Prove equal_forms_iso : iso_to € (iso A; As)

= (iso_from, pair P1 Ps : iso_to € (iso A; As))

> Define equal_iso = (iso_to, equal_forms_iso : iso A; As) :iso A; Ay

> Discharge but keep Ps, Py, iso_from,iso_to, A, QA, Ay, A1, T, S

> Introduce By, By | subset T'; suppose @B : By = By and introduce B

: subset T’

> Prove ISO; : (iso Ay B) — iso Ay B
= [AH :iso A1 B] (equal_iso QA).iso_symm.iso_tran H

> Prove I1SO, : (iso A By) — iso A By
= [AH :iso A B1] H.iso_tran (equal_iso QB)

> Prove ISOresp : (iso A; By) — iso Ay By

= [AH :iso A1 Bi] (equal.iso QA).iso_symm.iso_tran (H.iso_tran (equal_iso QB))

> Discharge B, QB, By, By, Ps, P1,iso_from iso_to, A, QA, Ay, A1, T, S

B.3 Decision

B.3.1 Decideability

B.3.1.1 Decideability of a proposition

> Define or_not = [Ap] p V (—p) : prop — prop
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B.3.1.2 Alternation

> Introduce p1, ps | prop; S and suppose H : p; V py
> Define if = [Azt,xf:S] case H ([A-:p1] xt) ([(A\-ipo] 2f): S — S — S

> Discharge H, S, p2, p1

B.3.1.3 Results concerning alternation

> Introduce p | prop; S; xt,zf : S and suppose b : p.or_not

> Construct by refinement IFy : (-p) — (if b xt xf) = xf

(=, inr, if, refl, inl, =, ex_falso, or_not, case_elim)

> Construct by refinement IF; : p — (if bzt xf) = xt

(=, inr, if, =, ex_falso, inl, refl, or_not, case_elim)

> Discharge b, x f, xt

> Prove IFy : {Vat,xf: S} {IIby, by : p.or_not} (if by xt xf) = (if by xt = f)
= [Azt,zf:S] [Ab1, b2 : p.ornot]
case by ([AP:p] tran_via zt (IFy xt =f by P) (IF1 xt =f by P).symm)

([AnP:=p] tranvia zf (IFg «t xf b1 nP) (IFg at xf ba nP).symm)
> Discharge S, p

B.3.1.4 Decideable subsets

> Introduce S
> Define is_decideable = [AA :subset S| {Ilz:S} (x € A).or_not
: (subset S) — prop
> Define is_decideable_in = [AA, B :subset S| {Ilz: B} (x € A).or_not

: (subset S) — (subset S) — prop
> Define decideable_subs = [AA, B :subset S] A (A.is_decideable_in B) (A C B)

: (subset S) — (subset S) — prop
> Discharge S

> Define dsubset = [\S :set] (¥ A:subset S) A.is_decideable : set — Type;
> Introduce S

> Allow € to be written infix
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> Define ¢ = [Az:S] [AA:subset S| =(z € A) : S — (subset S) — prop
> Define coercion undecide_subset = [AA :dsubset S| A4
: (dsubset S) — subset S
> Define coercion make dsubset = [AA] [AH : A.is_decideable]
(A, H : dsubset S) : {ITA} A.is_decideable — dsubset S
> Define decide = [AA :dsubset S| [Az:S] Az @
: {IIA:dsubset S} {Ilz:S} (x € A) V (z ¢ A)

> Allow € to be written infix
> Define €7 = [Az:S] [AA:dsubset S| decide A x

: {Ilx: S} {IIA:dsubset S} (x € A) V (z &€ A)
> Discharge S

B.3.1.5 Results concerning decideability

> Introduce S,T; C': S — prop and A : dsubset S
> Suppose Hy : ({Vx:S} (r € A) - Cz) AN ({Vz:S} (x ¢ A) — C x)
> Introduce x : S
> Prove subresult C; : (1 € A) - C x
= Hyfstz

> Prove subresult Co : (t ¢ A) - C
= Hi.snd =

> Prove subresult P; : C =

= case (z €7 A) C; Ca

> Discharge x, Hy

> Suppose Hy : {Vz:S} C x

> Prove subresult Py ; : {Vz:S} (r € A) —» C x
=\:S] [\iz € Al Hy 2

> Prove subresult Py : {Vz:S} (r € A) - C
=Xz:S] iz g Al Ha o

> Prove subresult Py : ({Vz:S5} (r € A) - C2) A ({Vz:S} (x ¢ A) — C x)

= pair P2_; P22
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> Discharge Hy

> Prove DECy : ({Ilz:S} (x € A) - Cx) A ({llz:S} (x € A) — C x)) <
({Ilz: S} C x)

= pair P; P2
> Discharge Po, Py o, Py, P1,Co, C, A, C, T, S

> Construct by refinement DEC,
: {Vp1, pa | prop} (p1 <> p2) — py.or-not — py.or_not

(snd, —, inr, fst, inl, or_not, case, <, prop)
> Introduce p, p1, pe | prop; Hy : py.or_not and Hy : py.or_not

> Construct by refinement DEC3 : (p; A p2).or_not

(fst, A, =, inr, snd, pair, inl, or_not, case)

> Construct by refinement DECy : (p; V p2).or_not

(false, case, V, =, inr, inl, or_not)

> Construct by refinement DEC; : (—p;).or_not

(=, inl, false, inr, or_not, case)

> Prove DECg : p.or-not — (=(—p)) — p
= [Ab:p.or_not] [AP:—(—p)] case b ([AH :p] H) ([A\H : —p] exfalso p (P H))

> Prove or_not_is_true : p — p.or_not

= inl|p|(—p)

> Prove or_not_is_false : (—p) — p.or_not

= inr|p|(—p)

> Discharge Hoy, Hy, pa, p1,p

B.3.2 Discreteness
B.3.2.1 Discrete sets

> Allow # to be written infix
> Define # = [AS] [Az,y:S] =(z = y) : {ILS} rel S
> Define is_discrete = [AS:set] {Vz,y:S} (z =y) V (z # y) : set — prop
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B.3.3 Altering sets and subsets

B.3.3.1 Excluding an element from a subset

> Introduce S; A : subset S and a : S

> Prove everything_except_forms_subset : subset_axioms a #
= [Az,y|S] [AQ:x =y] AH:a # z] AX:a = y] H (X.tran Q.symm)

> Define everything_except = (a #, everything_except_forms_subset : subset .S)
: subset S

> Discharge a

> Introduce a : A

> Allow \ to be written infix

> Define \ = A N (everything_except a) : subset S

> Define coercion unexclude = [Az:\] make xz.ev.fst : \ — A

> Discharge a, A, S

B.3.3.2 Results concerning exclusion

> Introduce S

> Prove EXCLys : {VA,B} {IIH: A C B} {Va:A} (A\ a) C (B\ (H a))
= [MA,B] [MH:A C B] [Aa:A] [Ax: A\ a] pair (H z.ev.fst) z.ev.snd

> Introduce A : subset S

> Prove EXCLg : {Va: A} (A\a) C A
= [Aa:A] [Ax: A\ a] z.ev.fst

> Prove EXCLgs : {Va,b| A} (a=0) — (A\ a) C (A\D)
= [Aa,b|A] AQ:a =b] [Ax: A\ q]
pair z.ev.fst ([AX :b = z] z.ev.snd (Q.tran X)

)
> Prove EXCLy : {Va,b| A} (a=b) — (A\ a)=(A\Db)
= [Aa,b| A] [AQ:a = b] pair (EXCL2s Q) (EXCLas Q.symm)

> Discharge A, S

B.3.3.3 Squeezing an isomorphism

> Introduce S,T; A and B | subset T
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> Introduce f | map A B; f' | map B A and suppose H : (f' o f) = identity
> Introduce a | A; b | B and suppose @ : (f a) = b

> Introduce x : A \ a

> Suppose X : b = (f x)

> Prove subresult Qq : ((identity).; a) = (((f' o f)).1 a)

= (H a).symm

> Prove subresult Qy : (f' o f a) = (f' (f a))

= rewrite_compose f’ f a

> Prove subresult Qs : (f a) = (f.1 2)
= Q.tran X

> Prove subresult Qs : (f' (f a)) = (f' (f1 x))

= f’.resp Q3_1

> Prove subresult Qq : (f' (f z)) = (f' o f z)

= (rewrite_compose f’ f x).symm

> Prove subresult Qs : (((f" o f)).1 ) = ((identity).; )

=Hzx

> Prove subresult exclusion : false
= z.ev.snd ((Q1.tran Q2).tran (Qz.tran (Q4.tran Qs)))

> Discharge X

> Prove squeeze_forms_exclusion : ((f x) € B) A ((b = (f x)) — false)

= pair (f z).ev exclusion

> Define squeeze fun = (f z,squeeze_forms_exclusion : B \ b) : B\ b
> Discharge x

> Prove squeeze_forms_map
:{Vz,y| A\ a} (r = y) — (squeeze_fun z) = (squeeze_fun y)
= [z, y[A\ a] MQ:z =y] fresplzly Q

> Define squeeze = (squeeze fun, squeeze forms_map : map (A \ a) (B \ b))
;map (A\ ) (B \ b)

> Prove SQUEEZE, : {Vx: A \ a} equal.in T' (squeeze z) (f x)
=[Az:A\ a] refl|T (f z)

> Discharge exclusion, Qs, Q4, Qs, Q3-1,Q2,Q1, Q. b,a, H, f', f
> Discharge but keep B, A, T,S
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> Introduce ¢ : iso A B;let ¢’ = ¢! :iso B A and introduce a : A

> Prove subresult Q : (¢ a) = (¢ a)
= refl (¢ a)

> Prove subresult P : (¢! o ¢) = identity
= inverse_compose_iso ¢

> Let ¢» = squeeze P Q : map (A \ a) (B \ (¢ a))
> Prove subresult Q'; : (¢! (¢ a)) = (¢! o ¢ a)

= (rewrite_compose ¢! ¢ a).symm

> Prove subresult Q'y : (((¢7! 0 ¢)).1 a) = ((identity); a)

=Pa

> Prove subresult Q' : (¢7! (¢ a)) = a
= Q’'1.tran Q'y

> Prove subresult P' : (¢ o ¢~1) = identity
= iso_compose_inverse ¢

> Let ¢ = squeeze P' Q" : map (B \ (¢ a)) (A \ a)

> Prove subresult Qo : {Vz: A \ a} equal_in B (¢ x) (¢ x)
= [Az: A\ a] SQUEEZE, P Q =

> Prove subresult Qp' : {Vy: B \ (¢ a)} equal_in A (¥ y) (¢ y)
= [\y: B\ (¢ a)] SQUEEZEo P' Q' y
> Introduce x : A \ a

> Prove subresult Q; : (¢ o ¢ x) = (¢ (¢ x))

= rewrite_.compose ¢’ ) =

> Prove subresult Q, : equal_in A (¢ (¢ x)) (¢ (¥ z))
= Qo’ (¥ z)

> Prove subresult Qs : (¢’ (¥ z)) = (¢ (¢ z))
= ¢/.resp (Qo =)

> Prove subresult Qg : (¢’ (¢ z)) = (¢’ 0 ¢ x)
= (rewrite_compose ¢’ ¢ x).symm

> Prove subresult Qs : (((¢7! o ¢)).1 z) = ((identity).1 )
=Pz

> Prove subresult Py : ((¢' o ¢ z)).; = (((identity).; x)).1
= (Qi1.(tran|S) Qz).tran (Qs.tran (Q4.tran Qs))

> Introduce y : B\ (¢ a)



APPENDIX B. FORMALISATION 282

> Prove subresult Qg : (¢ o ' y) = (¢¥ (¥ y))

= rewrite_compose ¥ ' y

> Prove subresult Q; : equal_in B (¢ (¢ 3)) (¢ (¢ v))
= Qo (¥ v)

> Prove subresult Qg : (¢ (¥ y)) = (¢ (¢’ y))
= ¢.resp (Qo’ v)

> Prove subresult Qg : (¢ (¢’ y)) = (¢ o ¢’ y)

= (rewrite_compose ¢ ¢’ y).symm

> Prove subresult Qg : (((¢ © ¢ 1)).1 y) = ((identity).1 )
=Py

> Prove subresult Py : ((¢) o ¢’ y)).1 = (((identity).q y)).1
= (Qs.(tran|T) Q7).tran (Qs.tran (Qg.tran Q10))

> Discharge y, x

> Prove squeeze_forms_iso : ¢ € (iso (A \ a) (B \ (¢ a)))
= (¢',pair P1 Py : ¢ € (iso (A \ a) (B \ (¢ a))))

> Define squeeze iso = (v, squeeze forms_iso : iso (A \ a) (B \ (¢ a)))
tiso (A\ a) (B\ (¢ a))

> DiSCharge PQ; Q107 Q97 QS, Q?a Q67 Pla Q57 Q4a Q37 Q27 Qla QOyv Q07 ¢/7 va va Q,27
Qlla % P7 Qa a, ¢/7 ¢7 B7 A7 T7 S

B.3.3.4 Stretching an isomorphism

> Introduce S,T'; A; B | subset T; a : A; b : B; suppose is_eq : A.is_discrete
and introduce f : map (A \ a) (B \ b)

> Introduce x : A

> Let stretch.; = [A.:a=2]b: (a=2) — B

> Let stretch_exile = [AQ:a # z| (z.rep,pairzev@Q : A\ a): (a#z) — A\ a

> Let stretch o = [AQ:a # x| f (stretch_exile Q) : (a # ) — B

> Discharge x

> Define stretch_fun = [Az: A| case (a.is_eq x) (stretch_; x) (stretch_, x)

:A— B
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> Prove stretch_forms_map
: {Vxy, 29| A} (21 = 23) — (stretch_fun 1) = (stretch_fun x)
= [Az1,z2 | A] [AQ:z1 = z2] case_elim
([AX : (a = z1).0or_not] (case X x.stretch_; xi.stretch_a) = (stretch_fun z2))
(a.is_eq 1) ([AQ1:a = x1] case_elim
([AY : (a = z2).or_not] (stretch_; z1 Q1) = (case Y xa.stretch_; za.stretch_))
(a.is_eq x2) ([A-:a = x2] refl b)
([AQ2:a # 2] exfalso (b = (stretch_2 z2 Q2)) (Q2 (Q1.tran Q))))
([AQ1:a # z1] case_elim
([AY : (a = z2).or-not] (stretch_2 1 Q1) = (case Y z2.stretch_; xa.stretch_))
(a.is_eq 72)
([AQ2 :a = x2] exfalso ((stretch_ z1 Q1) = b) (Q1 (Q2.tran Q.symm)))

([ANQ2:a # x2] f.resp|(stretch_exile z1 Q1)|(stretch_exile z2 Q2) Q))
> Define stretch = (stretch_fun, stretch_forms_map : map A B) : map A B

> Construct by refinement STRETCH; : (stretch a) = b

(refl, stretch_, stretch_1, =, =, inr, case, ex_falso, inl, or_not, case_elim)

> Discharge f,is_eq,b,a, B, A,T,S

> Introduce S, T; A; B | subset T; a : A; b : B; suppose is_eqA : A.is_discrete;
is_eqB : B.is_discrete; introduce f : map (A \ a) (B \ b); g
:map (B \ b) (A \ a) and suppose H : (f o g) = identity

> Let f' = stretch a bis.eqA f : map A B and g’ = stretch b a is_eqB g
:map B A

> Let Qfa = STRETCH; a bis_eqA f: (f'a) =b

> Construct by refinement STRETCH, : (f' o g') = identity

(stretch_exile, stretch_o, refl, \, resp, identity, is_map, o, tran, =, —, ev, symm,
eq_closed, everything_except, €, snd, stretch_1, inl, case, ex_falso, inr, or_not,

case_elim, Qfa, f’, subset_forms_set, set, g', rewrite_compose)

> Discharge but keep Qfa, g',f', H, g, f,is_eqB,is_eqA,b,a, B, A, T, S

> Discharge Qfa, g',f', H, g, f

> Introduce 1 : iso (A \ a) (B \ b) and let ¢/ = ¢~ :iso (B \ b) (A \ a)

> Let ¢ = stretch a b is_eqA ¢ : map A B and ¢’ = stretch b a is_eqB '
:map B A

> Prove subresult Py : (¢’ o ¢) = identity
= STRETCHz b a is-eqB is_eqA ' 1 (inverse_.compose_iso 1))
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> Prove subresult Py : (¢ o ¢) = identity
= STRETCHz a b is_eqA is_eqB v 1)’ (iso_compose_inverse 1))

> Prove stretch_forms_iso : ¢ € (iso A B)
= (¢, pair P1 P2 : ¢ € (iso A B))

> Define stretch_iso = (stretch a b is_eqA 1), stretch_forms_iso : iso A B)
tiso A B
> Discharge Py, Py, ¢, ¢, 40,1, is_eqB,is_eqA,b,a, B, A, T, S, stretch_,,

stretch_exile, stretch_;

B.3.3.5 Permuting a discrete set by swapping a pair of elements

> Introduce S and is_eq : S.is_discrete

> Introduce a,b : S

> Define permute_fun = [Az:S] if (z.is_eq a) b (if (z.is.eqb) ax): S — S5
> Introduce x1, 25 | S and Q : x1 = 9

> Suppose H : x5 = a

> Prove subresult Hy : z; = a
= Q.tran H

> Prove subresult Q;_; : (permute_fun 1) = b
= IF1 b (if (z1.i5-eq b) a z1) (z1.1s-eq a) H1

> Prove subresult Q5 : (permute_fun z5) = b
= IF1 b (if (z2.is-eq b) a z2) (z2.is-eq a) H
> Prove subresult C; : (permute_fun z;) = (permute_fun z5)

= Qi-1.tran Q1_2.symm

> Discharge H
> Suppose H : x5 # a

> Prove subresult Hy : 1 # a

= [Acontra:z1 = a] H (Q.symm.tran contra)

> Prove subresult Qa1 : (permute_fun x;) = (if (x;.is_eq b) a 1)

= IFg b (if (z1.is-eq b) a z1) (z1.is_eq a) Ha

> Prove subresult Qy 5 : (permute_fun x5) = (if (x9.is_eq b) a z5)
= IFg b (if (z2.is_eq b) a z2) (z2.is_eq a) H



APPENDIX B. FORMALISATION 285

> Suppose H' : 9 = b
> Prove subresult H;" : x; = b

= Q.tran H'

> Prove subresult Qa_1_; : (permute_fun z1) = a

= Q2_1.tran (IF1 a 1 (z1.is.eq b) Hy'")

> Prove subresult Qa1 2 : (permute_fun z3) = a
)

= Qa-2.tran (IF1 a 2 (z2.is_eq b) H')

> Prove subresult Cy_; : (permute_fun x1) = (permute_fun xs)

= Q2-1-1.tran Q2_1 2.symm
> Discharge H’
> Suppose H' : x5 # b
> Prove subresult Hy' : x1 # b
= [Acontra:z; = b] H' (Q.symm.tran contra)

> Prove subresult Qa1 : (permute_fun x1) = 24

= Q2_1.tran (IFg a 1 (z1.is_eq b) Ha'")

> Prove subresult Qa_o_2 : (permute_fun xs) = x5
)

= Qa-2.tran (IFg a z2 (z2.is_eq b) H')

> Prove subresult Cy_5 : (permute_fun x;) = (permute_fun z5)

= (Q2-2-1.tran Q).tran Q2_2_2.symm

> Discharge H'

> Prove subresult Cy : (permute_fun z7) = (permute_fun x5)

— case (xg.is_eq b) C2_1 C2_2

> Discharge H

> Prove permute_forms_map : (permute_fun x;) = (permute_fun x3)

= case (v.is_eq a) C; Co

> Discharge Cy, C2 2, Q292, Qa2-1,H2", Co1, Qo1 2, Qo 121, Hi', Qo 2, Qa1 Ho,
C1, Qi2, Q11 Hi, Q0,14

> Define permute_map = (permute_fun, permute_forms_map : map S S)
:map S S

> Introduce x : S

> Prove PERMUTE, : (z # a) — (x # b) — (permute_map z) = x
= [AHi:x # a] [AH2:2z # b]
(IFo b (if (z.is-eq b) a ) (z.is-eq a) Hy).tran (IFg a = (z.is_eq b) H2)



APPENDIX B. FORMALISATION 286

> Prove PERMUTE; : (z = a) — (permute_map z) = b
= [AH:z = a] IF1 b (if (z.is_eq b) a z) (z.is_eq a) H

> Suppose H : x = b
> Prove subresult C; : (z = a) — (permute_map =) = a
= [AH':z = a] (PERMUTE; H’).tran (H.symm.tran H')

> Prove subresult Cy : (z # a) — (permute_map z) = a
= [AH':z # q]

(IFo b (if (z.is_eq b) a x) (xz.is-eq a) H').tran (IF1 a z (z.is_eq b) H)
> Prove PERMUTE; : (permute_map z) = a

= case (z.is-eq a) C; Ca

> Discharge Co, Ci, H
> Discharge but keep x
> Suppose H : x = a

> Prove subresult Q1 : (permute_map (permute_map z)) = a
= PERMUTE (permute_map z) (PERMUTE; =z H)

> Prove subresult Q15 : a =z

= H.symm

> Prove subresult C; : (permute_map (permute_map z)) = x

= Qi-1.tran Q12
> Discharge H
> Suppose Hy : x # a
> Suppose H : x = b

> Prove subresult Qa_1_1 : (permute_map (permute_map z)) = b
= PERMUTE; (permute_map z) (PERMUTE2 =z H)

> Prove subresult Qo150 : b =2

= H.symm

> Prove subresult Co_y : (permute_map (permute_map z)) = =

= Q2-1-1.tran Qa2_12

> Discharge H
> Suppose Hy : x #£ b

> Prove subresult Qu-2-; : (permute_map z) =z
= PERMUTE @ H; Ho
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> Prove subresult Q2o : (permute_map (permute_map x)) = (permute_map x)

= permute_map.resp Q221

> Prove subresult Cy_5 : (permute_map (permute_map z)) = =

= Qz2-2-2.tran Q221

> Discharge Hy

> Prove subresult Cy : (permute_map (permute_map z)) = x
— case (:c.is,eq b) C2,1 CQ,Q

> Discharge H,

> Prove subresult permute_is_idempotent : (permute_map (permute_map x)) = x
= case (z.is-eq a) C; Ca

> Discharge x

> Prove permute_forms_iso : permute_map € (iso S 5)

= (permute_map, pair permute_is_idempotent permute_is_idempotent :

permute_map € (iso S S))
> Define permute = (permute_map, permute_forms_iso : iso S S) :iso S S

> Discharge permute_is_idempotent, C2,Cs 5, Q229, Q221, C21, Qa-12, Qa1 1,

Cla Q1—27 Q1—17 ba a, Z.S—€Q7 S
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B.4 Finiteness

B.4.1 The natural numbers
B.4.1.1 The set of natural numbers

> Globally declare nat : Typeg; zero : nat; succ : nat — nat; nat_elim
: {IIC nat : nat — Type; } (C_nat zero) —
({IIzy : nat} (C-nat x;) — C_nat (succ x;)) — {Ilz:nat} C' nat z and
define nat_double_elim
= [AT_nat :nat — nat — Type;] [Azero_zero_case: T _nat zero zero|
[(Azero_succ_case: {11z} :nat} (T _nat zero z)) — T _nat zero (succ )]
[Asucc_zero_case: {Ilxy :nat} ({Ilz:nat} T nat z; z) —
T nat (succ z) zero] [Asucc_succ_case: {llz; : nat}
({I1z:nat} T nat z; z) — {Ilz} :nat} (T nat (succ 1) ) —
T nat (succ z1) (succ x})] nat_elim ([\z:nat] {IIz": nat} T nat z 2’)
(nat_elim ([Az:nat] T _nat zero z) zero_zero_case zero_succ_case)
([Azq:nat] [Axi_f : {Ilz:nat} T nat z; 2]
nat_elim ([Az:nat] T_nat (succ z1) z) (succ_zero_case xy x1_f)
(succ_succ_case xy x1_f))
: {IIT _nat : nat — nat — Type;} (T _nat zero zero) —
({11 : nat} (T_nat zero x}) — T _nat zero (succ x})) —
({TLzy : nat} ({I1z:nat} T nat x; z) — T nat (succ x1) zero) —
({Ilzy :nat} ({Ilz:nat} T nat x; z) — {Ilz} :nat} (T_nat (succ z,) =) —

T nat (succ 1) (succ x})) — {Ilz, 2" :nat} T nat z 2’
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> Reductions: [AC' _nat :nat — Typey] [\f_zero: C_nat zero]
[Af_succ: {Ilzy :nat} (C_nat z1) — C_nat (succ x1)] [A\x; : nat]
nat_elim C'_nat f_zero f_succ zero => f_zero
|| nat_elim C'_nat f_zero f_succ (succ x;) =
f-succ x1 (natelim C_nat f_zero f_succ x;)
> Define nat_rec = [AC'| Type;] nat_elim ([A_: nat] C)
: {IIC' | Type, } C — (nat - C — C') — nat — C

> Construct by refinement nat_eq : rel nat

(prop, nat, false, nat_rec, true)

> Construct by refinement nat_eq_resp
: {Vz,y|nat} (z.nateq y) — {¥p:nat — prop} (px) = py

(succ, nat, prop, nat_eq, zero, ex_falso, nat_double_elim)

> Construct by refinement nat_forms_set : set_axioms nat_eq

(nat_eq, nat, 7, nat_elim, nat_eq_resp, is_tran, is_symm, is_refl, pairs)

> Define N = (nat, nat_eq, nat_forms_set : set) : set
> Unless otherwise specified, by default m,n : N
> Define 0 = zero : N

> Construct by refinement succ_forms_map : ([An] succ n).is_map

(N, =, nat_forms_set, nat_eq, nat, is_tran, is_.symm, is_refl, fst3, nat_eq_resp)

> Allow +1 to be written postfix
> Define +1 = ([An] succ n, succ_forms_map : map N N) : map NN
> Define 1 = 041 : N
> Define N_elim = nat_elim : {IIC_N :N — Type;} (C_N 0) —
({IIn} (C_-N n) — C_N n+1) — {IIn} C_N n
> Define N_rec = nat_rec : {IIC'|Type;} C - (N—-C - C) = N—=C

B.4.1.2 Results concerning the natural numbers

> Construct by refinement NAT; : {Vn} (0 =n) V ((Im) m+1 =n)

(+1, N, refl, succ, =, 0, inr, V, nat, 7, zero, true, inl, nat_elim)

289
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B.4.1.3 The standard order on the natural numbers

> Allow < to be written infix
> Define < = nat_rec (nat_rec false ([A_:nat| [A_: prop] true))

([A-:nat] [AH : N — prop| nat_rec false ([A\m :nat] [A_:prop] H m)) : rel N

> Allow < to be written infix

> Define < = [Az,y:N] (z <y)V (z=y) : rel N

B.4.1.4 Results concerning the standard order on the natural num-

bers

> Construct by refinement LESS, : {Vn |N} =(n < 0)
(0, succ, <, =, nat, zero, N, nat_elim)

> Construct by refinement less_than_tran : <.is_tran

(+1, <, nat, zero, N, nat_elim, succ, LESSq, ex_falso, 7, 0, nat_double_elim)

> Construct by refinement less_than_asymm
: {Vm,n|N} (m < n) — =(n < m)

(suce, <, =, nat, LESSy, zero, ex_falso, N, nat_double_elim)

> Prove less_than_arefl : {¥n} =(n < n)
= [MAn] [AH :n < n] less_than_asymm H H

> Construct by refinement LESS; : {Vn} n < n+1

(+1, <, nat, 7, N, nat_elim)

> Construct by refinement leq_than_tran : <.is_tran

(<, nat, N, symm, nat_eq-resp, =, <, less_than_tran, case, inl)

> Construct by refinement leq_than_refl : <.is_refl
(N, refl, =, <, inr)

> Construct by refinement leq_than_asymm
:{Vm,n|N} (m<n) - (n<m)—>m=n

(N, =, symm, less_than_asymm, ex_falso, <, case, <)

> Construct by refinement LEQ; : {Vm,n} (m <n) - m < n+1
(suce, +1, <, <, nat, 7, 1, N, zero, symm, nat_eq_resp, =, LESSg, ex_falso,

case, nat_elim)

> Construct by refinement LEQy : {Vm,n} (m < n+1l) - m <n

(suce, +1, <, <, nat, LESSq, zero, ex_falso, N, nat_elim, 7, 0, =, inl, inr)
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B.4.2 Finite sets
B.4.2.1 Canonical n-element subsets

> Construct by refinement less_than_forms_subset
: {Vn} subset_axioms ([Am] m < n)

(<, N, nat_eq_resp, =)

> Define canon_subset
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= [An] ([Am] m < n,less_than_forms_subset n : subset N) : N — subset N

> Define coercion canonical_subset = canon_subset : N — subset N
> Define 0 = [An] (0,7 : n+1) : {IIn} n+1

> Define last_ = [An] (n,LESS; n : n+1) : {IIn} n+1

> Introduce n | N

> Unless otherwise specified, by default 7,7,k : n

> Construct by refinement s__forms_map
: ([N] (Fa+1,i2 : n+1)).(is_map|n|n+1)
(4+1, N, resp, =)

> Allow +1 to be written postfix
> Define +1 = ([Ai] (i.1+1,i.2 : n+1),s_forms_map : map n n+1)
: map n n+1
> Allow 0+ to be written prefix
> Define 0+ = [Ai] (i.rep,i.ev.less_than_tran (LESS; n) : n+1) : n — n+1

> Discharge n

B.4.2.2 Comparing the sizes of finite subsets

> Introduce S; A : subset S; T and B : subset T’
> Allow = to be written infix

> Define & = el (iso B A) : prop

> Discharge B, T

> Define has_finite_size = [An] = n : N — prop
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> Define is_finite = (3n) has_finite_size n : prop
> Discharge but keep A, S

> Introduce T and B : subset T'

> Allow < to be written infix

> Define < = (Ja,b:N) A; (A.has finite_size a) (B.has finite_size b) (a < b)

: prop
> Discharge B, T, A, S

B.4.3 Results concerning finiteness
B.4.3.1 Results concerning canonical n-element subsets

> Prove ex O : {IIC': Typep} 0 — C

= [AC': Typeo] [Ai: 0] ex_falso C (LESSg i.ev)

> Introduce n
> Introduce i : n+1 \ (last- n)

> Prove subresult Py : i < n

= LEQ> 7 n i.ev.fst

> Prove subresult C; : (i <n) —i<n
= [)\Hll’i < n] Hq

> Prove subresult Cy : (equaliin Nin) — i <n

= [AH2 :equal_in N ¢ n] ex_falso (i < n) (i.ev.snd Ha.symm)

> Prove subresult P; : 7 < n

= case Pg C; Co
> Discharge ¢
> Introduce ¢

> Prove subresult Po_; : i < n+1

= i.ev.less_than_tran (LESS; n)

> Suppose X : equal_in N (last_n) i

> Prove subresult Poo_; 17 < ¢

= nat_eq_resp X ¢ < i.ev
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> Prove subresult Py_5 : false

= less_than_arefl i Po_o_1

> Discharge X

> Prove subresult Py : i € (n41\ (last-n))

= pair P21 P2>

> Discharge ¢

> Prove CANON; : (n+1 \ (last-n)) =n

= pair P1 P2
> Discharge P, Po_o, Pa_o_1,Pa1, P1, Co, Gy, Py, 1
> Introduce n | N

> Construct by refinement CANON,
: {Vi:n+1} (equaliin n+1 (0 n) i) V ((37) equal_in n+1 j+1 )
(+1, <, N, symm, nat_eq_resp, canon_subset, €, +1, equal_in, 0, inr, =, 0, inl,

NAT1, V, case)
> Discharge n

> Introduce 7 : 1

> Prove subresult C; : (equal_in 0+1 (0 0) i) — 0 =1
= [AH1 :equal.in 0+1 (0 0) ¢] Hy

> Prove subresult Cy : ((35:0) equal_in 0+1 j+14i) — 0 =1
= [AH2:(Xj:0) equal_in 0+1 j+1 i] ex.O (0 =) Ha.1

> Prove CANON3 : 0 =+
= case (CANON i) C; C2

> Discharge Cq, Cy,1

B.4.3.2 Results concerning discreteness

> Prove N_discrete : N.is_discrete
= nat_double_elim ([Az,y:N] (z = y).or_not) (or_not_is_true 7)
([Ay :N] [A_: (0 = y).or_not] or_not_is_false (ex_falso false))
([Az:N] [A-: {Ily:N} (z = y).or_not] or_not_is_false (ex_falso false))

([Az:N] [Aih:{Ily:N} (z = y).or-not] [Ay:N] [A_: (z+1 = y).or_not] ih y)
> Prove n_discrete : {IIn} n.is_discrete

= [An] [Mi, j] N_discrete 7 j

> Introduce S, T; suppose H : S.is_discrete and introduce f : splitepi S T

293
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> Let f" = (f.ev).; : map T S; introduce x,y : T and suppose H;

L (Fa) = (Fy)
> Prove subresult Q; : . = (f o f' )

= ((f.ev).2 z).symm

> Prove subresult Qq : (f o f' x) = (f (f' 2))

= rewrite_compose f f' x

> Prove subresult Q3 : (f (f' x)) = (f (f' y))

= f.resp Hy

> Prove subresult Qq : (f (f'y)) = (f o f' y)

= (rewrite_compose f f' y).symm

> Prove subresult Qs : (f o f' y) =y

= (fev)2y

> Prove subresult C; : v =y
= (Qi.tran Q2).tran (Qsz.tran (Qa4.tran Qs))

> Discharge H;

> Prove subresult Cy : (z = y) — (f' z) = (f' y)
= [AH2:x = y] f'.resp Ho

> Prove subresult Py : ((f' z) = (f' y)) < (z = y)
= pair C; Cq

> Prove subresult Py : ((f' ) = (f' y)) V ((f' ) # (f' y))
= H (f 2) (f y)

> Prove DISC; : (z = y).or_not
= DEC, P; Py

> Discharge Py, Py, Co, C1, Q5, Q4, Qs, Qo, Qu, y, x,f', f, H, T, S
> Introduce S; A and suppose H : A.is_finite
> Let f = make ((iso_eq_mono_epi|H 1|A).fst H.3).snd : splitepi H1 A

> Prove DISC, : A.is_discrete
= DISC; (n_discrete H.1) f

> Discharge f, H, A, S

B.4.3.3 Results relating exclusion and finite size

> Introduce S; A; n | N; suppose a : n+1.iso A and introduce z : A
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> Let holeiin.n = a™! z : n+1
> Let swap_iso = permute (n_discrete n+1) (last- n) hole_in_n : iso n+1 n+1
> Let adjusted_a = compose_isos_is_iso a swap_iso : iso n+1 A

> Prove subresult Qg : (swap-iso (last_ 1)) = hole_in_n
= PERMUTE; (n_discrete n+1) (last_ n) hole_in_n (last_ n) (refl (last_ n))

> Prove subresult Q; : (adjusted_a (last_ n)) = (a hole_in_n)

= a.resp Qo

> Prove subresult Qs : (a hole_in.n) = x

= (rewrite_compose a a~! x).tran (iso_compose_inverse a z)

> Prove subresult squeezed_a : iso (n+1 \ (last_n)) (A \ (adjusted_a (last_n)))

= squeeze_iso adjusted_a (last_ n)

> Prove subresult Qs : (A \ (adjusted_a (last_n))) = (A \ z)
= EXCL; A (Ql.tran QQ)

> Prove subresult Qn : (n+1 \ (last_n)) =n
= CANON; 7

> Prove EXCLy : n.iso (A \ )

= ISOresp Qn Q3 squeezed_a

> Discharge

Qn, Q3, squeezed_a, Q2, Q1, Qo, adjusted_a, swap_iso, hole_in_n, z, a,n, A, S

B.4.3.4 Results concerning the sizes of finite subsets

> Prove eqgsize_refl : {VS} {VA:subset S} A = A
= [AS] [AA:subset S] iso_refl A

> Introduce S, Sy, Sa, S3; A | subset Si; B | subset Sy and C' | subset S3

> Prove eqgsize symm : (A= B) - B= A
= [AH: A = B] iso.symm H

> Prove egsize_tran: (A= B) - (B=(C) - A=C
= [AH1:A = B| [AH2:B = (] iso_tran Hy H;

> Discharge but keep C, B, A, S3, S5, S1

> Prove EQSIZE, : (A = B) — A.isfinite — B.is finite
= [MgB: A = B] [\H : A.is_finite]

(H.1, AgB.eqgsize_symm.egsize_tran H.p : B.is_finite)
> Let p=[dm,n] (m=n) > m=n:N—N — prop
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> Prove subresult Czz: p 0 0
=007

> Prove subresult Czs : {IIn} (p 0 n) — p 0 n+1
= [An] [A-:p 0 n] [AX :n+1l.iso 0] ex-O (0 = n+1) (X (0 n))

> Prove subresult Cz : {IIn} p 0 n
= N_elim ([An] p 0 n) Czz Czs

> Introduce m and suppose ih : {IIn} p m n

> Prove subresult Csz : p m+1 0
= [AX :0.is0 m+1] ex O (m+1 =0) (X! (0 m))

> Prove subresult Css : {IIn} (p m+1n) — p m+1 n+1
= [An] [A=:p m+1 n] [AH : n+1.iso m+1]

th n (1502 n (CANON; m) (EXCLy H (last- m)))
> Prove subresult Cs : {IIn} p m+1 n

= N_elim ([An] p m+1 n) Csz Css
> Discharge th, m

> Prove EQSIZE; : {IIm,n|N} (m =Zn) - m=n
= [Mm,n|N] N_elim ([Am/] {IIn’} pm/ n’) CzCsm n

> Prove EQSIZE,
: {IIm, n | N} (A.has_finite_size m) — (A.has finite size n) — m =n
= [Am,n |N] [AH1 : A.has_finite_size m] [AHz2 : A.has_finite_size n]

EQSIZE; (H:.eqgsize_symm.eqsize_tran H2)
> Discharge Cs, Css, Csz, Cz, Czs, Czz, p

> Discharge but keep C, B, A, S3, Ss, S1
> Prove SMALLER, : (A < B) — A.is_finite

= [AH:A <X B| (H.1,H.2.2.fstz : A.isfinite)

> Construct by refinement SMALLER; : A.is_finite - (A= B) - A< B
(leq_than_refl, eqsize_symm, N, eqsize_tran, <, has finite_size, pairz, /5, =

is_finite)
> Construct by refinement smaller_tran: (A B) - (B (C) — A
(<, has_finite_size, thds, leq_than_refl, fst3, snd3, EQSIZE2, nat_eq_resp,

N
Q

leq_than_tran, pairz, A5, N, <)
> Construct by refinement smaller.asymm : (B A) - (A< B) - A=DB

(N, egsize_refl, 22, leq_than_refl, <, has_finite_size, fst3, snds, EQSIZE3,

nat_eq-resp, thds, leq_than_tran, leq_than_asymm, egsize_tran, egsize_symm, <)

> Discharge C, B, A, S5, 55,51
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> Let po = [An] [AA:subset S| (3m) (m.iso A).el A (m < n)
: N — (subset S) — prop
> Let p; = [A\n| {VA,B} (AC B) —
A ((n.iso A) — B.is_discrete — A.is_decideable_in B)
((n.iso B) — ((A.is_decideable_in B) — pa n A) A ((n.iso A) — A = B))
: N — prop;
> Introduce A, B and suppose H : A C B
> Let Cz; = [Aa:0.iso A] [\_: B.is_discrete| [\z: B]
inr_is_true (z € A) ([A\X:z € A] ex O false (a™! (make X)))
: (0.iso A) — B.is_discrete — A.is_decideable_in B

> Introduce b : O.iso B

> Prove subresult ex A : {IIC': Typeg} A — C
= [AC': Typeo] [A\z: A] ex. O C (b~ (H z))

> Let zfun=ex 0 A:0— A

> Let 2’ fun=exA0: A— 0

> Prove subresult z_forms_map : {Vi,j|0} (i = j) — (z_fun i) = (z_fun j)
= [M,7|0] [A_:¢ = j] ex.O ((z-fun i) = (z_fun j)) ¢

> Prove subresult z'_forms_map : {Vz,y| A} (z = y) — (z'fun ) = (2’ fun y)
= [Az,y| A] Aoz = y] ex A ((Z'fun z) = (Zfun y)) =

> Let z_map = (z_fun,z_forms_map : map 0 A) : map 0 A

> Let z'_map = (z'_fun,z'_forms_-map : map A 0) : map A0

> Prove subresult z_P; : {Vi:0} (z'_-map o zzmap i) =i
= [Xi:0] ex.O ((z'-map o zzmap i) = i) %

> Prove subresult z_Py : {Vz: A} (zzmap o z'_map z) =z
= [Mz:A] ex A ((zzmap o z'_map z) = z) =

> Prove subresult z_forms_iso : z_map € (iso 0 A)
= (z'_map, pair z_.P; z_P2 : z_map € (iso 0 A))

> Prove subresult z_iso : 0.iso A

= (z-map, z_forms_iso : 0.iso A)

> Prove subresult Pz : 0 <0

= inr_is_true (0 < 0) T
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> Prove subresult Cz, : (A.is_decideable_in B) — py 0 A
= [A_: A.is_decideable_in B] (0, pair z_iso Pz : p2 0 A)

> Prove subresult Czz : (0.iso A) — (A C B) A ({Vz:B} x € A)
= [A\_:0.is0 A] pair H ([A\z:B] ex.O (z € A) (b~! z))

> Prove subresult Czy3 : ((A.is_decideable_in B) — py 0 A) A
((0.iso A) = (A C B) AN ({Vz:B} z € A))

= pair Czg Cz3

> Discharge b

> Prove subresult Cz : ((0.iso A) — B.is_discrete — A.is_decideable_in B) A
((0.iso B) — ((A.is_decideable_in B) — py 0 A) A
((0.iso A) = (A C B) A ({Vz:B} z € A)))

= pair Cz1 Cza3

> Discharge H, B, A

> Introduce n and suppose ih : p; n

> Introduce A, B and suppose H : A C B

> Introduce a : n+1.iso A; suppose H; : B.is_discrete and introduce = : B

> Prove subresult Ps; 4 : (A \ (a (last_n))) C B
= (EXCLo A (a (last- n))).subs_tran H

> Prove subresult Ps; 5 : n.iso (A \ (a (last_n)))
= EXCL4 a (a (last- n))

> Prove subresult IH; : (A \ (a (last_ n))).is_decideable_in B

= (ih PSl_l).fSt Psi12 Hy
> Suppose Hy_1 : x € (A \ (a (last_n)))

> Prove subresult C;_; : (x € A) V (z & A)
= inl_is_true Hy_1.fst (z € A)

> Suppose Hy o : & (A '\ (a (last_n)))
> Suppose Hy o1 : (H (a (last_n))) ==
> Prove subresult Cy 51 : (z € A) V (x € A)

= inl_is_true (eq_closed|S|A Hi_2-1 (a (last-n)).ev) (z & A)
> Suppose Hy 55 : (H (a (last_n))) # x
> Prove subresult C; 55 : (z € A) V ((x € A) — false)

= inrdis_true (z € A) ((A\X:z € A] Hi2 (pair X H1-2-2))

> Discharge H1 2.2, H1 2.1
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> Prove subresult Cy 5 : (x € A) V (z € A)

= case (H1 (H (a (last-n))) z) Ci-2.1 Ci2-2
> Discharge Hy o, Hy 4
> Prove subresult Cs; : (z € A) V (z ¢ A)

— case (|H1 CC) C1_1 Cl_Q

> Discharge x, Hy,a
> Introduce b : n+1.iso B
> Let bn = b (last_n) : B

> Prove subresult DB : B.is_discrete
= DISCz (n+1,b : B.is finite)

> Prove subresult DA : A.is_discrete
= [Az,y: A] DB (H z) (H y)

> Let B' = B\ b_n : subset S
> Prove subresult by : iso ((canon_subset n+1) \ (last_n)) (B \ (b (last_n)))

= squeeze_iso b (last_ n)

> Prove subresult Qn : (n+1 \ (last_n)) =n
= CANON; n

> Prove subresult b’ : n.iso B’
= 1S0O; Qn B’ by

> Introduce a : n+1.iso A

> Suppose H; : A.is_decideable_in B
> Suppose Hi 1 :bne A

> Let A" = A\ Hp_ : subset S

> Prove subresult P;_; : A’ C B’
= EXCLys H Hy_y

> Prove subresult [Hy3_;
: ((A'.is_decideable_in B') — pa n A") A ((n.iso A') — A’ =B’)
= (ith P1-1).snd b’
> Prove subresult P;_, : A'.is_.decideable_in B’
= [Az:B’] DEC3 (H; w.ev.fst) (DEC5 (DB b_n z.ev.fst))

> Prove subresult IHy_; : po n A’

= IHg3_1.fst P19
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> Let m; = IHQ,l.]_ : N
> Prove subresult a;’ : my.iso A’
= IHy_1.2.fst
> Prove subresult Psy : mj+1 < n+1

= |H2_1.2.snd

> Prove subresult Qm : my = (my+1 \ (last- my))
= (CANON; m1).equal_subs_symm

> Prove subresult a;” :iso (m;+1 \ (last- my)) A’
=1SO1 Qm A’ a7’

> Prove subresult a; : m;+1.iso A

= stretch_iso (last- m1) Hi_1 (n_discrete mi+1) DA a”

> Prove subresult Csy_; : po n+1 A
= (m1+1, pair a1 Psa : p2 n+1 A)

> Prove subresult a'y : n.iso A’
= EXCLy a Hi,

> Prove subresult IH;_; : A’ = B’

= |H23_1.snd a’1
> Introduce z : B
> Prove subresult Csy 51 : (bn=2) -z € A
= [AX :b_n = z] eqclosed|S|A X Hi_1
> Suppose X : b.n # x
> Prove subresult Ps; 3.1 : x € B’
= pair x.ev X

> Prove subresult Ps; 3.0 : A"C A
= EXCLo A Hy4

> Prove subresult Ps; 3.3 : B C A

= IH3_1.snd.subs_tran Ps;_3_o

> Prove subresult Csy 9.5 : x € A

= P51_3_3 (make P51_3_1)
> Discharge X

> Prove subresult Ps; 3 : 2 € A

= case (DB b.n z) Cs2_2-1 Csa22-2

> Discharge x
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> Prove subresult Cs3_; : A = B
= pair H Psy_3

> Discharge H_4
> Suppose Hy :bn¢g A

> Prove subresult Po_; : A C B’

= [Az: A] pair (H z) ([AX :b_n.(equal_in S) z] H (eq_closed X.symm z.ev))

> Prove subresult [Hy3_5

: ((A.is_decideable_in B') — pan A) A ((n.iso A) - A =DB")

= (ih P2_1).snd b’
> Prove subresult Py_ : A.is_decideable_in B’
= [Az:B’] Hy z.ev.fst
> Prove subresult IHy 5 : pon A
= IHo3_2.fst Po_o
> Let my — |H2_2.1 : N
> Prove subresult as : ma.iso A
= IHy 5.5.fst
> Prove subresult Psy_; : my < n
= |H2_2.2.snd
> Prove subresult Psy 5 : n < n+1

= inlis_true (LESS: n) (n = n+1)

> Prove subresult Psy_3 : my < n+1

= Psgo_;.leq_than_tran Psg_o
> Prove subresult Csy_5 : po n+1 A
= (mg, pair ag Psa_3 : p2 n+1 A)

> Prove subresult Psy_s : iso my n+1

= ag.iso_tran a.iso_symm

> Prove subresult Psy_5 : n+1 = my
= EQSIZE; Psy_4

> Prove subresult Psy_g : my < n+1
= LEQ1 m2 n Psy_1

> Prove subresult Psy_7 : my < mjy

= nat_eq-resp Psa_5 ma < Psa_¢

> Prove subresult Cs3 5 : A = B

= ex_falso (A = B) (less_than_arefl mo Psa_7)

301
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> Discharge Hy

> Prove subresult Csy : po n+1 A
= case (H1 b_n) Csa_1 Csa_2

> Prove subresult Cs3" : A = B
= case (Cs; a DB b_n) Csz_1 Cs3_2

> Discharge H,

> Prove subresult Cs3 : A = B
= Cs3' (Cs1 a DB)

> Discharge a

> Prove subresult Csgs
: ((A.is_decideable_in B) — ps n+1 A) A ((n+1.iso A) — A = B)

= pair Csg Cs3
> Discharge b

> Prove subresult Cs
: ((n+1.iso A) — B.is discrete — {Vx:B} (x € A) V (x € A)) A
((n+1l.iso B) —
((A.is_decideable_in B) — py n+1 A) A ((n+1l.iso A) — A = B))

= pair Csy Cs23
> Discharge H, B, A,ih,n
> Prove FINg : {IIn} p; n

= N_elim p; Cz Cs

> Introduce A, B

> Prove FIN; : B.is_finite — (A.decideable subs B) — A < B
= [\H; : B.isfinite] [\H2 : A.decideable_subs B
[6P = ((FINg Hi.1 Hz.snd).snd Hj.2).fst Ho.fst]
(P.1, H1.1,pairg P.a.fst Hi.2 P.2.snd : A < B)

> Prove FINy : (A=B) - A= B
= [AQ:A = B] IS0 Q A (iso_refl A)

> Prove FIN3 : (A C B) — A.isfinite - (A= B) - A=1B
= [AH1:A C B] [\Hz: Adis finite] [\H3: A = B]

((FINg H2.1 Hl).s.nd (Hz.2.iso_tran Hg.iso_symm)).snd Hs .o
> Prove FIN, : (A = B) — A.is_finite — B.is finite

= [AQ: A = B] [\H : A.is finite] EQSIZE, (FINy Q) H

302
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> Discharge
B, A, CS, C523, CSg, CS3,, CSQ, C53_2, P52_7, P52_6, |:)52_57 P52_4, CSQ_Q, P52_3,
Psy_9, Psy_i,a2, Mg, IHy 5, P, IHa35, Po_y, Cs3_1, Ps_3, Csy 9, Psi 33,
Psi 5.9, Ps1_3.1,Csp91,I1H3_1,a"1,Csp1,a1,a1",Qm, Psy, a1, my, [Hy oy, Py o,
IHos 1, P11, A",b",Qn, by, B",DA,DB,b_n, Csy,Ci 5, Ci 29, Ci 51, Ci 1, IHy,
Psi_2, Psi_1, Cz, Czy3, Cz3, Czo, Pz, z_iso, z_forms_iso, z_P5, z_P1, z'_map,

z_map, z'_forms_map, z_forms_map, z' _fun, z_fun, ex_A, Cz{, p1, p2, S

B.4.3.5 Results relating decideability and finite quantification

> Construct by refinement FINj
: {Vn|N} {VP:subset n} ({Vi} (P.pred i).or_not) — ((3i) P.pred i).or_not
(+1, +1, pred, subset, 0, DEC4, symm, eq_closed, inr, equal_in, inl, CANON2,

V, case, pair, DECa, resp, N, =, or_not, LESSq, 0, or_not_is_false, N_elim)
> Construct by refinement FINg

: {Vn|N} {VP:subset n} ({Vi} (P.pred i).or_not) — ({Vi} P.pred i).or_not
(+1, +1, pred, subset, 0, DEC3, pair, snd, eq_closed, equal_in, fst, CANON2,

case, A, DECay, resp, N, =, or_not, LESSy, 0, ex_falso, or_not_is_true, N_elim)

> Introduce S and A

> Introduce A_Fin : A.is_finite
>Letn=A_Fin,:N

> Let v = A_Fing :ison A
> Introduce P : subset A

> Construct by refinement FIN; : ((3z: A) x € P) « ((Fi:n) (¢ i) € P)

(1, €, n, iso_compose._inverse, identity, is_map, ~1, o, symm, subset_forms _set,

=, set, canon_subset, N, eq_closed, pair)

> Discharge P,v,n, A_Fin, A, S
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B.5 Algebraic structures

B.5.1 Groups and fields
B.5.1.1 Groups

> Explicitly overload the identifier o

> Explicitly overload the identifier ~*

304

> Define group_axioms = [AG |set] [\id: G| [Ao:mapy G G G| [\™' :map G G]

Ns ({Ve,y,2:G} ((x o y) 0 2) = (z o (y o 2)))
({Vx:G} (x oid) = 2) A ({lIx: G} (id o x) = x))
({Vx:G} (x o z7') = id)

: {IIG | set} G — (mapy G G G) — (map G G)) — prop

> Define group = (XG:set) (Xid: G) (Zo:map, G G G) (271

group_axioms id o ~! : Type;
> Define coercion car = [AG] G 1 : group — set
> Unless otherwise specified, by default G : group
> Introduce G | group
> Define id = Ga.q : G
> Define o = G.g9.9.1 : maps G G G
> Define ™' = G.3.9.01 : map G G
> Introduce x1, x5 | G; suppose Qx : x1 = x3; introduce x,y, z

and suppose Qy : y1 = Yo
> Prove o_resp : (x1 0 y1) = (2 0 y3)
= respz o Qz Qy
> Prove o1 : (7 0 y) = (22 0 y)

= resps; 0 Qx y

> Prove og : (z 0o 1) = (2 0 )
= respsz o T Qy

1 1

> Prove inv_resp : 17 = x5~

=resp ! Qx

map G G)

Gy | G
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> Prove invy : 237! = 257!

= inv_resp

> Prove o_assoc : ((z o y) o z) = (z o (y o 2))
= G.2.2.2.2fst3 zy 2z

> Prove o.id : (x oid) =z
= (G.2.2.2.2.snd3.fst ©

> Prove ido: (idoxz) =z
= (G.2.2.2.2.snd3.snd =

> Prove o_inv : (x o x71) = id

= G.242.2.2.thd3 x

> Discharge Qyu Y2,Y1,%,Y, 7, Ql’, T2, X1, G

B.5.1.2 Results concerning groups

> Introduce G | group and =,y : G

> Prove subresult Py : 717! = (id o 7171

= (ido 271~ 1).symm

> Prove subresult Py : (id o 27171 = ((z 0 27!) o 2z7171)

1—1)

= ((o-inv z).01 =~ .symm

> Prove subresult P3 : ((z o 27) o717 = (z o (z7' o 27171))

= z.0_assoc 1 gz~ 11

> Prove subresult P, : (z o (7! 0o 27171)) = (z o id)

1

= x.09 x~ '.o_inv

> Prove subresult Ps : (z o id) = «
= z.o.id

> Prove inv_inv : 27171 = ¢

= Py.tran (P2.tran (P3.tran (P4.tran Ps)))
> Discharge Pj5, Py, P3, P2, Py

> Prove subresult Py : (z7' o 2) = (z7! o 27171

=z Llog inv_inv.symm

> Prove subresult Py : (71 o 27171) = id

=z Ll.olnv

> Prove invo: (7! o x) = id

= Pj.tran Py
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> Discharge Po, Py, y,
> Introduce z,y : G
> Suppose Q) : ¥ =y

> Prove subresult Q;_; : (z o y™1) = (w o 27 1)

= z.02 (inv_resp QQ.symm)

> Prove subresult Q; 5 : (z o z7!) = id

= z.o_inv

> Prove subresult Py : (z o y~!) = id
= Qi-1.tran Q12

-1 -1

oy)=(y " oy

= (inv_resp Q).01 y

> Prove subresult Qo ; : (x

> Prove subresult Qa5 : (y~ ' oy) =id

=invoy
> Prove subresult Py : (27 o y) = id
= Qz-1.tran Q22

> Discharge @)
> Suppose @Q : (z o y~') = id

> Prove subresult Qs 1 : x = (z o id)

= z.o_id.symm

> Prove subresult Q3 5 : (z oid) = (z o (y ! o y))

= (z.02 (inv_o y)).symm

> Prove subresult Qz 3 : (x o (y L oy)) = ((zoy™t)oy)

1

= (o-assoc z y~ ! y).symm

> Prove subresult Qs 4 : ((x o y™') o y) = (id o y)

=Qo1y

> Prove subresult Q3 5 : (id o y) =y

=idoy

> Prove subresult P3 : © =y

= (Q3_1.tran Q3_2).tran (Q3_3.tran (Q3_4.tran Q3_5))

> Discharge @)
> Suppose Q : (z7! o y) = id

> Prove subresult Qu1 : y = (id o )

= (id-o y).symm
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> Prove subresult Q45 : (id o y) = ((x o x71) o y)

= (z.o.inv.01 y).symm

> Prove subresult Q43 : ((z o x7!) oy) = (x o (z7' 0 y))

= o.assoc z z ! Yy

> Prove subresult Q44 : (z o (x7! 0 y)) = (z o id)
= .02 Q

> Prove subresult Q45 : (z oid) =z

= z.o.id

> Prove subresult P, : x =y

= ((Qq-1.tran Qq-2).tran (Q4-3.tran (Q4-4.tran Q4-5))).symm
> Discharge @)
> Prove GROUP; : (z = y) < ((z o y™!) = id)

= pair P; P3
> Prove GROUP; : (z = y) < ((z7! o y) = id)

= pair P2 Py

> Discharge P4, Qs-5, Qa-4, Qs-3, Qu-2, Qa-1, P3, Q3-5, Q3-4, Q3-3, Q3-2, Q3-1, P2,
Q2—2; Q2—17 P17 Q1—27 Ql—la Yy, r

> Introduce x,y : G

> Prove subresult Py : ((z7'" 1 oy) =id) — (x o y) = id
= [AQ:(z7171 0 y) = id] (x.inv_inv.symm.oy y).tran Q

> Prove subresult Py : ((x 0o y) =id) — (z7 "1 oy) = id
= [AQ: (x o y) = id] (z.inv_inv.o1 y).tran Q

> Prove subresult Q; : ((z7' 1 oy) =id) « ((z o y) = id)
= pair Py P2

> Prove GROUP; : (27! = y) « ((z o y) = id)
= (GROUPy z— 1 y).iff tran Q

> Discharge Qi, P2, P1,y, 2
> Introduce z,y : G

> Prove subresult P,

c(((oy)o(y o)) =id) = (xoy) ' =(y oz
= (GROUP3 (z o y) (y~' oz~ t)).snd

> Prove subresult Q; : ((zoy)o (ytoax™))=(xo(yo(ytozt)))

=oassocz y (y~ Lozt
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> Prove subresult Qa1 : (yo (ytox ™) =(yoy™') oz

= (o.assoc y y~! 7 1).symm

> Prove subresult Qa5 : ((yoy™) ox™!) = (id o z71)

= y.o_inv.o; 271

> Prove subresult Qo3 : (id o x71) = 271

=idoz~!

> Prove subresult Qy : (z o (y o (y™' oz7!))) = (x o 27 !)
= z.02 (Qz2-1.tran (Q2_2.tran Q2_3))

> Prove subresult Qs : (z o z71) = id

= z.o_inv

> Prove invofo: (zoy) ™t = (y ol
= P1 (Qi.tran (Qa.tran Q3))

> Discharge Q3, Q2, Q2-3, Q2-2, Q2-1, Q1, P1, 9, 2

> Introduce x | G and suppose H : (x o z) =

> Prove subresult Q; : z = (z o id)

= z.o_id.symm

> Prove subresult Qq : (z 0id) = (z o (z 0o z71))

= x.02 x.o_inv.symm

> Prove subresult Qs : (z o (z o 27!)) = ((x o z) o z71)

= (o_assoc z x £~ 1).symm

> Prove subresult Q4 : ((x o z) o x71) = (x 0 27 1)

= H.o1 1L

> Prove subresult Qs : (z o 271) = id

= z.o.inv

> Prove GROUP, : z = id
= (Qi.tran Q2).tran (Qsz.tran (Qa4.tran Qs))

> DiSCharge Q57 Q47 Q37 Q2) Qla H7 z, G

B.5.1.3 Abelian groups

> Define abelian_group_axioms = [AG| {Vz,y: G} (z o y) = (y o x)
: group — Typeg
> Define abelian_group = (XG) abelian_group_axioms G : Type;
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> Define coercion unab_group = [AG : abelian_group] G
: abelian_group — group

> Allow + to be written infix

> Allow — to be written prefix

> Explicitly overload the identifier —

> Allow — to be written infix

> Introduce G | abelian_group

> Define 0 = id|G : G

> Define + = o|G : map, G G G

> Define — = ~!|G : map G G

> Prove minus_forms_maps : ([A\z,y: G|  + (—y)).is-mapy
= 21,22 [G] PQu: 21 = 2] [Ay1, 92 [ G] [AQy:y1 = y2]

+.resp2 Qx (—.resp Qy) )
> Define — = ([\z,y: G|  + (—y), minus_forms_mapy : map, G G G)

:map, G G G

> Introduce x1, x5 | G; suppose Qx : x1 = o; introduce z,y,z : G; y1,y2 | G

and suppose Qy : y1 = Yo

> Prove plus_resp : (z1 + y1) = (22 + y2)
= o_resp Qz Qy

> Prove plus; : (21 + y) = (22 + ¥)
=01 Qry

> Prove plusy : (z + 1) = (z + y2)
=02z Qy

> Prove neg_resp : (—x1) = (—x3)

= inv_resp Qx

> Prove negy : (—z1) = (—x2)
= neg_resp

> Prove minus_resp : (z1 — y1) = (29 — y2)
= respz — Qz Qy

> Prove minus; : (z1 — y) = (22 — y)

= resps; — Qr y
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> Prove minusy : (x — y1) = (x — 42)
= respsa — = Qy
> Prove plus_assoc : ((z + y) + 2) = (. + (y + 2))
= 0.assoCc xr Yy 2z
> Prove plus_.comm : (z + y) = (y + x)
=Ga22y
> Prove plus_ze : (z + 0) = x
=o.id z
> Prove ze plus : (0 + z) = x

=idox

> Prove plusneg : (z + (—z)) =0

= o.invzx

> Prove minus_self : (z — x) =0

= plus_neg

> DiSCharge an Y2,Y1,%, 9,2, QQZ’, T, X1, G

B.5.1.4 Results concerning abelian groups

> Introduce G | abelian_group and w, x,y,z : G

> Prove neg neg : (—(—z)) =

> Prove neg plus : ((—z) +z) =0

= invozx

> Prove ABGROUP; : (x = y) < ((zr — y) = 0)
= GROUP; z y

> Prove minus_neg : (z — (—y)) = (z + y)

= 02 x y.inv_inv

> Prove subresult Q1 : (—(z + v)) = ((—y) + (—=z))

= invofouzy

> Prove subresult Qa : ((—y) + (—2)) = ((—x) + (—vy))

= plus_.comm (—y) (—z)
> Prove neg of plus : (—(z 4+ y)) = ((—x) + (—y))
= Q.tran Q2

> Discharge Q2, Qq
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> Prove subresult Q; : (—(z — y)) = ((—(~y)) — x)
= invofo z (—y)

> Prove subresult Qy : (y~!71 —

= y.inv_inv.minus; x

> Prove neg_of minus : (—(z — y)) = (y — x)
= Q1.tran Q2

> Discharge Qa, Qq
> Prove subresult Q, : ((w + ) + (y + 2)) = (w + (x + (y + 2)))

= plus_assoc w = (y + z)

> Prove subresult Qo : (z + (y + 2)) = ((x + y) + 2)

= (plus_assoc = y z).symm

> Prove subresult Qe : (( +y) + 2) = ((y + z) + 2)

= (plus_.comm z y).plus; z

> Prove subresult Qa3 : ((y + z) + 2) = (y + (z + 2))

= plus_assoc y = z

> Prove subresult Qo : (w + (z + (y + 2))) = (w + (y + (z + 2)))

= w.plusz (Qz2-1.tran (Q2-2.tran Q2_3))

> Prove subresult Qs : (w + (y + (z + 2))) = (w + y) + (z + 2))

= (plus_assoc w y (z + z)).symm

> Prove ABGROUP, : ((w + ) + (y + 2)) = ((w + y) + (= + 2))
= Qq.tran (Qa.tran Q3)

> Discharge Q3, Q2, Q2-3, Q2-2, Qa-1, Q1

> Discharge but keep z,y, z, w
> Prove subresult Q; : ((w + ) + (—=(y + 2))) = (w + z) + ((—y) + (—2)))
= (w + z).plusz (neg_of_plus y 2)

> Prove subresult Qs

F(w 4 2) + (=) + (=2)) = (w + (=) + (& + (=2)))
= ABGROUP: w z (—y) (—=2)

> Prove ABGROUP; : ((w + z) — (y + 2)) = (w — y) + (z — 2))
= Qu.-tran Q2

> Discharge Q2,Qq, 2z, y, x,w, G
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B.5.1.5 Fields

> Define field_axioms = [AF'| abelian_group| [Aun: F] [Atimes:mapy F' F F|
[Arecip:map F F| (\; ({Vz,y: F} (z.times y) = (y.times x))
({Vx,y,z: F} ((z.times y).times z) = (x.times (y.times z)))
({Vz,y, z: F} (x.times (y + 2)) = ((z.times y) + (z.times 2)))) A
(A; (un # 0) ({Va: F} (x.times un) = x)
({Vx: F} ((x = 0) A ((recip z) = 0)) V ((z.times (recip x)) = un)))

: {ILF | abelian_group} F' — (mapy F' F' F) — (map F' F') — prop

> Define field = (X F : abelian_group) (Lun: F) (Xtimes:mapy F' F F)
(Mrecip:map F F) field_axioms un times recip : Type;

> Unless otherwise specified, by default F' | field

> Define coercion fg = [AF :field] F'; : field — abelian_group

> Allow x to be written infix

> Allow !/ to be written prefix

> Introduce F

> Definel = Fpq: F

> Define X = F.9.9.4 : mapy ' F' F

> Define !/ = Fy994 :map ' F

> Introduce x1, x5 | F; suppose Qx : x1 = xo; introduce x,y,z : F; y1,y2 | F

and suppose Qu : y1 = Yo

> Prove times_resp : (21 X y1) = (z2 X ¥2)
= respz X Qr QY

> Prove times; : (21 X y) = (z2 X y)
= resps; X Qr y

> Prove timesy : (x X y1) = (z X ys)
= respsa X T Qy

> Prove recip_resp : (Y1) = (Yx2)
=resp I/ Qx
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> Prove recip; : (Yx1) = (Yx3)
= recip_resp
> Prove times_comm : (z X y) = (y X )
= F.g.0.2.2.fstfst3 z y
> Prove times_assoc : ((z X y) X z) = (x X (y X z))
= F.2.2.2.2.fstisndz z y z
> Prove times plus : (x X (y 4+ 2)) = ((z X y) + (x X 2))
= F.z.z.z.z.fst.thdg Ty z
> Prove nontriv : 1 # 0

= F.9.2.2.2.snd.fst3

> Prove timesun: (z x 1) =z

= F.2.2.2.2.Snd.snd3 x
> Prove times_recip : ((z = 0) A ((}/x) =0)) V ((z x (Yz)) =1)
= F.2.2.2.2.snd.thds =

> Discharge va Y2,Y1,2, Y, T, Qx7 T, X1, F

B.5.1.6 Results concerning fields

> Introduce F' and x,y,z : F

> Prove un_times: (1 x z) =«

= tran (times_.comm 1 z) (times_un x)

> Prove subresult Py : ((z + y) X 2) = (2 X (z + y))

= times_.comm (z + y) 2

> Prove subresult Py : (2 x (x + y)) = ((z x 2) + (2 X y))

= times_plus z x y

> Prove subresult P3 : ((z x ) + (2 x y)) = ((z x 2) + (y X 2))

= plus_resp (times_comm z z) (times_.comm z y)

> Prove plus_times : ((z + y) X 2) = ((z X 2) + (y X 2))

= Py.tran (Pa.tran P3)

> Discharge P3, Py, Py
> Discharge but keep z,y,
>pletzx=0x 2z : Fq111

> Prove subresult Py : zx = (zx + 0)

= zx.plus_ze.symm
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> Prove subresult Py : (zx + 0) = (zx + (zx — zx))

= zx.plusy zx.minus_self.symm

> Prove subresult Ps : (zx + (zx + (—2x))) = ((zx + 2x) + (—2zx))

= (plus-assoc zx zx (—zx)).symm

> Prove subresult Py_; : (zx + zx) = ((0 + 0) x x)

= (plus_times 0 0 z).symm

> Prove subresult P45 : ((0 + 0) x x) = zx

= (ze_plus 0).times; z

> Pyg.tran Pyo: (zx + zx) = zx

> Prove subresult Py : ((zx + zx) — zx) = (zx — zx)
= (P4-1.tran P4_2).minus; zx

> Prove subresult Ps : (zx — zx) = 0

= minus_self zx

> Prove ze_times : (0 X ) =0

= Py.tran (Pa.tran (Ps.tran (P4.tran Ps)))
> Discharge P5, P4, P4_2, P4_1, P37 Pg, Pl, ZX

> Prove times ze : (z x 0) = 0

= (times_.comm z 0).tran ze_times

> Discharge but keep z,y,
> Suppose H; : (z = 0) A ((//z) = 0)

> Prove subresult P; : x = 0
= H; .fst

> Prove subresult C; : (z = 0).or_not

= or_not_is._true P1

> Suppose Hs : (z x (Yz)) =1

> Suppose Hy 1 : . =0

> Prove subresult Py ; : 1 = (x x (Y/z))
= Hy.symm

> Prove subresult Py_y @ (z x (Y/2)) = (0 x (Yx))

= Hy_y.times; (Y/x)

> Prove subresult Py_3 : (0 x (}/z)) =0

= ze_times (1/z)

> P2_1.tran (Pg_g.tran P2_3) :1=0
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> Prove subresult P, : false

= nontriv (Pa_1.tran (P2_2.tran P2_3))

> Discharge Hy_y
> P2 T §£ 0

> Prove subresult Cy : (z = 0).or_not

= or_not_is_false Py

> Discharge Hy, Hy

> Prove subresult ze_non_ze : (z = 0).or_not

= case (times_recip z) C; Ca

> Discharge z,y, x

> Prove FIELD; : F'.is_discrete
= [Az,y: F] DEC2 (ABGROUP; z y).iff_symm (ze_non_ze (z — y))

> Discharge ze_non_ze, Co, Py, Py 5, Py 9, Py, Cq, Py
> Suppose H : (0 x (1/0)) =1
> Prove subresult P, : (0 x (}/0)) =0
= ze times (1/0)
> H.symm.tran Py, :1 =0

> Prove subresult P, : false

= nontriv (H.symm.tran P2_1)

> Prove subresult C, : (*/0) = 0
= ex_falso ((1/0) = 0) P2

> Discharge H
> Prove ze_recip : (1/0) =0

= case (times_recip 0) snd Ca

> Discharge Cy, Py, Po_q, F'
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B.5.2 Substructures
B.5.2.1 Subgroups

> Define subgroup_axioms = [AG | group] [AU : subset G]
N; (id e U) ({Vo,y:U} (xoy) e U) ({Va:U} 27t € U)
: {IIG | group} (subset G) — prop
> Introduce G
> Define subgroup = (XU :subset GG) subgroup_axioms U : Type;
> Define coercion subcar = [AU : subgroup] U : subgroup — subset G
> Discharge G
> Introduce G | group
> Unless otherwise specified, by default D, U : subgroup G
> Define subgroup_of = [AU] (¥D) D C U : (subgroup G) — Type;
> Introduce U | subgroup G and z,y : U

> Prove id_closed : id € U

= U.p.fst3

> Prove o_closed : (x o y) € U
=U.g.snd3 z y

> Prove inv_closed : 27! € U
= U.2.thds =

> Define coercion unsubg = [AD :subgroup_of U] D 4
: (subgroup_of U) — subgroup G
> Define coercion make_subg = [AD |subgroup G| [\H : D C U]
(D, H : subgroup_of U) : {IID |subgroup G} (D C U) — subgroup_of U
> Discharge y, x
> Introduce x1, x5 | U; suppose Qx : x1 = xo; introduce y1,y2 | U and
suppose Qy : y1 = Y2

> Prove subgroup_o_forms_maps : (1 0 41) = (22 0 yo)

= o.resp2 Qz Qy

316
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> Prove subgroup_inv_forms_map : x; ! = 257!
= “lresp Qz
> Discharge Qy, y2, y1, Qx, 12, 11
> Define subgroup_id = (id|G, id_closed : U) : U
> Define subgroup_o = ([Az,y:U] (x o y,xz.0closed y : U),

subgroup_o_forms_maps : maps U U U) : map, U U U

> Define subgroup_inv
= ([Mz:U] (27!, z.inv_closed : U), subgroup_inv_forms_map : map U U)
:map U U

> Introduce z,y,z : U

> Prove subresult subgroup_o_assoc : ((z o y) 0 2) = (z o (y o 2))

= 0.assoc xr Yy 2z

> Prove subresult subgroup_o_id : (z o id) = x

= o.d x

> Prove subresult subgroup_id o : (id o x) = x

=idox

> Prove subresult subgroup_ o_inv: (z o z7') = id

= o.invzx

> Discharge z,y, x

> Prove subgroup_forms_group
: group_axioms|U subgroup_id subgroup_o subgroup_inv

= pairs subgroup_o_assoc (subgroup _o_id.pair subgroup_id_o) subgroup_o_inv
> Discharge subgroup_o_inv, subgroup_id_o, subgroup_o_id, subgroup_o_assoc, U
> Define coercion as_a_group = [AU] (U, subgroup_id|U, subgroup_o|U,
subgroup_inv|U, subgroup_forms_group|U : group) : (subgroup G) — group
> Introduce Uy, Us : subgroup G and z,y : Uy N Us

> Prove subresult intersect_id_closed : (id € U;) A (id € Us)
= pair (id_closed|U;) (id_closed|Uz)

> Prove subresult intersect_o_closed
: ((z.ev.fst o y.ev.fst) € Uy) A ((x.ev.snd o y.ev.snd) € Uy)

= pair (z.ev.fst.o_closed y.ev.fst) (x.ev.snd.o_closed y.ev.snd)
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> Prove subresult intersect_inv_closed : (z.ev.fst™* € U;) A (z.ev.snd™! € Uy)

= pair z.ev.fst.inv_closed z.ev.snd.inv_closed
> Discharge y, x

> Prove intersect_forms_subgroup : subgroup_axioms (U; N Us)

= pairg intersect_id_closed intersect_o_closed intersect_inv_closed

> Explicitly overload the identifier N
> Define N = (U; N Us, intersect_forms_subgroup : subgroup G) : subgroup G

> Discharge intersect_inv_closed, intersect_o_closed, intersect_id_closed, U,, U7, G

B.5.2.2 Subgroups of abelian groups

> Introduce G | abelian_group

> Prove subgroup_forms_abelian_group
: {VH :subgroup G'} abelian_group_axioms H
= [AH :subgroup G| [A\z,y: H] plus.comm z y

> Define coercion as_an_abgroup
= [AH :subgroup G| (H,subgroup_forms_abelian_group H : abelian_group)
: (subgroup GG) — abelian_group

> Introduce H | subgroup G and z,y : H

> Prove ze_closed : 0 € H
= id_closed|G|H

> Prove plus_closed : (z + y) € H

= oclosed|G z y

> Prove neg closed : (—z) € H

= inv_closed|G z

> Prove minus_closed : (z —y) € H
= o_closed|G z (inv_closed|G y)

> Discharge y, x, H,G
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B.5.2.3 Subfields

> Define subfield_axioms = [AF] [AK :subgroup F]
Ay (1€ K) (Va5 K} (5 x y) € K) ({(va: K} (V) € K)
: {ILF'} (subgroup F') — prop
> Define subfield = [AF':field] (XK :subgroup F') subfield_axioms K
: field — Typey
> Define coercion subfg = [AF] [AK] K1 : {IIF'} (subfield F') — subgroup F
> Introduce F
> Unless otherwise specified, by default K, K, Ko, L, L1, L : subfield F’
> Define subfield_of = [AL] (XK) K C L : (subfield F') — Type;
> Introduce L | subfield F' and z,y : L

> Prove un_closed : 1 € L

= L.p.fstg

> Prove times_closed : (x x y) € L

= LAQ.Sndg Ty

> Prove recip_closed : (Y/z) € L
= L.o.thds =

> Define coercion unsubf = [AK :subfield_of L] K 4
: (subfield_of L) — subfield F’
> Define coercion make_subf = [AK |subfield F| [\H: K C L]
(K, H : subfield_of L) : {TIK | subfield F'} (K C L) — subfield_of L

> Discharge y, x

> Introduce x1, x5 | L; suppose Qx : x1 = xo; introduce yq,y> | L and

suppose QY : y1 = ¥»
> Prove subfield_times_forms_mapsy : (21 X 31) = (22 X y2)

= X.resp2 Qx Qy

> Prove subfield_recip_forms_map : (}/z;) = (}/x2)

= recip_resp Qx

> Discharge Qu, yo, y1, Qr, T2, 21



APPENDIX B. FORMALISATION 320

> Define subfield_un = (1|F,un_closed : L) : L
> Define subfield_times = ([\z,y: L] (z X y,z.times_closed y : L),

subfield_times_forms_mapy : mapy L L L) : maps L L L
> Define subfield_recip

= ([Mx: L] (}/x,recipclosed z : L), subfield_recip_forms_map : map L L)
:map L L
> Introduce z,y, 2z : L

> Prove subresult subfield_times_comm : (z X y) = (y X z)

= times_.comm z y

> Prove subresult subfield_times_assoc : ((z X y) X 2) = (z X (y X 2))

= times_assoc x y z
> Prove subresult subfield_times_ plus : (z x (y + 2)) = ((z X y) + (z X 2))

= times_plus z y z

> Prove subresult subfield_times.un: (z x 1) =

= times_un x

> Prove subresult subfield_times_recip

P =0) A ((Y2) =0)) v ((z x (Vz) =1)

= times_recip =

> Discharge z,y, x

> Prove subfield_forms_field
: field_axioms| L subfield_un subfield_times subfield_recip
= pair (pairz subfield_times_.comm subfield_times_assoc subfield_times_plus)

(pairs (nontriv|F') subfield_times_un subfield_times_recip)

> Discharge subfield_times_recip, subfield_times_un, subfield_times_plus,

subfield_times_assoc, subfield_times_comm, L

> Define coercion as_a_field = [AL] (L, subfield_un|L, subfield_times|L,

subfield_recip|L, subfield_forms_field| L : field) : (subfield F') — field
> Introduce K, L and x,y : K N L
> Prove subresult intersect_un closed : (1 € K) A (1 € L)
= pair (un_closed|K) (un_closed|L)

> Prove subresult intersect_times_closed
: ((z.ev.fst x y.ev.fst) € K) A ((x.ev.snd x y.ev.snd) € L)

= pair (z.ev.fst.times_closed y.ev.fst) (z.ev.snd.times_closed y.ev.snd)
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> Prove subresult intersect recip_closed : ((!/z.ev.fst) € K) A ((}/x.ev.snd) € L)

= pair (recip_closed x.ev.fst) (recip_closed x.ev.snd)

> Discharge y, x

> Prove intersect_forms_subfield : subfield_axioms (K N L)

= pairz intersect_un_closed intersect_times_closed intersect_recip_closed

> Explicitly overload the identifier N
> Define N = (K N L, intersect_forms_subfield : subfield F) : subfield F
> Discharge

intersect_recip_closed, intersect_times_closed, intersect_un_closed, L, K, I

B.5.3 Morphisms between substructures
B.5.3.1 Morphisms that respect binary mappings

> Explicitly overload the identifier &

> Allow @, to be written infix

> Allow @, to be written infix

> Introduce S, T; &1 : mapy S S S; @y : mapy T'T' T and A : subset S
> Define is_resp-mapy = [Af:map S T {Vz,y: A}

(f (z @1 y) = ((f z) ®2 (f y)) : (map S T) — prop
> Introduce fi, fo | map S T; Q : f1 = fo; H ¢ fi.is_resp-mapy and x,y : A

> Prove subresult Qq : (fo.x (z @1 v)) = (f11 (z &1 v))
= (Q (z @1 y)).symm

> Prove subresult Qo : (f1 (z @1 vy)) = ((f1 ) ®2 (f1 v))

=Hzxzy

> Prove subresult Qs : (®2 (fi1 @) (fi1v)) = (@2 (fo1 @) (f21v))
= @a.resp2 (Q ) (Q v)

> Prove resp_mapy_forms_subset : (fo.x (x &1 y)) = (B2 (for z) (fe1 v))
= Qq.tran (Qa.tran Q3)

> Discharge Qs, Q2, Q1,y, 2, H,Q, f2, fi
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> Define resp_map,
= (is_resp_maps, resp_map,_forms_subset : subset (map S T'))

: subset (map S T)
> Discharge A, @y, ®1,T, S

B.5.3.2 Morphisms between subgroups

> Introduce G | group

> Define is_subgroup_hom = [AU :subset G| is_resp-maps|G|G o o U
: (subset G) — (map G G) — prop

> Define subgroup_hom = [AU : subset G| resp_map,|G|G o o U

: (subset G) — subset (map G G)

> Introduce U | subgroup G; f : subgroup_hom U and z,y : U
> Prove ono : (f (z0y)) = ((f ) o (fy))
= fevxy
> Prove subresult Qq : ((f (id|U)) o (f (id|U))) = (f ((id|U) o (id|U)))
= (f.ev (id|U) (id|U)).symm

)-
> Prove subresult Qq : (f (id o id)) = (f id)

= foresp id.o.id
> Prove on_id : (f id) = id
= GROUP (Qi.tran Qo)
> Discharge Qq, Q1
> Prove subresult Q; : (f x7%) = ((f 7!) o id)

= (f 27 1).o.id.symm
> Prove subresult Qy : ((f 7Y oid) = ((f 2™ o ((f x) o (f 2)7Y))
= (f 7 Y).02 (f x).o_inv.symm

> Prove subresult Qs
t(fa o ((fa)o(fa) ) =(((fah) o (f2)o(fa))
= (o-assoc (f z71) (f @) (f «)~!).symm
> Prove subresult Qu_1 : ((f z(THU)) o (f z)) = (f (x(7'|U) o x))

= (f.evz(~1U) z).symm

> Prove subresult Qq o : (f (27" o x)) = (f id)
(i

= f.resp (inv_o x)
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> Prove subresult Q4 : (((f z(7YU)) o (f z)) o (f z)™') = (ido (f z)7!)

= (Qq-1.tran (Qa-2.tran on_id)).o1 (f )~
1

> Prove subresult Qs : (id o (f z)™1) = (f z)~
=ido (f x)~!

> Prove oninv : (f 27!) = (f 2)™!
= Qi.tran (Qa.tran (Qs.tran (Q4.tran Qs)))

> Discharge Qs, Qq, Qs—2, Qa-1,Q3, Q2, Qu, 9, 2, f,U, G

> Introduce G | abelian_group; H | subgroup G; f : subgroup_hom H and z,y

t H
> Prove on plus: (f (z + ) = ((f z) + (f v))
= fonozxzy
> Prove onze : (f 0) =0
= f.on_id
> Prove onneg : (f (—z)) = (—(f x))
= f.on.invz

> Discharge but keep vy, x
> Prove subresult Py : (f (z + (—|Hy))) = ((f =) + (f (—=|Hy)))

= on_plus z (—|Hy)

> Prove subresult Py : ((f ) + (f (=) = (f ) + (=(f v)))

= (f x).plusa (on_neg y)

> Prove on_minus : (f (z —y)) = ((f =) — (f v))

= Py.tran Py

> Discharge Py, P1,y, 2z, f, H,G

B.5.3.3 Characters

(I introduced these now as they fit nicely in defining subfield homomorphisms
and will be needed in the development of the Theorem A proof.)

> Introduce S; @ : mapy S S S; A : subset S and F : field

> Define is_not_all_ zero = [Af:map S F] =({Vx: A} (f =) = 0)

: (map S F') — prop
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> Prove not_all_zero_forms_subset : subset_axioms is_not_all_zero
= [Af1,f2|map S F] AQf: f1 = f2] [A\H : f1.is_not_all_zero] [AX : {Vz: A}

(f2 z) = 0] H ([Mx: A] (Qf z).tran (X z))
> Define not_all_zero

= (is_not_all_zero, not_all_zero_forms_subset : subset (map S F))

: subset (map S F)

> Allow -character to be written postfix
> Define -character = not_all_zero N (resp_mapy @ (X|F') A) : subset (map S F))
> Discharge F', A, ®, S

B.5.3.4 Morphisms between subfields

> Define subfield_hom = [AF] [\L :subset F'] (subgroup_hom L) N

(x-character L F') : {IIF'} (subset F') — subset (map F' F)
> Introduce F' and L | subfield F'

> Prove subfield_hom _forms_subgroup_hom
: {Vf :subfield_hom L} f € (subgroup_hom L)

= [A\f :subfield_hom L] f.ev.fst

> Define coercion sthom_sghom
= [Af :subfield_hom L] make (subfield_hom_forms_subgroup_hom f)

: (subfield_hom L) — subgroup_hom L
> Introduce f : subfield_.hom L and =,y : L

> Prove on_times : (f (z X y)) = ((f x) X ([ y))

= f.ev.snd.snd z y

> Discharge but keep y, x
> Suppose Hy : (f 1) =0
> Prove subresult Q; : (f ) = (f (z x 1))

= f.resp z.times_un.symm
> Prove subresult Qq : (f (z x (1|L))) = ((f =) x (f (1|L)))

= on_times z (1|L)

> Prove subresult Q3 : ((f ) x (f 1))

= (f x).timesy H;

((f z) x 0)
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> Prove subresult Q4 : ((f ) x 0) =0

= (f x).times_ze

> Prove subresult Qs : (f ) =0
= (Q1.tran Q2).tran (Qz.tran Q4)

> Discharge Hy,y, x

> Prove subresult C; : (((f 1) =0) A (Y/(f1))=0) = (f1)=1
=[H:((f 1) =0) A ((Y/(f 1)) = 0)]

ex_falso ((f 1) = 1) (f.ev. snd fst ([Axz:L] Qs = H.fst))

> Suppose Hy : ((f 1) x (1/( 1) =
> Prove subresult Qg : (f 1) = ((f 1) x 1)

= (f 1).times_un.symm
> Prove subresult Q7 : ((f 1) x 1) = ((f 1) x ((f 1) x (Y/(f 1))))
= (f 1).timesy Ha.symm

> Prove subresult Qg

(1) < ((F 1) x (V1)) = (((F 1) x (f 1) x (/(f 1))

= (times_assoc (f 1) (f 1) (Y/(f 1))).symm

> Prove subresult Qg

(L)) x (f (L)) x (/(F 1) = ((f (L) x (X|L))) < (/(f

= (on_times (1|L) (1|L)).symm.times; (}/(f 1))
> Prove subresult Qio @ ((f (1 x 1)) x (Y/(f 1))) = ((f 1) x (/(f 1)))

= (f.resp 1.times_un).times1 (1/(f 1))

> Prove subresult Co : (f 1) =1
= ((Qs-tran Q7).tran Qg).tran (Qg.tran (Qio.tran H2))

> Discharge Hs

> Proveonwun: (f1)=1

= case (times_recip (f 1)) C1 C2
> DiSCharge C27 QlOJ Q97 Q87 Q77 Q67 C17 Q57 Q47 Q37 Q27 Ql

> Introduce = : L and suppose H; : . =0

> Prove subresult Q; : (f (}/x)) = (f 0)

= f.resp ((}/.resp Hy).tran ze_recip)

> Prove subresult Q, : 0 = (Y/(f 0))

= ((*/.resp f.on_ze).tran ze_recip).symm

> Prove subresult Qs : (Y/(f 0)) = (Y/(f x))

= .resp (f.resp Hy.symm)
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> Prove subresult Py : (f (Y/x)) = (Y/(f z))

= (Qi.tran f.on_ze).tran (Qa.tran Q3)

> Discharge H;

> Prove subresult C; : ((x = 0) A ((Y/2) = 0)) — (f (Y2)) = (Y (f 1))

= [AH:(x = 0) A ((}/x) = 0)] Py H.fst
> Suppose Hs : (z x (Yz)) =1

> Suppose H : ((f @) = 0) A ((Y/(f #)) = 0)
> Prove subresult Q4 : 1 = (f 1)
= on_un.symm
> Prove subresult Qs : (f 1) = (f (z x (Y/x)))
= f.resp Ha.symm

> Prove subresult Qg
: (f (x x (recipclosed z))) = ((f ) x (f (recip_closed x)))

= on_times x (recip_closed x)

> Prove subresult Q7 : ((f =) x (f (Y/x))) = (0 x (f (Y/x)))

= Hs.fst.times; (f (Y/x))
> Prove subresult Qg : (0 x (f (}/z))) =0
= ze_times (f (}/z))

> Prove subresult Co_; = (f (Y/2)) = (Y/(f z))

= exfalso ((f (1/38)) = (1/(f x)))

(nontriv ((Qa4.tran Qs).tran (Qs.tran (Qr7.tran Qg))))
> Discharge Hj

> Suppose Hy : ((f z) x (Y(f x))) =1
> Prove subresult Qg : (Y/(f x)) = ((}/(f x)) x 1)

= (1/(f x)).times_un.symm

> Prove subresult Q0 : 1 = (f (z x (Yz)))

= ((f.resp Hz2).tran on_un).symm

> Prove subresult Qq; : (f (z x (Y2))) = ((f z) x (f (Yx)))

= on_times z (recip_closed z)

> Prove subresult Qo : (Y/(f x)) x 1) = ((Y/(f ) x ((f =) x (f (Yx))))

= (Y/(f x)).timesa (Qio.tran Q11)

> Prove subresult Qi3

(/) < ((f o) > (f (V) = (C/(f =) x (f ) x (f (2)))

= (times.assoc ('/(f x)) (f @) (f (*/x)))-symm
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> Prove subresult Quq : ((Y/(f #)) x (f x)) = ((f z) x (Y/(f ©)))
= times_comm (Y/(f z)) (f z)

> Prove subresult Qu5 : (((*/(f 2)) x (f 2)) x (f (Y2))) = (1 x (f (Y/x)))

= (Qiq.tran Hy).timesy (f (Yz))

> Prove subresult Qi6 : (1 x (f (Y/2))) = (f (V)
= un_times (f (1/x))

> Prove subresult Co_5 : (f (Y2)) = (Y/(f 2))

= ((Qo-tran Qi2).tran (Qis.tran (Qis.tran Qig))).symm

> Discharge Hy
> Prove subresult Cy : (f (Y/2)) = (Y(f z))

= case (times_recip (f x)) Ca-1 Co-2

> Discharge Hy
> Prove on_recip : (f (Y2)) = (Y/(f x))

= case (times_recip z) C; Ca

> DiSCharge C27 C2—27 Qlﬁa Q157Q147 Q13a Q127Q117 Q107 Q97 C2—17Q87 Q77Q6a Q57
Q47C17P17Q37Q27Q17x7f7L7F

B.5.4 Decideable substructures
B.5.4.1 Decideable subgroups

> Define dsubgroup = [AG] (X.J : subgroup G) J.is_decideable : group — Type;
> Define coercion undecide_subgroup = [AG | group] [AJ : dsubgroup G| J 4

: {IIG | group} (dsubgroup G) — subgroup G
> Define coercion dsubcar = [AG | group] [AJ : dsubgroup G]

(J,J.2 : dsubset G) : {IIG | group} (dsubgroup G) — dsubset G

B.5.4.2 Decideable subfields

> Define dsubfield = [AF':field] (X¥K) K.is_decideable : field — Type;
> Define coercion undecide_subfield = [AF| [AK :dsubfield F] K 4
: {IIF'} (dsubfield F') — subfield
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> Define coercion dsubfg = [AF] [AK :dsubfield F'] (K, K., : dsubgroup F')

: {ILF'} (dsubfield F') — dsubgroup F
> Introduce F' and L

> Define dsubfield of = (XK :dsubfield F') K C L : Type;
> Define coercion undsubf = [AK :dsubfield_of| K . : dsubfield_of — dsubfield £’
> Define coercion dsub_subf_of = [AK :dsubfield_of] (K 1.1, K. : subfield_of L)

: dsubfield_of — subfield_of L
> Define coercion make_dsubf = [AK | dsubfield F| [AH : K C L]

(K, H : dsubfield of) : {TIK | dsubfield F'} (K C L) — dsubfield of
> Discharge L, F'

B.5.5 Quotients involving groups
B.5.5.1 Conjugation within a group

> Introduce G | group

> Construct by refinement conj_forms_maps : ([Az,y:G] y=! o (z o y)).is_mapy

(o_resp, o, inv_resp, 1, =)

> Allow % to be written infix
> Define % = ([A\z,y:G] y~! o (x o y), conj_forms_map, : map, G G G)
:map, G GG

> Discharge G
B.5.5.2 Definition of normality of subgroups
> Define normal_in = [AG | group] [\H, J :subgroup G| {Vj:J} {Vh:H}
(h % j) € H : {IIG | group} (subgroup G') — (subgroup G') — prop
B.5.5.3 Cosets of a subgroup

> Introduce G | group and U
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> Construct by refinement same _right_coset_of_forms_equiv_rel
s is_equiv_rel ([Az,y:G] (x7! o y) € U)
(oclosed, id_o, o_inv, id, ~1, o, o1, tran, o_assoc, symm, o2, eq_closed, €,

inv_closed, inv_inv, inv_of_o, id_closed, inv_o, =, is_tran, is_symm, pairs)
> Allow =- to be written prefix

> Define ~- = ([A\z,y:G] (z7! o y) € U, same_right_coset_of _forms_equiv_rel :

equiv_rel G) : equiv_rel G
> Discharge U, G

> Define coercion coset_co = =~- : {IIG | group} (subgroup G) — equiv_rel G

B.5.5.4 Results concerning taking cosets of a subgroup

> Introduce G | group and D, U | subgroup G

> Prove COSET;s : (D C U) — (=-D).is_subrelation (~-U)
= [AH:D C U] [Mz,y|G] [AQ:z.(x~-D) y] H (make Q)

> Discharge but keep U, D

> Prove COSET, : (D = U) — (=-D).is_same_relation (~-U)
= [AQ: D = U] pair (COSET1s Q.fst) (COSET1s Q.snd)

> Discharge U, D, G

B.5.5.5 Results concerning quotients and cosets

> Introduce S; A : subset S and ~,~' | equiv_rel S
> Suppose H : ~.is_subrelation ~/
> Define quot_fun = [Az: A/~] (x.rep, (z.ev).1, H (z.ev).o : A/~)
 (A]~) = Al
> Prove quot_forms_map : {Vx,y | A/~} (z = y) — (quot_fun x) = (quot_fun y)
= [Az,y|A/~] [AQ:z = y] Hl|z.reply.rep Q
> Define quot_map = (quot_fun, quot_forms_map : map (A/~) (A/~"))
: map (A/~) (A/~)
> Discharge H, ~', ~
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> Prove subresult Py : {V~,~"|equiv_rel S} {IIQ : ~.is_same_relation ~'}
((quot_map @.snd) o (quot_map Q).fst)) = identity

= [A~, ~ | equiv_rel S| [A_: ~.is_same_relation ~'] refl|(A/~)
> Introduce ~, ~' | equiv_rel S and @ : ~.is_same_relation ~/

> Prove quot_forms_iso : (quot_map Q.fst) € (iso (A/~) (A/~))
= (quot-map Q.snd, pair (P1 Q) (P1 (pair Q.snd Q.fst)) :

(quot-map Q.fst) € (iso (4/~) (4/~)))
> Define quot_iso = (quot_map @.fst, quot_forms_iso : iso (A/~) (A/~))

tiso (A/~) (A/~)
> Discharge Q, ~', ~

> Construct by refinement quot_triv_iso : iso (A/=) A
(=, refl, rep, =, /, /, €, is_map, ev, symm, tran, subset_forms_set, set, o,

identity, map, pair, iso)

> Discharge P, A, S

B.6 Further work on set mappings

B.6.1 Various tools for use with mappings
B.6.1.1 Currying of mappings

> Introduce S, T,U | set

> Let curry fun = [Af:mapy S T U] [Ax:S] (f x, f.respsy  : map T U)
:(mapy ST U) — S —-map T U

> Let curry_map
= [Af:mapy S T U] (curry_fun f, f.resps; : map S (map T U))
: (mape ST U) — map S (map T'U)

> Prove curry_forms_map : curry_map.is_map
= [M1, fa|mapy ST U] [AQ: f1 = fo] Q
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> Define curry
= (curry_map, curry_forms_map : map (mapy S 7' U) (map S (map T' U)))
: map (mapy ST U) (map S (map T' U))

> Discharge curry_map, curry fun, U, T, S

B.6.1.2 The subset fixed by a mapping

> Introduce S and A : subset S
> Define fixes = [Af:map S S] [Ax:S] (f ) =z : (map S §) — S — prop

> Prove fixing_forms_subset : subset_axioms ([Af:map S S] {Vz: A} f.fixes x)
= [Af1,f2|map S S| AQ: f1 = fo] [AH :{Vz: A} fi.fixes z] [Azx: A]

L. (Q z).symm.tran (H x)
> Define fixing

= ([Af:map S S| {Vx: A} f.fixes z,fixing_forms_subset : subset (map S 5))

: subset (map S S)
> Discharge A, S

B.6.1.3 Mappings from a particular subdomain of interest

> Introduce S and A : subset S
> Define is_-map_from = [Af:map S S] {llx: S} (z € A) Vv (f fixes z)
: (map S S) — prop

> Construct by refinement map_from_forms_subset : subset_axioms is_map_from

(is—-map, symm, tran, =, €, inr, fixes, inl, V, case, is_-map_from, map)
> Define map_from = (is_map_from, map_from_forms_subset : subset (map S S))

: subset (map S S)
> Discharge A, S

B.6.1.4 Results concerning mappings from particular subdomains

> Introduce S and A, B
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> Prove FROM;s : (A € B) — (map_from A) C (map_from B)
= [AH: A C B] [A\f:map_from A] [Az:S]

. case (f.evz) ((A\Hy:z € A] inl|(z € B)|((f =) = =) (H Hy)) inr
> Discharge but keep B, A

> Prove FROM; : (A = B) — (map-from A) = (map_from B)
= [AQ: A = B] pair (FROM;s Q.fst) (FROM1s Q.snd)

> Discharge B, A, S

B.6.1.5 Mappings that agree on a part of their domain

> Introduce S,T; A : subset S and fi, fo : map ST

> Prove agree_forms_subset

s Vo, 22 | S} (11 = 22) — ((f1 21) = (f2 11)) — (f1 22) = (fo 2)
= [Mz1,22|S] DQ:x1 = 2] MX1:(f1 1) = (f2 71)]

(f1.resp @Q.symm).tran (Xj.tran (fa.resp Q))
> Define agree = ([Azx:S] (f1 ©) = (f2 =), agree_forms_subset : subset .S)

: subset S
> Let ~ = A C agree : prop
> Discharge fo, f1
> Prove subresult q-agrees : {Vfi, fo|map S T} (f1 = f2) — f1 ~ fa
= [Af1, falmap S T] [AQ: f1 = fo] [Ax:A] Q

> Prove subresult g symm : {Vf1, fo|map ST} (fi ~ f2) — fo~ f1
= [AMf1, fo|map S T] [AQ: f1 ~ f2] [Az:A] (Q z).symm

> Prove subresult q_tran

sV, fo, falmap ST} (fi~ fo) = (fa~v fs) = i~ fs
= [Af1, f2, fa|map S T] [AQ1: f1 ~ f2] [MNQ2: fa ~ f3] [Az: A]

(Q1 z).tran (Q.g x) . .
> Prove eq_maps_wrt_forms_equiv_rel : ~.is_equiv_rel

= pairs g-agrees q_-symm q-_tran
> Define eq-maps_wrt = ([\f1, fo:map S T] A C (f,.agree fa),

eq-maps_wrt_forms_equiv_rel : equiv_rel (map S T)) : equiv_rel (map S T)

> Define map_wrt = (map S T')/eq-maps_wrt : set
> Allow = to be written midfix

> Define =] = equal_in map_wrt : rel (map S 7))
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> Discharge q_tran, q_symm, q_agrees, ~, A, T, S

B.6.1.6 Applying a mapping across a subset

> Introduce S, T; f : map S T and A : subset §
> Define is_apply_across = [Az:T| (Fx': A) x = (f 2') : T — prop

> Construct by refinement apply_across_forms_subset
: subset_axioms is_apply_across

(symm, tran, =, is_apply_across)
> Define apply_across = (is_apply_across, apply_across_forms_subset : subset 7")

: subset T'
> Discharge A, f,T,S

B.6.1.7 Results concerning applying mappings across subsets

> Introduce S,T,U | set and f : map S T

> Prove AAg : {VA} {Vx: A} (f z) € (f.apply-across A)
= [MA] [Mz: A] (z,refl (f z) : (f z) € (f.apply-across A))

> Prove AAgs : {VA, B} (A C B) — (f.apply-across A) C (f.apply-across B)
= [AA,B] [AH: A C B] [\z: f.apply-across A]

(((z.ev).1.rep, H (z.ev).1.ev : B),(z.ev).2 : x € (f.apply-across B))

> Prove AA; : {VA, B} (A = B) — (f.apply-across A) = (f.apply_across B)
= [MA, B] [\Q: A = B pair (AAzs Q.fst) (AAzs Q.snd)

> Suppose H : {Vxy, 22| S} ((f 1) = (f x2)) — 71 = a9

> Prove AAgs’ : {VA, B} ((f.apply-across A) C (f.apply.across B)) — A C B
= [MA, B] [\H1 : (f.apply-across A) C (f.apply-across B)] [Az: A]
[6fx = (f =,AAp = : f.apply-across A)]

eq-closed (H ((Hi fx).ev).2).symm ((Hi fx).ev).1.ev
> Prove AAy' : {VA, B} ((f.apply-across A) = (f.apply-across B)) — A =B

= [AA, B] [AQ: (f.apply_across A) = (f.apply-across B)]
pair (AAzs’ Q.fst) (AAzs’ Q.snd)
> Discharge H, f
> Prove AA15 . {Vfl, fg | map S T} {VA} (fl (:[A) fg) —
(f1.apply_across A) C (fs.apply_across A)
= A1, f2 | map S T] MA] NQ: f1.(=14) f2] [Az: f1.apply-across A]
((z.ev).1, (z.ev).2.tran (Q (z.ev).1) : € (f2.apply-across A))
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> Prove AAy : {Vfi, fo|map S T} {VA} (f1.(=[A) f2) —
(f1.apply_across A) = (f.apply_across A)
= [Af1, fa|map S T] [AA] [AQ: f1.(=14) f2] pair (AA1s Q) (AA1s Q.symm)

> Introduce A : subset S; f :map ST and g : map T' U

> Prove AAsz : ((g o f).apply_across A) = (g.apply_across (f.apply_across A))
= pair ([A\z: (g o f).apply-across A]
((f (z.ev).1,AAq f (z.ev).1 : f.apply-across A), (z.ev).2 :
x € (g.apply-across (f.apply-across A))))
([Az: g.apply-across (f.apply-across A)] (((z.ev).1.ev).1,

(z.ev).2.tran (g.resp ((z.ev).1.ev).2) : € ((g o f).apply-across A)))
> Introduce B : subset T’

> Prove subresult AA;_; : ((f.apply_across A) C B) — {Vz: A} (f z) € B
= [AH : (f.apply-across A) C B] [Ax: A] H (f =,AAo f x : f.apply_across A)

> Prove subresult AA; 5 : ({Vx: A} (f ) € B) — (f.apply-across A) C B
= [ANH:{Vz: A} (f ) € B] [A\z: f.apply_across A]

eq-closed (z.ev).2.symm (H (z.ev).1)

> Prove AAy : ((f.apply-across A) C B) < ({Vx: A} (f z) € B)
= pair AAs_1 AA42

> Suppose H : {Vxy, 20| A} ((f 21) = (f 22)) — 21 = 22
> Let AAs_fun = [Ax: A] (f x,x,refl (f z) : f.apply_across A)
: A — f.apply_across A

> Prove subresult AA;_forms_map : {Vz1, 29| A} (x1 = 22) — (f 21) = (f 22)
= [Az1,22 | A] [A\Q: 21 = x2] f.resp Q

> Let AAs_map = (AA;5_fun, AA;_forms_map : map A (f.apply_across A))
: map A (f.apply_across A)

> Define AAs_inv_fun = [Az: f.apply_across A] (z.ev).q
: (f.apply_across A) — A

> Prove AAs_inv_forms_map
: {Va1, 22| f.apply-across A} (1 = 23) — (z1.ev).1 = (22.ev)1
= [Az1,z2 | f.apply-across A] [A\Q:z1 = z2]
H (((z1.ev).2.symm.tran Q).tran (z2.ev).2)
> Define AA5_inv_map
= (AAs_inv_fun, AA;_inv_forms_map : map (f.apply_across A) A)

: map (f.apply_across A) A
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> Prove subresult Py : (AAs_inv_map o AAs_map) = identity
= [Az: A] refl ©

> Prove subresult Py : (AAs_map o AAs_inv_map) = identity
= [Az: f.apply_across A] (z.ev).2.symm

> Prove AA;5_forms_iso : AAs_inv_map € (iso (f.apply_across A) A)
= (AAs_map, pair P2 Py : AAs_inv_map € (iso (f.apply_across A) A))

> Define apply_across_iso
= (AAs_inv_map, AA;_forms_iso : iso (f.apply_across A) A)
: iso (f.apply_across A) A

> Prove AA; : iso A (f.apply_across A)

= apply_across_iso.iso_symm

> Discharge Po, P1, AAs_map, AAs_forms_map, AA; fun, H,AA4 5,AA4 1, B, g, f,
AU, T,S

B.6.2 Restriction of mappings
B.6.2.1 Definition of map restriction

> Introduce S; A : dsubset S; f :map S Sand z : S

> Construct by refinement restriction_makes_map
: ([Ax:S]if (x €2 A) (f x) x).is_-map

(¢, symm, eq_closed, €, inl, if, =, ex falso, €, \/, case_elim, inr, resp)
> Define restriction_fun
= ([Mx:S]if (x €2 A) (f x) x,restriction_makes_map : map S §) : map S S
> Discharge x, f

> Construct by refinement restriction_forms_map : restriction_fun.is_map

(refl, €, -, €2, if, =, or_not, case_elim, map)
> Define restriction
= (restriction_fun, restriction_forms_map : map (map S S) (map S 5))
:map (map S S) (map S 9)
> Discharge A

> Allow | to be written midfix
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> Define | = [A\f:map S S] [A\A:dsubset S| A.restriction f
: (map S S) — (dsubset S) — map S S
> Discharge S

B.6.2.2 Restricting all of a subset of mappings

> Explicitly overload the identifier |
> Introduce S
> Define |
= [AX :subset (map S S)] [AA:dsubset S] (restriction A).apply_across X

: (subset (map S S)) — (dsubset S) — subset (map S S)
> Discharge S

B.6.2.3 Results concerning restricted mappings

> Introduce S; A : dsubset S and f1, fo, f : map S S
> Prove REST; : f.(=[A) (fTA)
= [Az:A] (IF1 (f ) = (x €7 A) z.ev).symm
> Prove RESTy : {Vz | S} (x € A) — (flAz) ==z
=Xz|S]ANH:2 ¢ Al IFg (f2)xz (x €2 A) H
> Suppose H : f € (map_from A) and introduce z : S
> Prove subresult Cy 4 : (x € A) — (f z) = (f[A )
= [\H':x € A REST, H’
> Suppose H' : x ¢ A
> Prove subresult Q; : (f ) =«
= case (H z) ((AX :z € Al exfalso ((f z) = z) (H' X)) (M X:(f z) = 2] X)

> Prove subresult Qg : z = (f[A )
= (REST2 H’).symm

> Prove subresult Cy 5 : (f z) = (f]A x)
= Q1.tran Q2

> Discharge H’
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> Prove subresult Py : (f ) = (f[A x)

— case (¢ €2 A) C11 Cioo

> Discharge x, H

> Suppose H : f = (f[A) and introduce x : S

> Prove subresult Coy : (x € A) = (x € A) V ((f z) = 2)
= inll(z € A)[((f 2) = 2)

> Prove subresult Co o : (x € A) — (x € A) V ((f12) =2)
=[AH':z & Al inr|(z € A) (H z).tran (REST2 H'))

> Prove subresult Py : (z € A) V ((f z) = x)

— case (:t €9 A) Co_1 Con

> Discharge x, H
> Prove REST; : (f € (map_from A)) < (f = (fTA))

= pair P1 P2
> Discharge Py, Ca-2, Co-1,P1, G192, Q2, Q1, Ciy, f
> Suppose @ : fi.(=[A) f2 and introduce x : S

> Prove subresult C; : (z € A) — (filA z) = (f2A x)
= [AH:z € A] (REST; f1 H).symm.tran ((Q H).tran (REST fo H))

> Prove subresult Cy : (z € A) — (f1[A z) = (f2]A )
= [AH:x ¢ A] (REST2 f1 H).tran (REST2 fo H).symm

> Prove subresult Py : (fiJA z) = (f2] A x)

= case (z €7 A) C1 C2

> Discharge z, Q)

> Suppose @ : (fi]A) = (f2]A)

> Prove subresult Q' : (f1[A).(=A) (f2]A)
=[z:AlQuz

> Prove subresult Py : f1.(=[A) fa
= (REST; fi).tran (Q'.tran (REST f2).symm)

> Discharge @)
> Prove REST, : (fi.(=[A) f2) < ((filA) = (f2]A))

= pair P1 P2
> Discharge Py, Q', Py, Co, Cy, fo, fi

> Introduce f : map S S



APPENDIX B. FORMALISATION 338

> Prove subresult REST5' : (flA) = ((fTA)[A)
= [Az:S5] case (z €7 A) ((\H:xz € A] REST1 (f1A) H)

([MNH :x ¢ A] (REST2 f H).tran (REST2 (fA) H).symm)
> Prove REST5 : (f[A) € (map_from A)

= (REST3 (f[A)).snd REST5’

> Discharge REST5', f, A, S

B.6.3 The permutation group
B.6.3.1 The group of set permutations

> Introduce S : set

> Define id_perm = (identity|S, identity_is_iso S : iso S S) :iso S S

> Define o_perm = ([Af,g:iso S S| (f o g,compose_isos_is_iso f g :iso S 5),
[Afi faliso S STIAQS : fi = f2] [Ag1, g2]iso S S] [AQg: g1 = go]
o.resps Qf Qg : mapy (iso S S) (iso S S) (iso S 5))
: mapy (iso S S5) (iso S S) (iso S S)

> Prove perm_forms_group : group_axioms|(iso S S) id_perm o_perm ~!

= pairg ([Af,g,h:iso S S| compose_assoc f g h)
(pair ([Af:iso S S] f.compose_identity) ([Af :iso S S] identity_compose f))

([Af:iso S S] iso_compose_inverse f)
> Define perm

= ((iso S S).as_a_set,id_perm, o_perm, ~!|S|S, perm_forms_group : group)

: group
> Discharge S
> Define coercion iso_perm = [AS] [Af:perm S] f : {ILS} (perm S) — iso S S
> Define coercion perm_iso = [AS] [A\f:iso S S| f : {IIS} (iso S S) — perm S
> Define coercion rep_iso = [AS] [AA | subgroup (perm S)] [\f: A]

iso_perm (rep f) : {IIS} {IIA|subgroup (perm S)} A —iso S S
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B.6.3.2 Extension of some previous equipment to permutations

> Define as_a_subset_of_perm = [\S] [AA:subset (map S 5)]
A.as_a_subset_of (iso S ) : {ILS} (subset (map S S)) — subset (perm S)

> Define as_a_subset_of_maps
= [AS] [\G :subset (perm S)| (rep-map (iso S S)).apply_across G

: {ILS} (subset (perm S)) — subset (map S )

> Prove rewrite_o : {VS} {Vf,g:perm S} {Vz:S} (fogz)=(f (g 2))
= [AS] [Af,g:perm S] [Az:S] refl (f o g z)

B.6.3.3 Restriction of permutations

> Introduce S
> Define restriction_perm = [AA:dsubset S| (restriction A) o

(rep_map (iso S S)) : (dsubset S) — map (iso S S) (map S 5)
> Explicitly overload the identifier |

> Introduce X : subset (perm S) and A : dsubset S
> Define [ = (restriction_perm A).apply_across X : subset (map S S)

> Prove restrict_perm_reformulation : [ = (X .as_a_subset_of_maps|A)
= AA3 X (rep_map (iso S S)) (restriction A)

> Discharge A, X, S

B.6.3.4 Permutations of subsets

> Introduce S and A : subset S

> Define Perm_subset = (map_from A).as_a_subset_of_perm : subset (perm .S)
> Let coercion Perm_rep = [\f:Perm_subset| f.rep : Perm_subset — perm S
> Introduce f1, fo, f : Perm_subset and z : S

> Prove subresult id_in_.Perm : (x € A) V (id.fixes z)

= inr_is_true (z € A) (refl z)

> Prove subresult 0.C; : (x € A) — (x € A) V ((f1 o f2).fixes x)
= [AH1:z € A] inl_is_true H1 ((f1 o f2).fixes x)
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> Suppose Hj : fo.fixes x

> Prove subresult 0. Co; : (z € A) — (z € A) V ((f1 o f2).fixes x)
= [AHa:z € A] inlis_true Hz ((f1 o f2)-fixes )

> Suppose Hs : fi.fixes x

> Prove subresult 0 Q; : (f1 o fo x) = (f1 (f2 x))

= rewrite.o f1 fo x

> Prove subresult 0 Qy : (f1 (f2 @) = (f1 2)

= fi.resp H;

> Prove subresult 0.Co5 : (z € A) V ((f1 o fa).fixes z)

= inr_is_true (¢ € A) (0-Qitran (0-Qo.tran Hy))
> Discharge Hy
> Prove subresult 0.Cy : (x € A) V ((f1 o fa).fixes x)
= case (fi.ev ) 0.Cay 0.Con
> Discharge H;
> Prove subresult o_in_Perm : (z € A) V ((f1 o f3).fixes z)

= case (f2.ev z) 0.C; 0.Ca

> Prove subresult inv.C; : (z € A) — (z € A) V (f ! .fixes )
= [AH:z € A] inl_is_true H (f~!.fixes z)

> Suppose H : f.fixes x
> Prove subresult inv.Q; : (f~' z) = (f~! (f z))
= f~l.resp H.symm

> Prove subresult inv. Qo : (f7! (f2)) = (1o f x)
= (rewrite.o f~! f x).symm
> Prove subresult inv. Qs : (f'o fa)==x

=invo fz

> Prove subresult inv_.Cy : (z € A) V (f!.fixes z)

= inris_true (z € A) (inv_Qq.tran (inv_Qa.tran inv_Q3))

> Discharge H

> Prove subresult inv_in_Perm : (x € A) Vv (f~!.fixes x)

= case (f.ev z) inv_C; inv_Co

> Discharge x, f, fa, fi

> Prove Perm_forms_subgroup : subgroup_axioms Perm_subset

= pairs id_in_Perm o_in_Perm inv_in_Perm
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> Define Perm = (Perm _subset, Perm_forms_subgroup : subgroup (perm 5))

: subgroup (perm S)

> Discharge inv_in_Perm,inv_Cy, inv_Qs, inv_Qs, inv_Qq, inv_Cy, 0_in_Perm, 0_C,,

0.Cy.5,0.Q2,0.Q1,0.Co.1,0.Cy,id_in_Perm, Perm_rep, A, S

B.6.3.5 Results concerning permutations of subsets

> Introduce S; A, B; g : Perm A and x : A

> Prove subresult C; : ((g z) € A) — (g x) € A
= [AH1:(g z) € A Hy

> Suppose Hy : (g (g x)) = (g =)
> Prove subresult Q; : ((id)1.1 (9 2)) = (g7 0 ¢))11 (g9 7))

= (inv_o g (g x)).symm

> Prove subresult Qo : (7' o g (9 2)) = (¢7" (9 (g9 ©)))

1

= rewriteo g~ ' g (g )

> Prove subresult Qs : (97! (9 (9 2))) = (97! (g 7))

=g l.resp Hy

> Prove subresult Q4 : (((¢7* 0 ¢))11 ) = ((id).1.1 @)

=invogx

> Prove subresult Qs : g.fixes x
= (Q1.tran Q2).tran (Qz.tran Q4)

> Prove subresult Cy : (g x) € A

= eq-closed Q5.symm x.ev

> Discharge Ho
> Prove PERMc: (g ) € A

= case (g.ev (g z)) C1 Co
> Discharge Co, Q5, Q4, Q3,Q2,Q1,Ci, 2,9
> Introduce g : Perm A and z : S

> Prove subresult Py : (r € A) — (gz) € A
= [AH:xz € A] PERMc g H

> Suppose H : (g z) € A

> Prove subresult Py : (7! (g z)) € A
= PERMc g.inv_closed H
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> Prove subresult Q; : (¢! (g z)) = (g7 o g x)

= (rewrite.o g~ ! g z).symm

-1

> Prove subresult Qa : (g7 ' ogx) =2

=g.nvozx

> Prove subresult P; : 2 € A
= eq_closed (Qi.tran Q2) P2

> Discharge H
> Prove PERMcy : (z € A) < ((g z) € A)

= pair P1 P3

> Prove PERM;s : (A C B) — (Perm A) C (Perm B)

= [AH:A C B] [A\g:Perm A] FROM1s H (g.rep.rep.as_el_of (map_from A) g.ev)

> Discharge but keep Ps3, Qa, Q1, P2, Py, 2,9, B, A

> Prove PERM; : (A = B) — (Perm A) = (Perm B)
= [AQ: A = B] pair (PERM;s Q.fst) (PERM1s Q.snd)

> Discharge P3, Q2, Q1,P2,P1,2,9, B, A, S

B.7 Finite tuples and vectorspaces

B.7.1 Tuples

B.7.1.1 N-tuples over a set

> Allow " to be written midfix
> Allow , to be written midfix
> Define * = [\S:set] [A\n] mapn S : set - N — set
> Define \ = [An |N] [AS] [\ :S"n] [\i] x.ap i
: {IIn| N} {IIS} (S"n) - n — S

> Construct by refinement tuple_forms_subset
: {Vn |N} {VS} {Ilx: S"n} subset_axioms ([Az:S]| (Fi) (xi) = x)

(v, tran, =, ", set, N)
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> Define coercion tuple subset = [An |N] [AS] [Ax:S"n]
([Az: 8] () (xi) = =, tuple_forms_subset & : subset S)
: {IIn | N} {ILS} (S"n) — subset S

> Introduce n | N and S

> Define hd_fun = [Ax:S*n+1] (0 n) : (S n+1) — S

> Construct by refinement hd_forms_map : hd_fun.is_map
0, +1, 7", =)

> Define hd = (hd_fun, hd_forms_map : map (S"n+1) S) : map (S"*n+1) S
> Introduce x : S"n+1
> Define tl_aux_fun = [Xi] &yi+1:n — S

> Construct by refinement tl_aux_forms_map : tl_aux_fun.(is_map|n|S)
(+l) +17 resp, :)

> Define tl_fun = (tl_aux_fun, tl_aux_forms_map : map n S) : map n S
> Discharge @

> Construct by refinement tl_forms_map : tl_fun.is_map
(+1, +1, ", =)

> Define tl = (tl_fun, tl_forms_map : map (S"n+1) (5"n))
: map (S"n+1) (S"n)
> Discharge S, n

B.7.1.2 Tuples made from copies of the same element

> Introduce S; x : S and n

> Construct by refinement constant_forms_tuple : ([A_:n| x).(is_map|n|S)
(refl, =)

> Explicitly overload the identifier

> Define * = ([A_:n] z, constant_forms_tuple : S”*n) : S"n
> Discharge but keep n, x

> Prove CONST, : (tl (z"'n+1)) = (2"n)

= [A_:n] refl

> Define one_tuple = 21 : S"1

343
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> Discharge n, z, S

B.7.1.3 Cartesian powers of a subset

> Introduce S; A : subset S and n

> Prove power_forms_subset : subset_axioms ([Az: S"*n] {Vi} (zy) € A)
= [Az,y|S"n] MNQ:z = y] [ANX:{Vi} (zi) € A] [\i] eq-closed (Q i) (X i)

> Explicitly overload the identifier »

> Define * = ([Az: S"n| {Vi} (z.i) € A, power_forms_subset : subset (S"n))
: subset (S"'n)

> Discharge n, A

> Introduce A, B

> Prove POWER;s : (A C B) — {Vn} (A"n) C (B"n)

= [AH:A C B] [A\n] [Az: An] [Xi] H (z.ev i)
> Discharge but keep B, A

> Prove POWER; : (A = B) — {Vn} (A"n) = (B"n)
= [AQ: A = B] [An] pair (POWER;s Q.fst n) (POWER;s Q.snd n)

> Discharge B, A, S

B.7.1.4 Extending unary and binary maps to work on tuples

> Introduce S, T,U | set; n | N; f :map S T and & : S"n

> Prove zip_forms_tuple : ([Ai] f (x.i)).(is_map|n|T")
= [Ni1, 92| n] [AQ i1 = i2] f.resp (x.resp Q)

> Define zip_tuple = ([\i] f (z\i),zip_-forms_tuple : T"n) : T"n
> Discharge

> Prove zip_aux_forms_map : zip_tuple.is_map
= [z, y[8"n] AQ:a = y] [Ad] f.resp (Q )

> Define zip_aux = (zip_tuple, zip_aux_forms_map : map (S"n) (T"n))
: map (Sn) (T"n)
> Discharge f
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> Prove zip_forms_map : zip_aux.is_map
= M1, f2|map S T) AQ: fi = fa] [A:S"n] [Ni] Q (a1i)
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> Define zip = (zip-aux, zip_forms_map : map (map S T') (map (S"n) (T"n)))

: map (map S T') (map (S"n) (T"n))
> Discharge n
> Explicitly overload the identifier
> Define * = [\f:map S T| [An] zip|n f
: (map S T) — {IIn} map (S"n) (T"n)
> Introduce n | N; & : S"n+1 and f:map ST

> Prove map_tail : (f"n x.tl) = (f"n+1 x).tl
= [\q] refl (f (mvi+1))

> Discharge f,x
> Introduce f : map, ST U; v : S"nand x : T"n

> Prove zipy_forms_tuple : ([Ai] f (v\i) (@4i)).(is-map|n|U)

= [Ni1,42 | n] [ANQ i1 = i2] f.resp2 (v.resp Q) (x.resp Q)

> Define zips_tuple = ([\i] f (vii) (2.0), zipo_forms_tuple : U"n) : U'n
> Discharge @, v

> Prove zip,_aux_forms_maps : zipo_tuple.is_mapy
= [Av,w]|S"n] [AQ1:v = w] Az, y| T n] [AQ2:x = y] [\i]

. f.resp2 (Q1 %) (Q2 1)
> Define zipy_aux

= (zips_tuple, zipy_aux_forms_map, : mapy (S"*n) (T"n) (U"n))
: mapy (S'n) (T"n) (U"n)
> Discharge f

> Prove zip,_forms_map : zips_aux.is_map
= [Af1, f2|map2 S T U] AQ: f1 = f2] [M:S"n] Ax: T n] [Mi] Q (v\i) (x:d)

> Define zipy = (zips_aux, zips_forms_map :
map (mape S T U) (mapy (S"n) (T"n) (U"n)))
: map (mapy S T U) (mapy (Sn) (T"n) (U n))
> Discharge n

> Explicitly overload the identifier *
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> Define mapsle = [Af :mapy S T U] [An] zipa|n f

: (mapy S T U) — {IIn} mapy (S"n) (T"n) (U"n)

> Introduce n | N; @ : S*n+1; y : T"n+1; f : mapy S T U and prove
mapy-_tail : (f.mapqle n x.tl y.tl) = (f.mapsle n+1 x y).tl

= [N refl (f (ai+1) (yhi+1))

> Discharge f,y,x,n,U,T,S

B.7.1.5 Folding a map across a tuple

> Introduce S; base : S and step : mapy S S S

> Define fold_fun = nat_elim ([An] (S"n) — S) ([A_:S"0] base) ([An]
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(Afold_funn:(S"n) — S| [Ax: 5" n+1] step (hd ) (fold_fun_n (tl x)))

: {IIn |N} (S"n) — S

> Construct by refinement fold_forms_map : {IIn | N} (fold_fun|n).is_map

(tl, N, +1, resp, hd, N, 0, nat_elim, respz, succ, =, fold_fun, is_map, nat, zero,

refl)

> Define fold = [An | N] (fold_fun|n, fold_forms_map|n : map (S"n) S)

: {IIn| N} map (S"n) S
> Discharge step, base, S

B.7.1.6 Linear sum in a group

> Define > = [AG | abelian_group] fold|G 0 +
: {IIG | abelian_group} {IIn|N} map (G"n) G

B.7.1.7 Results concerning linear sums

> Introduce G | abelian_group and L : subgroup G
> Let p = [An] (O]|G (0"n)) = 0: N — prop

> Prove subresult Py : p 0
= refl|G O

> Introduce n | N and suppose ih : p n



APPENDIX B. FORMALISATION

> Prove subresult Q; : (0 + (> (tl (0"n+1)))) = (0 + (>_ (0"n)))
= plus2|G 0 (> .resp (CONST; 0 n))

> Prove subresult Qo : (0 + (D2|G (0™n))) = (O|G (0"n))
= ze_plus (|G (0"'n))

> Prove subresult Ps : p n+1
= (Qi.tran Q2).tran ih

> Discharge th, n

> Prove LINSUM, : {¥n} (>]|G (0"*n)) =0

= N_elim p Py Ps
> Discharge Ps, Q2, Q1, Po, p
> Let p = [M\n] {Vx|G"n} (x € (L"n)) — O x) € L : N — prop
> Prove subresult Py : p 0
= Dz: G| [\ € (L0)] (id|L).ev
> Introduce n | N; suppose ih : p n; introduce @ : G"n+1 and suppose H
tx € (L n+1)

> Prove subresult Py : (0 n)) € L
=H (Qn)

> Prove subresult Py : (3 (tlx)) € L
— ih|(tl ) (] H (+1 0))

> Prove subresult Ps : (P;.0_closed Py) € L4

= (P1.oclosed P3).ev

> Discharge H, x,th,n

> Prove LINSUM; : {Vn|N} {Vx|G"n} (x € (L"n)) - (>_ x) € L
= N_elim p Pg Ps

> Discharge Ps, Py, P, Po, p
> Introduce g : subgroup_hom L
> Let p = [Mn] {Vx:L"n} (¢ O x)) = (> (g o @.rep)) : N — prop

> Prove subresult Py : p 0
= [A_: L"0] g.on_ze

> Introduce n | N; suppose ih : p n and introduce @ : L"n+1

> Prove subresult Py : (0 n)) € L

= x.ev (0 n)

347
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> Prove subresult Py : @.tl € (L"n)
= [Ai] w.ev (+1 7)

> Prove subresult P3 : (3 «.tl) € L
= LINSUM; P,

> Prove subresult Q; : (¢ (3. ®)) = ((9 .hd) + (g >_ «.tl)))

= g.on_plus P; P3

> Prove subresult Qa1 : (g @.hd) = (g o x.rep).hd
= refl (g «.hd)

> Prove subresult Qa 21 : (g (3 P2)) = (O (g o Pa.rep))

= 1h P2

> Prove subresult Py : (g o @.tl) = (g o x.rep).tl
=[] refl (g (x.thi))

> Prove subresult Qa5-0 : (3 (g o x.tl)) = (D (g o x.rep).tl)
= ) .resp Py

> Prove subresult Qa2 : (¢ (3. P2)) = (3. (g o @.rep).tl)

= Q2-2-1.tran Q222

> Prove subresult Qs
: ((g zhd) + (g (O P2))) = ((g o x.rep).hd + (> (g o x.rep).tl))

= plus_resp Q2-1 Q2-2

> Prove subresult Ps : (g (] @)) = (3. (g o x.rep))
= Qu-tran Q2

> Discharge @, ih,n

> Prove LINSUM, : {Vn|N} {Vz:L"n} (g (3 x)) = (3 (g o @.rep))

= N_elim p Pg Ps
> Discharge Ps, Qz, Q2-2, Qa-2-2, P4, Q22.1, Q2-1, Q1, P3, P2, P1,Po, p, g, L, G
> Introduce Gy, G, G3 | abelian_group
> Introduce f : map G; G5 and suppose H
Ve, y: Gt (f (w4 y) = ((f 2) + (f )
> We want to prove LINSUM;
:{vn [N} {Va:G1"n} (f (X2 @) = (X2 (f"'n @)
> Let p = [An] {Ilz: G1 n} (f (32 @) = (32 (f*nz)) : N — prop
> Prove subresult Qp : (f (0 + 0)) = (f 0)

= f.resp (ze_plus 0)
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> Prove subresult Py : p 0
= [A-: G1"0] GROUP4 ((H 0 0).symm.tran Qo)

> Introduce n and suppose th : p n
> We want to prove subresult Ps : p n+1
> Introduce x : G1 " n+1

> Prove subresult Q : (f (x.hd + (3 x.tl))) = ((f =.hd) + (f (O  =.tl)))

= H x.hd (3 z.tl)

> Prove subresult Qo : (f (O° =.tl)) = O (f"'n x.tl))

= th x.tl
> Prove subresult Qoo : (3. (f*n x.tl)) = O (f n+1 x).tl)
= Y .resp (map-tail = f)

> Prove subresult Qs

s ((f x.hd) + (f O xtl)) = ((f x.hd) + O (f*n+1 x).tl))

= (f ®.hd).plusz (Qz2-1.tran Q2_2)

> Discharge to prove subresult as claimed Ps : p n+1
using

Qi.tran Qo : (f (@hd + (X @.tl))) = ((f @hd) + (X (f n+1 z).1l))
> Discharge
> Discharge ih,n

> Prove as claimed LINSUM;
:{vn N} {Va:Gi"n} (f (X2 @) = (X2 (f*'n )

= N_elim p Pg Ps
> Discharge Ps, Q2, Q2-2, Q2-1, Q1, Po, Qo, p, H, f
> Introduce f : mapy G; Go G3
> Suppose H
(Va2 G} G} (F (e + ) (0 + ) = (F 2 9) + (F o )

> We want to prove LINSUMy : {Vn |N} {Va:Gi"n} {Vy: Gy n}

(F (T %) (5 ) = (5 (/mapsle n  9)
> Let p = [An] {llx: G "n} {lly: Gy n}

(f Q=) O y) = (2 (f:mapsle nx y)) : N — prop
> Prove subresult Qo : (f (0 +0) (0 + 0)) = (f 00)

= f.respy (ze_plus 0) (ze_plus 0)
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> Prove subresult Py : p 0
= [A-: G170] [A\-: G2"0] GROUP4 ((H 0 0 0 0).symm.tran Qo)

> Introduce n and suppose th : p n
> We want to prove subresult Ps : p n+1
> Introduce x : Gi"n+1 and y : Go"n+1

> Prove subresult Qq : (f (x.hd + (>  x.tl)) (y.hd + (> y.tl))) =
((f @.hd y.hd) + (f X2 @.t) (3 y-t)))

= H x.hd (3 x.tl) y.hd (3 y.tl)

> Prove subresult Qo 2 (f (O @.tl) (O y.tl)) = (O (f-mapale n x.tl y.tl))

= th x.tl y.tl

> Prove subresult Qa9
: (O (f-mapole n x.tl y.tl)) = (O (f.mapale n+1 x y).tl)

= > .resp (mapa-tail z y f)

> Prove subresult Qy : ((f @.hd y.hd) + (f O =.tl) (O y.tl)) =

((f .hd y.hd) + (>_ (f.mapale n+1 x y).tl))
= (f x.hd y.hd).plusz (Q2_1.tran QQ_Q)

> Discharge to prove subresult as claimed Ps : p n+1
using
Qi.tran Q2 : (f (z.hd + (3 «.tl)) (y.hd + (3 y-tl))) =

((f =.hd y.hd) + (> (f.mapzle n+1 = y).tl))
> Discharge y,

> Discharge ih,n

> Prove as claimed LINSUMy : {Vn|N} {Vx:G"n} {Vy:Gy"n}
(f Q2 =) O v) = (X2 (f-mapsle n z y))

= N_elim p Pg Ps

> Discharge PS, Q2, QQ,Q, Qg,l, Ql, Po, Qo, P, H, f, G3, GQ, G1

B.7.2 Vectorspaces
B.7.2.1 Vectorspaces over a field

> Allow -space to be written postfix
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> Define space_axioms = [AF| [A\V' | abelian_group| [Asc:mapy F'V V]
(({Vz,y: F} {Vo:V} ((x + y).scv) = ((x.sc v) + (y.scv))) A
({Va: F} {Yv,w:V} (z.sc (v + w)) = ((z.sc v) + (z.sc w)))) A
(({Vz,y: F} {Mu:V} ((z x y).sc v) = (z.s¢c (y.sc v))) A
{Vv:V} (1.scv) = v))

: {IIF} {IIV | abelian_group} (mapy F' V' V) — prop

> Define -space = [\F:field] (XV :abelian_group) (Xsc:mapy 'V V)
space_axioms sc : field — Type;

> Define coercion spg = [AF] [A\V : F-space] V 4
: {IIF'} F-space — abelian_group

> Prove field_forms_space : {IIF :field} space_axioms|F|F X
= [\F:field]

pair (pair (plus_times|F') (times_plus|F')) (pair (times_assoc|F) (un_times|F))
> Define coercion as_space_over _itself

= [AF :field] (F, x|F, field_forms_space F' : F-space) : {ILF :field} F-space
> Define coercion subset_into_subspace = [\F| [A\K :subset F| K
: {IIF'} (subset F') — subset F'.as_space_over _itself
> Allow * to be written infix
> Introduce F
> Unless otherwise specified, by default V' : F-space
> Introduce V' | F-space
> Define x = V.gq :mapy FV V
> Introduce x1, x5 | F'; suppose Qx : x1 = xa; introduce x,y : F; vy, vy | V;
suppose Qv : v; = vy and introduce v, w : V

> Prove sc_resp : (z1 % v1) = (23 * v)
= respa * Qx Qu

> Prove scy : (21 * v) = (22 * v)
= resps] * Qx v

> Prove scy : (% v1) = (2 * vg)

= respsz * T QU
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> Prove plussc : ((x + y) * v) = ((z *x v) + (y * v))

= Voo fstfstx yv

> Prove sc_plus : (z * (v + w)) = ((z * v) + (z * w))

= V.g.2.fstsnd z v w

> Prove times_sc : ((z X y) * v) = (z * (y % v))

= V.2.2.snd.fst z y v

> Prove unsc: (1 % v) = v

= V.3.2.snd.snd v

> Discharge w, v, Qu, v, v1,y, x, Qx, 9,21,V , F

B.7.2.2 Simple results concerning vectorspaces

> Introduce F; V' | F-space; z,y : Fand v :V

> Prove zesc: (0 % v) =0
= GROUPy4 ((plus_sc 0 0 v).symm.tran ((ze_plus 0).sc1 v))

> We want to prove neg.sc : ((—x) x v) = (—(x * v))

> Prove subresult Q; : (((—z) * v) + (—(—(z * v)))) = (((—x) * v) + (z * v))
= ((—z) * v).plusz (neg-neg (z * v))

> Prove subresult Qp : (((—z) * v) + (z *xv)) = (((—z) + z) * v)
= (plus.sc (—z) = v).symm

> Prove subresult Qs : (((—z) 4+ z) * v) = (0 * v)
= (neg-plus z).sc1 v

> Prove subresult Q : (((—x) * v) + (—(—(x * v)))) =0

= (Qq.tran Q2).tran (Qs.tran ze_sc)

> Prove as claimed neg.sc: ((—z) *x v) = (—(z * v))
= (ABGROUP; ((—z) * v) (—(z * v))).snd Q

> Discharge but keep Q, Qs, Q2, Q1,v,y, x

> Prove minussc : ((z — y) x v) = ((z * v) — (y * v))

= (plussc = (—y) v).tran ((z * v).plusz (neg-sc y v))

> Discharge Q, Qs3, Q2, Q1,v,y,2,V, F
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B.7.2.3 Vectorspace operators: linear combinations, independence,

finite spans and dimension

> Introduce F; V' | F-space and n | N
> Allow * to be written infix
> Define * = (x|F|V').mapzle n : mapy (F"n) (V'n) (V" n)

> Prove lin_com_forms_mapy : ([Ax: F"n| [Mv:V"n] Y (x * v)).is_-maps
= Dz, y| F "n] [MAHy:xz = y] Mo, w| V" n] [AHz:v = w]

> .resp (*.resps Hi H2)
> Define Y" = ([Ax: F'n| [Av:V"n] 3 (x * v),lin_.com_forms_map, :

mape (F"n) (V" n) V) : mapy (F"n) (V' n) V
> Allow -tuple_independent_over to be written postfix
> Allow -span_over to be written postfix
> Introduce w : V" n and L : subset F
> Define is_span_over = [A\v: V] (3z: L"n) O ¢ w) =v : V — prop

> Prove span_over_forms_subset
: {Vuy, vy U] = Vg) — (Is_ _over vy) — Is_ _over vs
Yoy, V s_span_over s_span_over
= [Avy,v2 | V] [AQu:v1 = v2] [AVi :is_span_over v1]

(Vi.1,tran V1.2 Qu : is_span_over v2)
> Define -span_over = (is_span_over, span_over_forms_ subset : subset V)

: subset V/
> Define is_independent over = {Va: L"n} (3. « w) = 0) — {Vi} (xi) =0

: prop

> Discharge L, w
> Introduce L : subset F

> Prove independent_over_forms_subset
: subset_axioms ([Av:V"n] v.is_.independent_over L)
= [Av,w| V" n] AQ:v = w] [A\W7 :v.is_independent_over L] [Axz: L"\n]

MH: (X" zw) =0] Wy @ (3 *.respse & Q).tran H)
> Define independent_over = ([Aw : V"n| w.is_independent_over L,

independent_over_forms_subset : subset (VV"*n)) : subset (V" n)

> Discharge L, n
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> Define spans = [An |N] [Aw: V" n] [AK :subset V| [AL:subset F] K =
(w-span_over L) : {IIn |N} (V"n) — (subset V') — (subset F') — prop

> Define has_fin_span_over = [AK :subset V] [AL:subset F| (3n) (Jw:V"n)
(w € (K™n)) A (w.spans K L) : (subset V') — (subset F') — prop

> Introduce K | subset V' and L | subset F

> Define size of span = [AH : K .has_fin_span_over L] H 4
: (K .has_fin_span_over L) — N

> Define spanning_tuple
= [\H : K .has fin_span_over L| (H 2.1, H.5.2.fst : K" (size_of span H))
: {IIH : K .has fin_span_over L} K" (size_of span H)

> Discharge L, K,V

> Define -tuple_independent_over = [An| [AL :subset F| [AV]

independent_over|V|n L : {IIn} (subset F') — {IIV} subset (V"n)

> Introduce V' | F-space and W : subset V/

> Define has_basis_over = [AL :subset F] [An|N] [Aw:V"n]
N; (w e (W"n)) (w.spans W L) (w € (n-tuple_independent_over L V'))
: (subset F') — {IIn N} (V"n) — prop

> Define has_fin_dim_over = [AL :subset F| [An] (3w :V"n) has_basis_over L w
: (subset F') — N — prop

> Define is_fin_dim_over = [AL :subset F'| (3n) has_fin_dim_ over L n
: (subset F') — prop

> Discharge W

> Introduce W | subset V' and L | subset F’

> Define dim = [AH : W.is_fin_dim_over L] H.q : (W.is_fin.dim over L) — N

> Define basis = [AH : W.is_fin_.dim_over L| (H 2.1, H.2.2.fsty : W"(dim H))
: {IIH : W.is_fin_dim_over L} W"(dim H)

> Suppose H : W.is_fin_.dim_over L
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> Prove fin_dim : W .has_fin_dim_over L (dim H)

= H.o

> Prove has_basis : WW.has_basis_over L. H .basis
= H.5.o

> Prove spanning : H .basis.spans W L

= has_basis.snd3g

> Prove span_fin.dim : W .has_fin_span_over L
= (dim H, H.basis, pair has_basis.fst3 spanning : W.has_fin_span_over L)

> Prove independence : H.basis € ((dim H)-tuple_independent_over L V)

= has_basis.thd

> Discharge H, L, W,V

> Introduce K, L | subset F’

> Define coercion tuple_self_space = [An |N] [Ax: Fn] x

: {IIn|N} (F"n) — F.as_space_over _itself""n
> Discharge L, K, F'

B.7.2.4 Results concerning vectorspace operators

> Introduce F' and V' | F-space
> Introduce n | N; w : V/n; K, L | subset F' and suppose H : K C L
> Introduce v : w-span_over K and let = POWER;s H n (v.ev).q
: (v.ev)., € (L n)
> Prove subresult P : (32" ¢ w) = v
= (vev).2

> Prove SPANgs : v € (w-span_over L)

= («, P : v € (w-span_over L))
> Discharge P, x, v

> Prove INDEP;s
: (n-tuple_independent over L V') C (n-tuple_independent over K V)
= [Av:n-tuple.independent_over L V] Axz: K”'n] AQ: (3" = v) = 0]

v.ev (POWER s H n @) Q
> Discharge but keep H, L, K
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> Prove SPAN, : (K = L) — (w-span_over K) = (w-span_over L)
= [AQ: K = L] pair (SPAN3s Q.fst) (SPAN2s Q.snd)
> Prove INDEP, : (K = L) —

(n-tuple_independent_over K V') = (n-tuple_independent_over L V)
= [AQ: K = L] pair (INDEP;s Q.snd) (INDEP;s Q.fst)

> Discharge H, L, K,w,n

356

> Introduce J, K | subset V; suppose @ : J = K and introduce L : subset F

> Introduce n | N and w | V"n
> Suppose H : J.has_basis_over L w
> We want to prove FINDIM b : K .has_basis_over L w

> Prove subresult FINDIM;b; : w € (K"'n)
= POWER;s Q.fst n H .fstg

> Prove subresult FINDIM by : K = (w-span_over L)

= Q.equal_subs_symm.equal_subs_tran H.snds

> Prove subresult FINDIM;bs : w € (n-tuple_independent_over L V)
= H.thds

> Prove as claimed FINDIMb : K .has_basis_over L w

= pairg FINDIM1b; FINDIM1bs FINDIM{b3

> Discharge FINDIM; by, FINDIM; by, FINDIM; by, H, w

> Prove FINDIM;a : (J.has_fin_dim_over L n) — K .has_fin.dim_over L n
= [AH : J.has_fin.dim_over L n] (H.1,FINDIMb H.2 : K.has_fin.dim_over L n)

> Discharge n

> Prove FINDIM; : (J.is_fin_.dim_over L) — K.is_fin_.dim_over L
= [AH : J.is_fin.dim_over L] (dim H,FINDIMia H.2 : K.is_fin_dim_over L)

> Discharge L, Q, K, J

> Introduce J : subset V; K, L | subset F' and suppose @ : K = L
> Introduce n | N and w | V"n

> Suppose H : J.has_basis_over K w

> We want to prove FINDIMyb : J.has_basis_over L w

> Prove subresult FINDIMyb; : w € (J"n)
= H fstg
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> Prove subresult FINDIMyb, : J = (w-span_over L)
= H.snds.equal_subs_tran (w.SPAN2 Q)

> Prove subresult FINDIMybs : w € (n-tuple_independent_over L V')
= INDEP;s Q.snd (make H.thds)

> Prove as claimed FINDIMyb : J.has_basis_over L w
= pairs FINDIMyb; FINDIMsby FINDIMbs

> Discharge FINDIMybs, FINDIM;b,, FINDIMsb,, H, w

> Prove FINDIMsqa : (J.has_fin_.dim_over K n) — J.has_fin_dim_over L n
= [AH : J.has_fin.dim_over K n] (H.1,FINDIM2b H.2 : J.has_fin.dim_over L n)

> Discharge n

> Prove FINDIM; : (J.is_fin_dim_over K) — J.is_fin_dim_over L
= [AH : J.is_fin_dim_over K] (dim H,FINDIMga H.2 : J.is_fin_dim_over L)

> Discharge Q, L, K, J,V, F

B.7.2.5 The character tuple ¢

> Introduce F; n | N and @
> Define delta_fun = [Aj] if (n_discrete n i j) (1|F) (O|F) :n — F1.11

> Prove subresult delta_fun_true : {IIj} (i = j) — (delta_fun j) =1
= [Aj] [AQ:i = j] IF1 (1|F) O (n_discrete n 7 j) Q

> Prove subresult delta_fun_false : {Ilj} (i # j) — (delta_fun j) =0
= [Aj] [AQ:i # j] IFg (1|F) O (n_discrete n 7 j) Q

> Prove delta_forms_tuple : delta_fun.(is_-map|n)
= [Mj1,J2:n] [ANQ:j1 = j2] case (n_discrete n i j1)
(M@’ :i = j1] (delta_fun_true j1 Q').tran (delta_fun_true j2 (Q’.tran Q)).symm)
(M@’ :i # j1] (delta_fun_false j1 Q’).tran

(delta_fun_false jo ([AH:i = j2] Q" (H.tran Q.symm))).symm)
> Define delta_tuple = (delta_fun, delta_forms_tuple : F"n) : Fn

> Discharge ¢

> Prove delta_forms_map : delta_tuple.(is_map|n)
= [M1,i2 | n] [AQ:i1 = i2] [\j] case (n_discrete n i1 j) ([A\Q':i1 = j]
(delta_fun_true i1 j Q’).tran (delta_fun_true i3 j (Q.symm.tran Q’)).symm)
([AQ’ 41 # j] (delta_fun_false i1 j Q’).tran

(delta_fun_false i2 j ([AH :i2 = j] Q" (Q.tran H))).symm)
> Define = (delta_tuple, delta_forms_map : map n (F"'n)) : map n (F"n)

357
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> Prove DELTA : {Vi, j|n} (i # j) — ((6 i)\j) = 0

= [\, j | n] delta_fun_false ¢ j

> Prove DELTA; : {Vi,j|n} (i = j) — (8 i)j) =1

= [\i,j | n] delta_fun_true i j

> Discharge but keep delta_fun_false, delta_fun_true, n

> Prove delta_tail : {Vi} (& i+1).tl = (9 7)
= [Ai, j] IF2 (1|F) O (n_discrete n+1 i+1 j+1) (n_discrete n ¢ j)

> Discharge delta_fun_false, delta_fun_true, n, F’

B.7.2.6 Results concerning the character tuple ¢

> Introduce F' and V' | F-space
> Let p = [An] {Vo: V" n} {Vi} O ((0 7) * v)) = (vi) : N — prop
> Prove subresult Py : p 0

= [\o: VA0] [Ai:0] ex-0 (2 (8 1) * v)) = (wni)) i
> Introduce n; suppose ih : p n; introduce v : V"n+1 and i : n+1
> Suppose @ : equal_in N (0 n) i
> Prove subresult Q; : ((v\i) + 0) = (v\i)

— (wi).plus_ze

> Prove subresult Qs : (1 * (vy1)) = (vy)
= un_sc (vi)
> Prove subresult Qs : ((8|F i)\(0n)) =1
= DELTA|F Q.symm
> Prove subresult Q4 : (v (0 n)) = (v )
= v.resp Q
> Prove subresult Qs : (((8|F i),(0 n)) * (v (O n))) = (1 * (v 1))

= sc_resp Q3 Q4

> Prove subresult Qg : (D_|V (0"n)) =0
= LINSUMo|V n

> Introduce j

> Prove subresult Qg : (0 % (v,j+1)) =0
= ze_sc (v\j+1)
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> Prove subresult Qg : ((8|F 7)\j+1) =0
= DELTAQ|F ([AQ’:i = j+1] Q.tran Q')

> Prove subresult Q¢ : (((8|F i)\j+1) * (vyj+1)) = (0 x (vyj+1))
= Qg.sc1 (wnj+1)
> Discharge j

> Prove subresult Q7 : ((d 7) * v).tl = (0"n)
= [A] (Quo 4)-tran (Qs 4)

> Prove subresult Qi1 : (3 ((&

i) *v).t) =0
= (> .resp Q7).tran Qs

> Prove subresult C,

F(((B[F @ n)) * (v (Qn))) + (32 ((04) * v).tl)) = (vi)

= (plus_resp (Qs.tran Q2) Qi1).tran Q1
> Discharge @)
> Suppose H : (Jk) equaliin n+1 k+1iandlet k = Hq : n
> Prove subresult Q : k+1 = ¢
= H.o
> Prove subresult Q2 : (3 ((0 k) * v.tl)) = (v.thk)
= ih v.tl k
> Prove subresult Q3 : (8|F i) = (§|F k+1)
= (8|F).resp Q.symm
> Prove subresult Qq4 : (0 k+1).tl = (8 k)

= delta_tail| F k

> Prove subresult Q5 : (t (8]|F 7)) = (tl (8|F k+1))

= tl.resp Q13

> Prove subresult Q6 : (D] ((8 7).tl * v.tl)) = (O ((§ k) * v.tl))

= Y .resp ((Qis.tran Qi4).(*.respsi) v.tl)

> Prove subresult Qg : (D] ((6 7)) * v).tl) = (D> ((d 7).t % v.tl))
= > .resp (mapa-tail (6 ) v *).symm

> Prove subresult Q9 : (v.thk) = (v\i)

= v.resp Q

> Prove subresult Qa0 : (3 ((0 7) * v).tl) = (v\i)

= (Qis-tran Qig).tran (Qi2.tran Qi9)

> Prove subresult Qqq ¢ (8|F i).hd =0
= DELTAg|F ([AQ":i = (0 n)] Q.tran Q')
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> Prove subresult Qa : ((6|F 4).hd * v.hd) = (0 x v.hd)

= Q21.sc1 v.hd

> Prove subresult Qg3 : (0 * v.hd) = 0

= ze_sc v.hd

> Prove subresult Qoq ¢ (O ((6 4) * v)) = (0 + (v\i))

= plus_resp (Q22.tran Q23) Q20

> Prove subresult Qg5 : (0 + (v1i)) = (v\)

= ze_plus (w1)
> Prove subresult Cs : (3~ ((6 i) * v)) = (vi)
= Q24.tran Q25

> Discharge H

> Prove subresult Ps

F((((QIF i@ n)) + (v (Qn))) + (22 ((84) * v).tl) = (vy)

= case (CANON3 %) Co Cs
> Discharge ¢, v,2h,n

> Prove DELTA; : {Vn |N} {Vo: V" n} {Vi} O ((§ i) = v)) = (vi)

= N_elim p Pg Ps

> Discharge Ps, Cs, Qa5, Qa4, Q23, Q22, Q21, Q20, Q19, Q1s, Q16, Qi5, Q14, Qu3,

Q127Q7k7 C07Q117Q77Q107Q97Q87Q67Q57Q47Q3aQ27Q1a P07p
> Introduce L and n | N

> Prove DELTA; : {Vi} (8 i) € (L"n)
= [\, ] [6D = n_discrete n i j]
case D ([AH :i = j] eqclosed|F|L (DELTA; H).symm un_closed)

([AH :1 # j] eq-closed|F|L (DELTAy H).symm ze_closed)
> Discharge n, L,V | F’

B.7.2.7 Results concerning independence

> Introduce F'; V' | F-space; K | subset V; L | subfield F' and n | N
> Allow — to be written infix
> Define — = [\G | abelian_group| (—|G).mapale n

: {IIG | abelian_group} map, (G"*n) (G"*n) (G"*n)

360
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> Introduce v : n-tuple_independent_over L V; i, j | n and suppose @
2 (vi) = (vy)

>Letdi=4|Fi:Fii11"nanddj=46|F j: Fi11"n

>Letdvi=>Y"div:Viiqanddvj=>"djv:Vi1,

> Prove subresult Pyi : dvi = (v\i)
= DELTA; v

> Prove subresult Pqj : dvj = (v\j)
= DELTA; v j

> Prove subresult Py : dvi = dy;

= (Pyi.tran Q).tran Pqj.symm

> Prove subresult Py : (dvi — dvj) = 0
= (ABGROUP; dvi dvj).fst Py

> Prove subresult P3 : (dvi — dvj) = (3 ((di * v) — (dj * v)))
= LINSUM, — ABGROUP; (di * v) (dj * v)

> Prove subresult Py : ((di — dj) * v) = ((di * v) — (dj * v))
= [AK] minus_sc (divk) (dj\k) (vik)

> Prove subresult Py : (3.7 (di — dj) v) =0
= (3_.resp P4).tran (P3.symm.tran P3)

> Introduce k

> Prove subresult Psi : (dik) € L

= DELTA3 L i k

> Prove subresult Psj : (dj\k) € L
= DELTA3 L j k

> Discharge k
> Prove subresult P : (di — dj) € (L"n)
= [Ak] minus_closed (Psi k) (Psj k)

> Prove subresult Pg : {Vk} ((di — dj)\k) =0

= w.ev P5 Pg
> Suppose H : i # j

> Prove subresult P7i : (diyj) = 0
= IFp (1|F) O (n_discrete n i j) H

> Prove subresult P7j : (djij) = 1
= IF; (1|F) 0 (n_discrete n j j) (refl j)



APPENDIX B. FORMALISATION 362

> Prove subresult P; : (diyj) = (dj\j)
= (ABGROUP; (divj) (dji7)).snd (Ps 4)

> Prove subresult Pg : 0 = 1

= Pri.symm.tran (P7.tran P7j)

> Prove subresult Py : ¢ = j

= exfalso (i = j) (nontriv Pg.symm)

> Discharge H

> Prove INDEP; : ¢ = 7
= case (n_discrete n i j) ([AH:i = j] H) Pg

> Discharge Py, Pg, P7, P7j, P7i, Pg, Ps, Psj, Psi, Po, Py, P3, Po, Py, P1j, P1i, dvj, dvi,
dj,di, @, 7,1

> We want to prove INDEPsa : v = n

> Let phi_fun = [Ai] (v\i).as_el_of v.rep (i,refl (vi) : (vii) € v) : n — v.rep

> Prove subresult phi_forms_map
: {Vxy, 29| n} (217 = x2) — (v.rep x1) = (v.rep x2)

= w.rep.resp

> Let ¢ = (phi_fun, phi_forms_map : map n v.rep) : map n v.rep

> Let phi’_fun = [Av:wv.rep] (v.ev).q : v.rep — n

> We want to prove subresult phi'_forms_map : phi'_fun.(is_map|v.rep|n)
> Introduce vy, vy | v.rep and Q : v = vy

> Prove subresult Py : (v\(phi’_fun vy)) = (v\(phi'_fun vy))

= ((v1.ev).2.tran Q).tran (v2.ev).2.symm

> Discharge to prove subresult as claimed phi'_forms_map
: phi'_fun.(is_map|v.rep|n)
using

INDEP2 Py : (phi'_fun v1) = (phi’_fun v2)
> Discharge @), v, v1
> Let ¢’ = (phi’'_fun, phi’_forms_map : map wv.rep n) : map v.rep n

> Prove subresult Py : (¢ o ¢) = identity
= [\i] refl ¢

> Prove subresult Py_5 : (¢ o ¢') = identity

= [Av:v.rep] (v.ev).2
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> Prove subresult Py : ¢ € (iso n v.rep)

= (¢', pair Po_1 P2_2 : ¢ € (iso n v.rep))

> Let phi_iso = make P, : iso n v.rep

> Prove as claimed INDEPza : v & n

= phi.iso
> Discharge phi_iso, Po, Po_o, Po_1, ¢, phi’_forms_map, Py, phi’_fun, ¢,
phi_forms_map, phi_fun,v,n

> Prove INDEP; : {I1H : K .is_fin_dim_over L} H .basis = (dim H)

= [AH : K.is_fin.dim_over L] INDEP3a (make H.independence)

> Discharge L, K,V , F

B.7.2.8 Results concerning spanning tuples

> Introduce F; V' | F-space and J, K | subfield F'

> Introduce W | subgroup V; n | N and w : W'n

> Suppose H : {Vz: K} {Vv: W} (zxv) € W

> We want to prove SPAN; : (w-span_over K) C W
> Introduce v : w-span_over K

> Let © = (v.ev)y : K™'n

> Prove subresult Py : (z * w) € (W"n)
= [Ni] H (z.evi) (w.evi)

> Prove subresult Py : (32" @ w) € W
= LINSUM; W P,

> Discharge to prove as claimed SPAN3 : (w-span_over K) C W
using

eqclosed (v.ev).g P2 :v e W

> Discharge v

> Discharge Py, Py, @, H,w,n, W

> Introduce g1, go | subgroup_hom J and let A = g;.agree g, : subset F’
> Suppose Hy : K C J and Hy : J.has_fin_span_over K

> Suppose Hs : {Vv:J N A} {Vz: K} (z x v) € A
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> We want to prove SPAN, : (J C A).or_not

> Let n = size_of_span Hy : N

> Let w = spanning_tuple Hy : J™n

> We want to prove subresult Py : (w € (A"n)) V (w & (A"n))
> We want to prove subresult Py : (w € (A"n)) < (J C A)

> Prove subresult Py : {Vx:J} (z € A) V (x € A)

= [Az: J] FIELD; (g1 z) (g2 z)

> Prove subresult Py : {Vi:n} ((w\i) € A) V ((w\i) & A)

= [Ai:n] P11 (make (w.ev 7))

> Prove subresult P;_3 : subset_axioms|n ([Ai:n] (w\i) € A)
= [Ai1,i2:n] [AQi:91 = i2] [AH : (wni1) € A] eq_closed (w.rep.resp Qi) H

> Let P3 = ([Ai:n] (w\i) € A P;_3 : subset n) : subset n

> Prove subresult as claimed Py : (w € (A"n)) V (w & (A"n))
= FINg P53 P1o

> We want to prove subresult Py : (w € (A”n)) — J C A
> We want to prove subresult Py 5 : (J C A) — w € (A”n)
> Suppose Hy : J C A

> Discharge to prove subresult as claimed Py 5 : (J C A) — w € (A”n)
using

[Xi:n] Hy (w.evi): w € (A™n)
> Discharge Hy
> Suppose Hs : w € (An)
> Introduce v : J

> Prove subresult P, : v € (w-span_over K)

= Hs.9.2.snd.fst v
> Let € = Pyq : K™n
pletv=x*w:F"n

> Prove subresult P5 : (3 v) = v

=Py2

> Prove subresult Pg : v € (J"n)

= [M\i:n] times_closed (H; (x.ev 7)) (w.ev i)
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> Prove subresult P; : {Vg:subgroup_hom J} (g (O v)) = (O (g o v))
= [Ag:subgroup_hom J] LINSUM2 J g Psg

> Prove subresult Pg : w € ((J N A)"n)
= [A\i:n] pair (w.ev i) (Hs 1)

> Prove subresult Pg : (g1 0 v) = (g2 o v)
= [Mi:n] Hz (Pg i) (x.ev i)

> Prove subresult P1g: (O v) € A
= ((P7 g1).tran (3_.resp Pg)).tran (P7 g2).symm

> Discharge to prove subresult as claimed Py_; : (w € (A"n)) — J C A
using

eq-closed P5s P1p : v € A

> Discharge v, Hs

> Prove subresult as claimed Py : (w € (A"n)) < (J C A)

= pair P2_; P22

> Prove as claimed SPANy : (J € A).or_not
= DEC; P2 Py

> Discharge Po, Po_1, P19, Pg, Ps, P7,Pg, Ps, v, @, Py, Pa5, Py, P3, P13, P19, Pig,
w,n, H37 H27 Hh A7 92, g1
> Introduce m,n | N; v : m-tuple_independent_over K V' and w

: n-tuple_independent_over K V

These results were assumed without proof due to a lack of time. The proofs are
straightforward but very tedious inductions.
> Assume without proof SPAN5
: ((v-span_over K) C (w-span_over K)) — v < w
> Assume without proof SPANg : ((v-span_over K') C (w-span_over K)) —
(v = w) — (w-span_over K) C (v-span_over K)

> Discharge w,v,n,m, K, J,V F

B.7.2.9 Results about finite dimensional vectorspaces

> Introduce F' and V' | F-space

> Introduce L
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> We want to prove FINDIM3b : L.has_basis_over L (one_tuple 1)

> Prove subresult FINDIMsb; : (one_tuple 1) € (L"1)
= [A_:1] un_closed|F|L

366

> We want to prove subresult FINDIM3bs_; : L C ((one_tuple 1)-span_over L)

> Introduce v : L
> Let & = (one_tuple v.rep, [A_: 1] v.ev : L"1) : L1

> Prove subresult Qa1 : ((v.rep x 1) + 0) = (v.rep x 1)

= (v.rep x 1).plus_ze

> Prove subresult Qy_5 : (v.rep x 1) = v.rep

= v.rep.times_un

> Discharge to prove subresult as claimed FINDIM3bsy_4
: L C ((one_tuple 1)-span_over L)
using
(z, Q2-1.tran Q2.2 : v € ((one_tuple 1)-span_over L))

: v € ((one_tuple 1)-span_over L)
> Discharge v

> We want to prove subresult FINDIMsbs_5 : ((one_tuple 1)-span_over L) C L

> Introduce v : (one_tuple 1)-span_over L
> Let y = (v.ev)y : LM
> Let x=y.ev (00): L

> Prove subresult Py : (x x 1) € L

= times_closed x.ev un_closed

> Prove subresult Py : (3" y (one_tuple 1)) € L

= plus_closed P ze_closed

> Discharge to prove subresult as claimed FINDIM3b,
: ((one_tuple 1)-span_over L) C L
using

eq-closed (v.ev).2 P2 :v € L

> Discharge v

> Prove subresult FINDIM3b, : (one_tuple 1).spans L L
= pair FINDIM3bs_; FINDIM3bs o

> We want to prove subresult FINDIM3bs

: (one_tuple 1) € (1-tuple_independent_over L F)
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> Introduce z : L1

> Suppose @ : (3." z (one_tuple 1)) =0

> Introduce 7 : 1

> Prove subresult Q3o : equal_in 17 (0 0)
= (CANON3 7).symm

> Prove subresult Qz_; : (2vi) = (2,(0 0))
= z.rep.resp Q3o

> Prove subresult Qs : (2,(00)) = ((2,(0 0)) x 1)

= (2.(0 0)).times_un.symm
> Prove subresult Qs_3 : ((2,(00)) x 1) = (((2,(00)) x 1) + 0)
= ((z(0 0)) x 1).plus_ze.symm

> Discharge to prove subresult as claimed FINDIM3bs
: (one_tuple 1) € (1-tuple_independent_over L F)

using

(Q3-1.tran Q3_2).tran (Qz_3.tran Q) : (z\i) = 0

> Discharge i, @), z

> Prove as claimed FINDIM3b : L.has_basis_over L (one_tuple 1)
= pairg FINDIM3b; FINDIM3bs FINDIM3b;

> Prove FINDIMsa : L.has_fin_dim_over L 1
= (one_tuple 1, FINDIM3b : L.has_fin_.dim_over L 1)

> Prove FINDIM; : L.is_fin_dim_over L
= (1,FINDIM3a : L.is_fin_.dim_over L)

> Discharge FINDIMsbs, Q3_3, Q3-2, Qs-1, Q30, FINDIM3sbs, FINDIMsbs 5, Py, Py,
x, Yy, FINDIM3bs 1, Qa2, Qa_1, &, FINDIMsby, L

> Introduce K | subgroup V and L | subfield

> Introduce m,n | N; v : V*m and w : V" n

> Suppose H; : K .has_basis_over L v

> Suppose Hs : K .has_basis_over L w

> Prove subresult Q : (v-span_over L) = (w-span_over L)

= Hj.snd3.equal_subs_symm.equal_subs_tran Hs>.snd3

> Prove subresult P; : v < w
= SPANj; H;.thds Hs.thds Q.fst



APPENDIX B. FORMALISATION

> Prove subresult Py : w < v
= SPANj5 Hs.thds H;.thds Q.snd

> Prove FINDIMyb : v = w

= smaller_.asymm Py Py
> Discharge Py, Py, Q, Ho, Hy, w, v
> Suppose H; : K.has_fin_.dim_over L m

> Suppose Hs : K.has_fin_.dim_over L n

>Letv=H;1:V"nand w= Hyq:V"n

> Prove subresult Q : v & w
= FINDIMyb v w Hi.2 Ha.2

> Prove subresult Q; : v & m
— INDEP3a H;.5.thds

> Prove subresult Qs : w = n
= INDEP3a H>.5.thds

> Prove subresult Q3 : m = n

= Qi .egsize_symm.egsize_tran (Q.eqgsize_tran Q2)

> Prove FINDIMga : m = n
= EQSIZE; Qs

> Discharge Qs, Q2, Q1, Q, w, v, Hy, Hy,n,m
> Prove FINDIM, : {IIH,, Hy: K.is_fin_dim_over L} (dim H;)

= [AH1, H2: K.is_fin.dim_over L] FINDIMya Hi.2 Ha.2

> Discharge L, K,V F

B.8 Galois theory: definitions and setting

> Introduce F' | field

368
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B.8.1 Subfield morphisms
B.8.1.1 Definition of the automorphisms of a subfield

> Introduce L : subfield F
> Define resp_plus_times = (resp-mapy + L) N (resp_mapy X L)
: subset (map F' F)
> Define Aut_subset = (Perm L) N resp_plus_times.as_a_subset_of _perm

: subset (perm F)

> Let coercion Aut_rep = [Ag: Aut_subset]| g.rep : Aut_subset — perm F
> Introduce g : Aut_subset

> Introduce g1, g2 : Aut_subset

> Introduce x,y : L

> Prove subresult Py : (go ) € L
= PERMc gz.ev.fst x

> Prove subresult Py : (g2 y) € L
= PERMc gz.ev.fst y

> Prove subresult P3 : (g7 z) € L

= PERMc g.ev.fst.inv_closed x

> Prove subresult P, : (7' y) € L

= PERMc g.ev.fst.inv_closed y

> Prove subresult id_P; : id € (Perm L)
= id_closed|(perm F.1.1)|(Perm L)

> Prove subresult id_P5 : id € resp_plus_times.as_a_subset_of _perm
= pair ([Az,y: L] refl (z + y)) ([A\z,y: L] refl (z x y))
> Prove subresult id_in_Aut : id € Aut_subset

= pair id_P1 id_P2

> Prove subresult o Py : (g1 o g2) € (Perm L)

= o_closed g; .ev.fst go.ev.fst

> Prove subresult 0.Qy : (g1 0 g2 (x + 4)) = (g1 (92 (z + v)))

= rewrite.o g1 g2 (z + y)

> Prove subresult 0.Qa : (g1 (g2.rep (z + v))) = (91 ((g2-rep =) + (ga.rep v)))

= g1.resp (g2.ev.snd.fst x y)
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> Prove subresult 0 Qs : (g1 ((92 ) + (92 9))) = ((91 (92 ) + (g1 (92 ¥)))

= gy.ev.snd.fst P; Po

> Prove subresult 0. Q41 : (g1 (92 x)) (=|F.1.11) (91 © g2 )

= (rewrite_o g1 g2 x).symm

> Prove subresult 0. Q42 : (g1 (92 ¥)) (=[F.11.1) (91 0 92 ¥)

= (rewrite_o g1 g2 y).symm

> Prove subresult 0_Q4
(91 (92 7)) + (91 (92 ¥)) = (91 0 g2 ) + (g1 © 92 ¥))

= plus_resp 0_Q4-1 0-Q4-2

> Prove subresult 0_Py_;
2 (g1092 (v + y)) (:’F-l-l-l) ((91 °ogrx) + (91 SP) y))

= (0-Qq.tran 0_Q2).tran (0_Q3.tran 0_Q4)

> Prove subresult 0.Qs : (g1 0 g2 (z x ¥)) = (91 (92 (x X ¥)))

= rewrite_o g1 g2 (z X y)

> Prove subresult 0 Qg : (g1 (go.rep (x X y))) = (g1 ((g2.rep z) X (ga.rep v)))
= g1.resp (g2.ev.snd.snd z y)

> Prove subresult 0 Q7 : (91 ((92 ) X (92 y))) = ((g1 (g2 ) X (61 (92 v)))

= gi.ev.snd.snd P P2

> Prove subresult 0_Qg
: (91 (92 7)) x (g1 (92 %)) = (91 0 g2 ) X (91 © 92 Y))

= times_resp 0_Q4-1 0-Q4 2

> Prove subresult 0_Py_5
t(groge (x xy) (=|Fa11) ((grog27) X (9g1092%))

= (0-Qs.tran 0_Qg).tran (0_Q7.tran 0_Qg)

> Prove subresult inv_Py : g7 € (Perm L)

= inv_closed g.ev.fst

> Prove subresult inv.Q; 111 : ((id)11 2) (=|F111) (((go g71))11 @)

= (g.o-inv z).symm

> Prove subresult inv. Q1 12 : (go gt x)= (g9 (¢7" x))

= rewriteo g g~ x

> Prove subresult inv.Q;_1_; : ((id).1.1 ) (=|F.11.1) (9 (97! 2))

= inv_Qi_-1-1-1.tran inv_Q1_1-1-2

> Prove subresult inv.Q; 1 51 : ((id).11 %) (=|F111) ((gog71))11v)

= (g.o-inv y).symm
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> Prove subresult inv.Q 1 25 : (9o gt y) = (g9 (g7 y))

= rewriteo g g~ ' y

> Prove subresult inv_ Q1 : ((id).11 y) (=]F111) (9 (97" y))
= inv_Qi_12-1.tran inv_.Qi_1 22

> Prove subresult inv_Qq_;

t(((id).ra 2) + ((id)aa ) = ((g (97" @) + (9 (97" ¥)

= plus_resp inv_Qi_1-1 inv_Qi_1-2

> Prove subresult inv_Q;_,
(g @)+ (gt w)=(g (g7 2) + (g7 v))

= (g.ev.snd.fst P3 P4).symm

> Prove subresult inv_Q
(g7 (((id)aa @) + ((id)aa y) = (97" (g (g7 =) + (97" v))))

1

= g~ *.resp (inv_Qi-1.tran inv_Q1_2)

> Prove subresult inv_Q-
(0 (g )+ (g7 ) (EIF111) (97 o g ((

= (rewriteo g7 g (97 =) + (g7 v))).symm
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> Prove subresult inv.Qs : (g7 o g ((¢7' z) + (g7 v)))
=invoog (971 z) + (971 v))

> Prove subresult inv_Py_;

(g7t (((id).xa @) + ((id).aa 9))) (=[Faaa) (670 2) + (971 w)

= (inv_Qq.tran inv_Q2).tran inv_Qs

> Prove subresult inv_Q4_;

F(((id).aa 2) x ((id)a1 ) = ((g (97" @) x (9 (97" v)))

= times_resp inv_Qi-1-1 inv_Q1-1-2

> Prove subresult inv_Q4_o

(gt 2) x (g ) =(g ((g7" =) x (g7 v)))

= (g.ev.snd.snd P3 P4).symm

> Prove subresult inv_Q4

g7 (((d)aa o) x ((id)a1 ) = (97" (g (97" 2) x (97" 9))))

1

= g~ *.resp (inv_Q4-1.tran inv_Q4_2)

> Prove subresult inv_Qs

(g (g (g7 2) x (g7 ) (=[Fa11) (g7 og (g7 ) x (g7 y)))
= (rewriteo g=! g (97" @) x (g7 y))).symm

> Prove subresult inv.Qg : (97" o g (97" 2) x (7" 9))) = (97" 2) x (g7 v))
=invog ((¢g7r 2) x (g7 )



APPENDIX B. FORMALISATION 372

> Prove subresult inv_Py_o
(g7 (((id).ra #) x ((id)11y) (=[F1a1) (97" 2) x (97" y))

= (inv_Qa.tran inv_Qs).tran inv_Qg

> Discharge y, x

> Prove subresult 0 Py : (g1 o g2) € resp_plus_times.as_a_subset_of_perm

= pair O_P2_1 O_P2_2

> Prove subresult o_in_Aut : (g1 © ¢g2) € Aut_subset

= pair o_.P1 o_P2

> Prove subresult inv_Py : g~ € resp_plus_times.as_a_subset_of_perm

= pair inv,PQ,l inV,PQ,Q

> Prove subresult inv_in_Aut : g~ € Aut_subset

= pair inv_P; inv_P2

> Discharge ¢, 91,9

> Prove Aut_forms_subgroup : subgroup_axioms Aut_subset

= pairg id_in_Aut o_in_Aut inv_in_Aut

> Define Aut = (Aut_subset, Aut_forms_subgroup : subgroup (perm F'))
: subgroup (perm F)

> Discharge inv_in_Aut, inv_Ps, o_in_Aut, 0_P5, inv_P5_5, inv_Qg, inv_Qs5, inv_Qy,
inv_Q4_o,inv_Q4_1,inv_Py_1,inv_Q3z, inv_Qs, inv_Qq, inv_Qq 5, inv_Qq _1,
iNnv_Q1-1-2,INV_Q1_1-2-9,inV_Qi_1 o1, inv_Q_1 1, INV_Q1_1 122, INV_Qy_1 -1 1,
inv_P;,0.Py.5,0.Qg,0.Q7,0.Q,0-Q5,0-P3_1,0.Q4,0-Q4,0-Q4-1,0_Qs,
0.Q2,0.Q1,0.Py,id_in_Aut, id_Py,id_Py, P4, P3, Po, P, Aut_rep

> Define coercion Aut_Perm = [\g:Aut| g.ev.fst : Aut — Perm L

> Introduce g : Aut

> Prove subresult Py : (97! 1) € L
= PERMc g.inv_closed (un_closed|F'|L)

> Prove subresult Q; : 1 = (go g™' 1)

= (g.o-inv 1).symm

> Prove subresult Qy : (go g7t 1) = (g (¢7* 1))

= rewriteo g g~ 1 1

> Prove subresult Py : =({Vx: L} (g x) = 0)
= [AH:{Vz:L} (g ) = 0] nontriv ((Q1.tran Q2).tran (H P1))
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> Prove Aut_is_subfield_hom : g.rep.rep € (subfield_hom L)

= pair g.ev.snd.fst (pair Py g.ev.snd.snd)

> DiSCharge P27 Q27 Qla P17 g
> Define coercion Aut_hom = [Ag: Aut]

(g, Aut_is_subfield_hom ¢ : subfield_hom L) : Aut — subfield_hom L
> Discharge L

B.8.1.2 Subfield morphisms that fix a second subfield

> Allow -fix_hom to be written postfix

> Define -fix_hom
= [AK, J : subfield F] (map_from J) N ((resp_plus_times J) N (fixing K))
: (subfield F') — (subfield F') — subset (map F' F')

B.8.1.3 Definition of fixing subgroups and fixed subfields

> Introduce L : subfield F'

> Introduce K : subfield F'

> Define fixing_subset = (fixing K').as_a_subset_of_perm : subset (perm F';.1)
> Let coercion fixing_rep = [Ag: fixing_subset| g.rep : fixing_subset — perm F'
> Introduce g1, go : fixing_subset and x : K

> Prove subresult id_is_fixing : id.fixes x

= refl

> Prove subresult Q; : (g1 © g2 ) = (g1 (92 x))

= rewrite_o g1 g2 *

> Prove subresult Py : (g0 ) € K

= eq-closed (g2.ev z).symm z.ev

> Prove subresult Qg : ¢;.fixes (g2 )

= gi1-ev P1

> Prove subresult Qs : go.fixes x

= go.evzx

373
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> Prove subresult o_is_fixing : (g1 o go).fixes
= Qi.tran (Qz.tran Q3)

> Prove subresult Q4 : (¢17 ) = (g17! (g1 7))

= g1 L.resp (g1.ev x).symm

> Prove subresult Qs : (g17" (g1 ) (=|F.1.11) (617! 0 g1 2)

= (rewrite.o g1~ g1 x).symm

> Prove subresult Qg : (9171 o g1).fixes @

=invo g1 x

> Prove subresult inv_is_fixing : g, ! .fixes =
= Qq.tran (Qs.tran Qg)

> Discharge x, g2, g1

> Prove fixing_forms_subgroup : subgroup_axioms fixing_subset

= pairy id_is_fixing o_is_fixing inv_is_fixing
> Define fixing_group
= (fixing_subset, fixing_forms_subgroup : subgroup (perm F'))
: subgroup (perm F')

> Prove aut_forms_subgroup : (fixing_group N (Aut L)) C (Aut L)
= [Ag:fixing_group N (Aut L)] g.ev.snd

> Define aut
= (fixing_group N (Aut L), aut_forms_subgroup : subgroup_of (Aut L))
: subgroup_of (Aut L)
> Discharge
inv_is_fixing, Qg, Qs, Q4, o_is_fixing, Qz, Q2, P1, Q1, id_is_fixing, fixing_rep, K
> Introduce G : subgroup (perm F)
> Define is_fixed = [Az: F] ({Vg:G} g.fixes z) A (x € L) : F — prop

> Prove fixed_forms_subset : subset_axioms is_fixed
= [Mz1,z2 | F] [AQ:z1 = z2] [A\H : z1.is_fixed]

pair ([Ag:G] (g.resp Q.symm).tran ((H.fst g).tran Q)) (eqclosed Q H.snd)
> Define fixed_subset = (is_fixed, fixed_forms_subset : subset F) : subset F

> Discharge G
> Introduce G : subgroup_of (Aut L)

> Introduce z,y : fixed_subset G; g : G and let gg = G5 g : Aut L
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> Prove subresult ze_is_fixed : ¢.fixes 0

= gg.on_ze

> Prove subresult Q; : (¢ (z + ) = (g x) + (g v))

= gg.on_plus z.ev.snd y.ev.snd

> Prove subresult Qs : ((g ) + (9 y)) = (z + y)

= plus_resp (z.ev.fst g) (y.ev.fst g)

> Prove subresult plus_is_fixed : g.fixes (z + y)
= Qj.tran Q2

> Prove subresult Qs : (g (—x)) = (—(g 2))

= gg.on_neg x.ev.snd

> Prove subresult Q4 : (—(g x)) = (—x)

= neg-resp (z.ev.fst g)

> Prove subresult neg_is_fixed : g.fixes (—x)

= Qs.tran Q4
> Discharge g,y,

> Prove subresult P_ze : 0 € (fixed_subset G)

= pair ze_is_fixed (ze_closed|F|L)

> Prove subresult P_plus : {Vz,y:fixed_subset G} (z + y) € (fixed_subset G)

= [Az, y: fixed_subset G] pair (plus_is_fixed = y) (plus_closed x.ev.snd y.ev.snd)

> Prove subresult P_neg : {Vz :fixed_subset G} (—x) € (fixed_subset )

= [Az:fixed_subset G] pair (neg_is_fixed x) (neg_closed x.ev.snd)

> Prove fixed_forms_subgroup : subgroup_axioms (fixed_subset G)
= pairg P_ze P_plus P_neg

> Define fixed_subgroup = (fixed_subset G, fixed_forms_subgroup : subgroup F')
: subgroup F

> Discharge
P_neg, P_plus, P_ze, neg_is_fixed, Q4, Q3, plus_is_fixed, Q2, Q1, ze_is_fixed, gg

> Introduce x,y : fixed_subgroup; g : G and let gg = G5 g : Aut L

> Prove subresult un_is_fixed : g.fixes 1

= gg.on_un

> Prove subresult Qs
: (gg (z.ev.snd x y.ev.snd)) = ((gg z.ev.snd) X (gg y.ev.snd))

= gg.on_times z.ev.snd y.ev.snd
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> Prove subresult Qg : ((¢9 ) X (9 y)) = (z X y)

= times_resp (z.ev.fst g) (y.ev.fst g)

> Prove subresult times_is_fixed : g.fixes (z X y)

= Qs5.tran Qg

> Prove subresult Qy : (gg (Y/z.ev.snd)) = (/(gg z.ev.snd))

= gg.on_recip z.ev.snd

> Prove subresult Qg : (Y/(g z)) = (}/x)

= recip_resp (z.ev.fst g)

> Prove subresult recip_is_fixed : g.fixes (/)

= Q7.tran Qg

> Discharge g, y,

> Prove subresult P_un : 1 € fixed_subgroup
= pair un_is_fixed (un_closed|F'|L)

> Prove subresult P_times : {Vx, y : fixed_subgroup} (z x y) € fixed subgroup

= [Az, y: fixed_subgroup] pair (times_is_fixed = y) (times_closed z.ev.snd y.ev.snd)

> Prove subresult P_recip : {Vz : fixed_subgroup} (!/x) € fixed subgroup

= [Az: fixed_subgroup] pair (recip-is_fixed z) (recip_closed z.ev.snd)

> Prove fixed_forms_subfield : subfield_axioms fixed subgroup

= pairg P_un P_times P_recip

> Define fixed_subfield = (fixed_subgroup, fixed_forms_subfield : subfield F')
: subfield F

> Prove fix_forms_subfield : fixed_subfield C L
= [Az: fixed_subfield] z.ev.snd

> Define fix = (fixed_subfield, fix_forms_subfield : subfield_of L) : subfield_of L
> Discharge P_recip, P_times, P_un, recip_is_fixed, Qg, Q7, times_is_fixed, Qg, Qs,

un_is_fixed, gg, G
> Discharge L

> Allow v to be written postfix
> Allow 2 to be written postfix
> Define ¥ = [AL | subfield F] fix|L
: {IIL | subfield F'} (subgroup_of (Aut L)) — subfield_of L

376
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> Define # = [AL | subfield F] [AK :subfield_of L] aut L K
: {IIL | subfield F'} (subfield_of L) — subgroup_of (Aut L)

B.8.1.4 The Galois connection between fixing subgroups and fixed

subfields

> Introduce L | subfield F'

> Construct by refinement GC,
: {VU, G| subgroup_of (Aut L)} (U C G) — GY C UV

(Y, ev, €, fixes, snd, fst, pair, perm, C, Aut, subgroup_of)

> Construct by refinement GCieq
: {VU, G |subgroup_of (Aut L)} (U =G) - U" = GY
(perm, C, fst, GCq, snd, v, pair, =, Aut, subgroup_of)
> Construct by refinement GC, : {V.J, K |subfield of L} (J C K) — K* C J*
(4, perm, ev, Aut, €, fixing_group, snd, fst, pair, C, subfield_of)

> Construct by refinement GCseq
: {VJ, K |subfieldof L} (J = K) — J* = K*

(C, fst, GCq, snd, &, perm, pair, =, subfield_of)

> Construct by refinement GCjz : {VG : subgroup_of (Aut L)} G C GV~

(Y, ev, €, fixes, fst, Aut, perm, fixing_group, pair, subgroup_of)

> Construct by refinement GCy : {VK :subfield of L} K C K%V

(4, perm, ev, Aut, €, fixing_group, fst, fixes, pair, subfield_of)

> Prove GCj : {VG :subgroup_of (Aut L)} GV = GV4V
= [AG :subgroup_of (Aut L)] pair (GC4 GV) (GC1 (GC3 G))

> Prove GCq : {VK :subfield of L} K% = K~"%
= [AK :subfield_of L] pair (GC3 K*) (GCz2 (GC4 K))

> Discharge L
B.8.1.5 Results concerning subfield morphisms

> Introduce K : subfield F'; Jy, J; | subfield F'; suppose Hy : J; C Jo and

introduce Hs : Jo C J;
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> Prove subresult ALGgs : (K-fix_hom J;) C (K-fix_hom J3)
= [Ag: K-fix_-hom Ji]
pair (FROM1s Hy g.ev.fst) (pair3 ([Az,y: J2] g.ev.snd.fsty (Ha z) (H2 y))
([Ax,y: J2] g.ev.snd.snds (H2 z) (H2 y)) g.ev.snd.thds)

> Discharge Hy, Hy, Jo, Jq

> Prove ALG,
. {\V/Jl, J2|subfie|d F} (Jl = JQ) — (K—fix_hom Jl) = (K—fix_hom Jg)
= [AJ1, J2 |subfield F] [AQ:J1 = J2]

pair (ALGas Q.fst Q.snd) (ALG2s Q.snd Q.fst)
> Discharge ALGss, K

> Introduce K7, Ks | subfield F'

> Prove ALG;s
: (K C Ky) — {VJ:dsubfield F'} (Ks-fix-hom J) C (K;-fix.hom J)
= [\H: K C Ka] [\J:dsubfield F] [Ag: Ka-fix_hom .J]

pair g.ev.fst (pairg g.ev.snd.fstz g.ev.snd.snds ([Az: Ki] g.ev.snd.thds (H z)))
> Discharge but keep Ko, K,

> Prove ALG,
: (K = Ky) — {VJ :dsubfield F'} (K;-fix hom J) = (Ky-fix hom J)
= [AQ: K1 = K3| [AJ :dsubfield F] pair (ALG1s Q.snd J) (ALG1s Q.fst J)

> Discharge Ky, K
> Introduce L | subfield F'
> Prove AUTc : {Vg:Aut L} {Vz:L} (g z) € L

= [Ag:Aut L] [Az: L] PERMc g
> Introduce G : subgroup_of (Aut L)
> Introduce J : dsubfield_of L and suppose H : G¥Y C J

> Introduce g : G[J and let g' = (g.ev).1 : G

> Prove subresult Py : (g'.rep[J) € (map_from J)
= RESTs5 J g'.rep

> Introduce xz,y : J and z : GV

> Prove subresult Q
: (g'.rep[J (z.plus_closed y)) (=|F.1.1) (g'.rep (z.plus_closed y))
= (REST:1 J g'.rep (z.plus_closed y)).symm
> Prove subresult Qg : ((G.2 g').make ((J2 z) + (J2y))) =
(G2 g').make (J.2 x)) + ((G.2 g').make (J.2 ¥)))

= (G.2 g').make.on_plus (J.2 x) (J.2 y)
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> Prove subresult Qs x : © € (g'.rep.agree (g'.rep[.J))
= REST; J g'.rep x

> Prove subresult Qz_y : y € (g'.rep.agree (g'.rep[J))
= REST; J g'.repy

> Prove subresult Qs : ((g'.rep ) + (g'.rep y)) = ((g'.rep[J x) + (g'.rep[J y))
= plus_resp Q3 x Q3.y

> Prove subresult P,

: (g'.rep|J (z.plus_closed y)) (=|F.1.1) ((g'-rep|J z) + (g'.repJ v))
= Qi.tran (Qz.tran Q3)

> Prove subresult Q4
: (g'.rep[J (z.times_closed y)) (=|F.1.1) (g'.rep (z.times_closed y))
= (REST; J g'.rep (z.times_closed y)).symm

> Prove subresult Qs : ((G.2 g').make ((J2 z) X (J2y))) =
(G2 g').make (J.2 ) X ((G.2 g').make (J2y)))

= (G.2 g').make.on_times (J.2 z) (J.2 y)
> Prove subresult Qg : ((g'.rep z) x (g'.rep y)) = ((g'.rep[J z) x (g'.rep[J y))
= times_resp Q3 _x Qs_y

> Prove subresult Pj

: (g'.rep|J (z.times_closed y)) (=|F.1.1) ((g'.rep[J z) x (g'.rep[J y))
= Q4.tran (Qs.tran Qg)

> Prove subresult Py : (g'.replJ (H 2)) (=|F.11) =
= (REST1 J g'.rep (H z)).symm.tran (z.ev.fst g')

> Discharge z,y, x

> Prove subresult Ps : (g'.rep]J) € (-fix hom GV J)
= pair Py (pair (pair P2 P3) P4)
> Prove ALG; : g € (-fixchom GV J)

= eq-closed (g.ev).2.symm Ps5

> Discharge P57 P47 P37 Q67 Q57 Q47 P27 Q37 Q3*y7 Q3)(7 Q27 Q17 P17 g,7 g, H7 J? G
> Introduce J, K : subfield F

> Prove subresult Py : {Vg:aut J K} g.rep.rep € (K-fix hom J)
= [Ag:aut J K] pair g.ev.snd.fst (pair g.ev.snd.snd g.ev.fst)

> Prove ALGy : (aut J K').as_a_subset_of_maps C (K-fix-hom J)
= (AA4 (aut J K) (rep_map (iso F' F)) (K-fix-hom J)).snd Py

> Discharge Py, K, J, L
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B.8.2 Galois groups and subfields
B.8.2.1 Definition of a Galois group

> Define is_galois_group = [AL | subfield F'] [AG : subgroup_of (Aut L)]
A Glis_finite (L.is_fin_dim_over GV)

: {ILL | subfield F'} (subgroup_of (Aut L)) — prop
> Introduce L : subfield F'

> Define galois_group = (XG : subgroup_of (Aut L)) G.is_galois_group : Type;
> Discharge L
> Define coercion ungal_group = [AL | subfield F] [AG : galois_group L] G 4
: {IIL | subfield F'} (galois_group L) — subgroup_of (Aut L)
> Define coercion make_gg = [AL |subfield F'] [AG | subgroup_of (Aut L)]
[AH : G.is_galois_group] (G, H : galois_group L) : {IIL |subfield F'}
{IIG | subgroup_of (Aut L)} G.is_galois_group — galois_group L
> Introduce L | subfield F' and G : galois_group L

> Prove gg finite : G.is_finite
= G.o.fst

> Prove gg_findim : L.is_fin_dim_over GV
= G.g.snd

> Discharge G, L

B.8.2.2 Definition of a Galois subfield

> Define is_galois_subfield = [AK, L : subfield F] (3G : galois_group L) GV = K

: (subfield F') — (subfield F') — Type;
> Introduce L : subfield F

> Define galois_subfield = (XK :subfield F') K.is_galois_subfield L : Type;
> Discharge L
> Prove ungal_subfield_subs : {IIL | subfield F'} {IIK : galois_subfield L} K., C L

= [AL|subfield F] [AK : galois_subfield L] K.3.2.snd.subs_tran (K.2.1").2
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> Define coercion ungal_subfield = [AL |subfield F] [AK : galois_subfield L]
(K .1, ungal_subfield subs K : subfield_of L)

: {IIL | subfield F'} (galois_subfield L) — subfield of L
> Define coercion make gf = [\L, K |subfield F| [AH : K .is_galois_subfield L]

(K, H : galois_subfield L)

: {IIL, K | subfield F'} (K .is_galois_subfield L) — galois_subfield L
> Introduce L | subfield F' and K : galois_subfield L

> Define gf gg = K .5.1 : galois_group L

> Prove gf_equal : gf gg¥ = K
= KAQAQ

> Discharge K, L

B.8.2.3 Results concerning being a Galois group

> Introduce L | subfield F'
> Introduce Gy, Gy | subgroup_of (Aut L) and suppose @ : G; = Go

> Construct by refinement GAL; : G.is_galois_group — G's.is_galois_group
(V, as_space_over_itself, is_fin_dim_over, perm, is_finite, pair, gg_findim,

FINDIM2, GCjeq, gg-finite, FINy4, is_galois_group)

> Discharge ), G5, G, L

B.8.3 Some special subfields
B.8.3.1 Introduction of a particular subfield

> Introduce L | dsubfield F’
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B.8.3.2 Two miscellaneous coercions to aid readability

> Define coercion apply_quot = [AS] [AG | subgroup (perm S)]
[A~ | equiv_rel (perm S)] [A\g:G/~] g.rep.rep : {ILS}
{IIG | subgroup (perm S)} {II~ |equiv_rel (perm S)} (G/~) — map S S
> Define coercion subg_trans = [AG | galois_group L] [AU : subgroup_of G|
(U,U g.subs_tran G.q.2 : subgroup_of (Aut L))

: {IIG | galois_group L} (subgroup_of G) — subgroup_of (Aut L)

B.8.3.3 Definition of a K-subfield

> Allow -subfield to be written postfix
> Define is_-subfield = [A\.J : dsubfield_of L] [AK :subfield_of L]
N; (K C J) (J.isfin.dim_over K) (L.is_fin_dim_over .J)
: (dsubfield_of L) — (subfield of L) — prop
> Define -subfield = [AK :subfield_of L] (¥.J : dsubfield_of L) J.is_-subfield K
: (subfield_of L) — Type;
> Introduce K : subfield_of L
> Define coercion unsubbfield = [AJ: K-subfield] J 4
: K-subfield — dsubfield_of L
> Define coercion make_-subfield = [A\.J | dsubfield_of L] [AH : J.is_-subfield K]
(J, H : K-subfield) : {I1.J | dsubfield_of L} (J.is-subfield K') — K-subfield
> Discharge K

> Prove sub_fin_dim_over
: {VK :subfield_of L} {V.J: K-subfield} .J.is_fin_dim_over K

= [AK :subfield_of L] [AJ : K-subfield] J.2.snd3

> Prove fin_dim_over_sub
: {VK | subfield_of L} {V.J: K-subfield} L.is_fin_dim_over .J

= [AK |subfield_of L] [\J : K-subfield] J.3.thds

> Prove subs_sub : {VK |subfield_of L} {V.J: K-subfield} K C J

= [AK | subfield_of L] [AJ : K-subfield] J.2.fst3
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> Prove sub_subs : {VK |subfield_of L} {V.J: K-subfield} J C L

= [AK | subfield_of L] [A\J: K-subfield] J.1.2

B.8.3.4 Results concerning K-subfields

> Prove SUBF; : {IIK;, K5 | subfield_of L} (K; = K3) — {IlJ: K;-subfield}
J.is_-subfield K5
= [AK1, K> | subfield_of L] [\Q: K1 = Ka] [\J : K1-subfield]
pairs (Q.snd.subs_tran J.subs_sub) (FINDIM2 J Q (sub_fin_dim_over K; J))
(fin_dim_over_sub J)

B.8.3.5 Decideability of a restricted subgroup

> Introduce G : subgroup_of (Aut L); let K = GV : subfield_of L and suppose
H : G.is finite

> Introduce J : K-subfield and let GbJ = G[.J : subset (map F' F)

> We want to prove subresult Py : GbJ.is_decideable_in (K-fix_-hom .J)

> Introduce g : K-fix_hom J

>Letn=H,:N

>Let g = Hagq:G"'n

> Let rtJ = restriction J : map (map F.1.q F.1.1) (map Flyq Fl1q)

> Prove subresult Py : subset_axioms|G ([A\g': G| g = ¢'.rtd)
= [Ag1,921G] [MQg:91 = g2] [ANQ:g = g1.rt)] Q.tran (rt).resp Qg)

> Let A= ([\¢':G] g = ¢'.rt), Py : subset G) : subset G
> We want to prove subresult Ps : ((3i:n) g = (g\i).rtd).or_not
> We want to prove subresult P, : {Vi:n} (¢ = (g\i).rtJ).or_not

> Prove subresult P43 : subset_axioms|n ([Ai:n] g = (g\i).rtJ)
= [M1,i2|n] [AQi:i1 = i2] [AQ:g = (gvi1).rtd] Q.tran (rt).resp (g.resp Q1))

> Let B = ([Ai:n] g = (g\i).rtd,P,4_3 : subset n) : subset n
> Introduce 7 : n

>letgi=gu:G
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> We want to prove subresult P4_;

:({Vo:F} (x € J) — (g ) = (gi.rtd x)).or_not

> We want to prove subresult P4
:({Ve:F} (x ¢ J) — (g x) = (gi.rtd x)).or_not

> Prove subresult Qsz_;
: (J C (g.agree gi)) = {Vo:F} (z € J) — (g ) = (gi.rt z)
= [AH1:J C (g.agree gi)] [\e: F] [AHJ:xz € J| (H1 HJ).tran (REST; J gi HJ)

> Prove subresult Qz_o
:({z:F} (z e J)— (gx) = (girtd z)) — J C (g.agree gi)
= [MHy:{llz: F} (z € J) — (g =) = (gi.rtd )] [Az:J]

(H2 x z.ev).tran (REST J gi z.ev).symm
> Prove subresult Qs

: (J C (g.agree gi)) <> ({Vz:F} (x € J) — (g x) = (gi.rtd z))
= pair Q31 Q32

> Prove subresult P4_1_; : J.has_fin_span_over K

= span_fin_dim (sub_fin_dim over K .J)
> Let Py o = [Az,y:J] g.ev.snd.fst.fst z y : g € (subgroup_hom J)
> Let P4y 3 = [Az,y: J] (G2 gi).snd.fst (J.sub_subs ) (J.sub_subs y)
: gi.rep.rep € (subgroup_hom .J)
> We want to prove subresult P4 4
: {Vv:J N (g.agree gi)} {Vz:K} (z x v) € (g.agree gi)
> Introduce v : J N (g.agree gi); let Pvy = v.ev.fst : v € J and Pvs

= J.sub_subs Pv; : v € L

> Introduce z : K; let Px; = J.subs_sub x : x € J and Pxy = x.ev.snd : x € L

> Prove subresult P4y 4a: (g (z x v)) = ((g x) x (g v))

= g.ev.snd.fst.snd Px; Pvy

> Prove subresult P4 4b; : g.fixes x

= g.ev.snd.snd =

> Prove subresult Py _4by : x (=|F1.1.1) (gi x)

= (z.ev.fst gi).symm

> Prove subresult Py 4b : (g z) (=|F.11) (gi 2)

= P4_1-4by.tran P4_1_4b2
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> Prove subresult Py 4c: ((9 ) x (g v)) = ((gi z) x (giv))
= times_resp P4_1_4b v.ev.snd

> Prove subresult P4_; 4d : ((gi ) % (giv)) = (gi (x X v))
= ((G.2 gi).snd.snd Px2 Pva).symm
> Discharge to prove subresult as claimed Py_;_4
: {Vv:J N (g.agree gi)} {Vz:K} (z x v) € (g.agree gi)
using

Pa_1-4a.tran (P4_q_gac.tran P4_1_4d) : (x X v) € (g.agree gi)

> Discharge x, v

> Prove subresult Py_;" : (J C (g.agree gi)).or_not
= SPAN4‘F‘J|K|P4_1_2|P4_1_3 J.subs_sub P4_1_1 P4_1_4

> Prove subresult as claimed P,_;
:({Vz:F} (x € J) — (g x) = (gi.rtd x)).or_not
= DEC2 Q3 P41’

> Introduce x : Frand X : x & J

> Prove subresult Py : (z € J) — (g x) = (gi.rtd z)
= [AMABS:z € J] exfalso ((g ) = (gi.rtd z)) (X ABS)

> Prove subresult Q4 : (gi.rtd z) = x
= REST; J gi X

> Prove subresult Py 29 : ((9 ) =2) — (g 2) (=|F.111) (gi.rtd z)
= [AQ: (g ) = z] Q.tran Qq.symm

> Prove subresult P,5' : (¢ z) = (gi.rtd x)

= case (g.ev.fst &) P4_o_1 Ps_2o

> Discharge X, x

> Prove subresult as claimed P4_s
:({Vx:F} (x ¢ J) — (g x) = (gi.rtd z)).or_not

= or_not_is_true P4_s’

> Discharge to prove subresult as claimed Py : {Vi:n} (¢ = (g\i).rtJ).or_not
using
DEC, (DEC; ([Az:F] (g @) = (gi.rt) @) J) (DECs Pay Pas)

:({llz:Fyaa} M2 F) (g 2') = (gi.rtd 2’) z).or_not
> Discharge ¢

> Prove subresult as claimed Py : ((3i:n) g = (g\i).rtJ).or_not
= FIN; B Py
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> Discharge to prove subresult as claimed P,
: GbJ.is_decideable_in (K-fix_hom J)

using

DEC; (FIN7 H A).iffsymm P3 : ((3z:G) « € A).or_not

> Discharge ¢

> Prove subresult P : GbJ C (K-fix_hom J)
= ALG3 G J (subs_sub J)

> Prove GBJ : GbJ.decideable subs (K-fix_-hom .J)

= pair P1 P5
> Discharge Ps, P1,P3, P4, Pao,Pso’, Pyo 9, Qu,Pao1, Pay, Pacy’', Pasiy,
Pyyad, Pyyac,Pyy b, Pyy 4bo, Pyy b1, Py_y_4a, Pxo, Pxy, Pvy, Py,

P4—1—37 P4—1—27 P4—1—17 Q37 Q3—27 QS—la g|7 B> P4—37 A, PZ) I’tJ, g,n, GbJa Ja H7 Ka G

B.9 Statement of the fundamental theorem

> Introduce G : galois_group L

> Let ftyi = {VU :subgroup_of G} (U.is_decideable_in G) —
(L.is_fin_dim_over U") — U..is_galois_group : prop;

> Let ftyii = GV.is_galois_subfield L : prop;

> Let ftyiii = G = GV : prop

> We want to prove FTy : A, ftyi ftyii ftyiii

> Introduce K : galois_subfield L

> Let ftoi = {V.J: K-subfield} J.is_galois_subfield L : prop;

> Let ftoii = K%.is_galois_group : prop

> Let ftoiii = K = K2V : prop

> We want to prove FTy @ A; ftoi ftaii ftaiii

> Introduce J : K-subfield

> Let ftsA = K.is_galois_subfield J : prop;
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> Let ft3B = J%.normal_in K* : prop
> We want to prove FTj : (ft3A < ft3B) A
(ftsA — (Ir:iso (K2/J%) (aut J K)) ({Vg: K*/J*} (g]J) = (m g)) A

({Yg, h: K2/} ((ho g)I]) = ((RI]) © (91))))
> Discharge fth,ftgA, J, ftgiii,ftgii,ftQi, K,ftliii,ftlii, ftli, G

B.10 Proof of the fundamental theorem

B.10.1 Some subresults
B.10.1.1 Lemma 1l

B.10.1.1.1 Statement of Lemma 1
> Introduce G : subgroup_of (Aut L); J : dsubfield of L and let U = G N J*#
: subgroup (perm F')
> We want to prove LEMMA;i

1 {Vo1,92: G} (91.(R-U) g2) = ((911]) = (9217))
> We want to prove LEMMAii : (G[J) = (G/U)

B.10.1.1.2 Proof of the first part
> Introduce ¢1,92 : G

> Prove subresult Py : (g7 o ¢3) € G

= gi.inv_closed.o_closed g2

> Prove subresult Q;_1 : ((917 ' 0 g2) € U) — (g1 ' o g0) € J*
= [AH:(g17! 0 g2) € U] H.snd

> Prove subresult Q; 5 : (g1 1 o g2) € J2) — (g1 o) €U

=[AH:(g17" o g2) € J*] (P1, H)

> Prove subresult Q1 : (((g17' 0 g2) € U) — (g1 0 go) € J2) A
(17" 0 g2) € J%) = (17" 0 g2) €U)
= pair Q11 Q12
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> Prove subresult Py : (g1 o ¢g3) € (Aut L)
= G.o Py

> Prove subresult Qa1 : ((917' 0 g2) € J2) = {Va:J} (g1 o) =2

= [AH: (9171 0 g2) € J] H fst

> Prove subresult Q5 : ({Vz:J} (91 ' o gp x) =) — (917 0 go) € J°

= \H:{Vz:J} (g1~ 0 g2 @) = ] (H,P2)

> Prove subresult Qz : (((g17' 0 g2) € J2) = {Vz:J} (17 o g ) = ) A

({Vz: T} (i o g2 ) =) = (917" 0 g2) € %)

= pair Q21 Q22

> Introduce =z : J

> Prove subresult Qza : (g1 0 g2 ) = (917! (g2 7))

= rewrite_o 91*1 g2 T

> Prove subresult Qzb; : (91 (917" (92 7)) (=[F1.1.1) (91 0 917" (g2 7))

= (rewriteo g1 g1~ % (g2 @)).symm

> Prove subresult Qsbs : (((g1 0 g171)) 11 (92 @) = ((id).1.1 (g2 7))

= gi1.o-nv (g2 x)

> Prove subresult Qsb : (g1 (917" (g2 7)) = (g2 @)
= Qsbz.tran Q3b2

> Prove subresult Qsc : (((g17' 0 ¢1))11 #) = ((id).1.1 )

= gi.invox

> Discharge x

> Prove subresult Qsz_;
t({Va: T} (it o ge ) = 1) = {Vo:J} (91 7) = (92 2)
=[AH:{Vz:J} (g1 o g2 z) = ] [Az:J]

(g1-resp ((H x).symm.tran (Qza z))).tran (Qsb x)
> Prove subresult Qs_s

(Ve J} (g1 2) = (g2 2)) = {Vo:J} (g1 togr)=1x
= MH:{Vz:J} (g1 =) = (92 )] [Mz:J]

((Qza x).tran (g1 ~L.resp (H z).symm)).tran (Qsc z)
> Prove subresult Qs

(VoY (Tt ogex) =a) = (Vo J} (g1 ) = (g2 7)) A
({Vz:J} (1 ) = (g2 @) — {Va:J} (17" 0 g2 ) = )
= pair Q3-1 Q32

> Prove subresult Qg : (g1.(=J) 92) < ((91]J) = (g2J))

= REST4 J g1 g2

388
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> Discharge to prove as claimed LEMMA;i
1 {V91,92: G} (91.(=-U) g2) < ((:1J) = (g21J))

using
(Qq.iff-tran Q2).iff_tran (Qs.iff_-tran Q4)

: (17t oge) €U) = (1)) = (921))
> Discharge gs, g1

> Discharge Qu4, Q3, Qz-2, Qs-1, Qsc, Qsb, Qsbs, Qsb1, Qsa, Q2, Q22, Q2-1, P2, Q1
Ql*?) Qlfla Pl

B.10.1.1.3 Proof of the second part
> Let GbJ = GJ : subset (map F' F)
> Let GqU = G /U : subset ((perm F)/U)
> Define theta_fun = [Ag: GqU] ((g.ev).1[J, (g.ev).1, refl ((g.ev).1[J) : GbJ)
: GqU — GbJ
> Introduce g1, g2 | GqU and suppose @ : g1 = g2
> Prove subresult Q1.1 : ¢2.(((=-U)).1) (g2.ev).1

= ((=-U)).2.snd3 (g2.ev).2

> Prove subresult Q; : (g1.ev).1.(((=-U)).1) (g2-ev).1
= (91.ev)g.(((%—U)).z.thd?,) (Q.(((%—U))Q.thdg) Ql—l)

> Prove theta_forms_map : (theta_fun g;) = (theta_fun go)
= (LEMMA1i (g1.ev).1 (g2.ev).1).fst Q1

> Discharge Qq, Q1-1, @, 92, 91
> Define theta_map = (theta_fun, theta_forms_map : map GqU GbJ)
: map GqU GbJ
> Define theta_inv_fun = [Ag: GbJ]
((g-ev).1.rep, (g.ev).1, ((=-U)).2.fsts (refl (g.ev).1.rep) : GqU) : GbJ — GqU
> Introduce g1, go | GbJ and suppose @ : g1 = g2

> Prove subresult Qs : (restriction_perm J (g;.ev).1) (=|(map F.11.1 F11.1))
(restriction_perm J (g2.ev).1)

= ((g1.ev).2.symm.tran Q).tran (g2.ev).2

> Prove theta_inv_forms_map : (theta_inv_fun g;) = (theta_inv_fun ¢5)
= (LEMMA1i (g1.ev).1 (g2.ev).1).snd Q2
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> Discharge Q2, @, g2, 91
> Define theta_inv = (theta_inv_fun, theta_inv_forms_map : map GbJ GqU)
: map GbJ GqU

> Prove subresult Py : (theta_inv o theta_map) = identity
= [Ag:GqU] (g.ev).2

> Prove subresult Py : (theta_map o theta_inv) = identity
= [Ag:GbJ] (g.ev).2.symm

> Prove (but keep unfrozen) theta_forms_iso : theta_map € (iso GqU GbJ)
= (theta_inv, pair P; P2 : theta_map € (iso GqU GbJ))

> Define § = (theta_map, theta_forms_iso : iso GqU GbJ) : iso GqU GbJ

> Prove as claimed LEMMAy;ii : (G]J) = (G/U)
=0

> Discharge Po, P1,GqU,GbJ, U, J, G

B.10.1.2 Theorem A

> Introduce G : galois_group L and let K = GV : subfield_of L
The proofs of the first two parts have not been formalised in the case-study due

to a lack of time.

B.10.1.2.1 Statement of Theorem A
> Assume without proof THM_A;

: {VJ: K-subfield} (K-fix-hom J) < (sub_fin_dim_over K J).basis
> Assume without proof THM_A,
: {VU :subgroup_of G} (X H :U".is_fin.dim_over K) (G/U) = (basis H)
> We want to prove THM_A3
: (In:N) (Jw: F n) (L.has_basis.over K w) A (G = w)

B.10.1.2.2 Proof of the corollary

> Define trivial_subset = singleton (id|(perm F')) : subset (perm F’)
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> Construct by refinement trivial_forms_subgroup
: subgroup_axioms trivial _subset
(trivial_subset, perm, ev, id, symm, o_id, o, tran, GROUP3, ~!, =, snd, o_resp,

id_o, refl, €, pairg)
> Define trivial_subgroup

= (trivial subset, trivial forms_subgroup : subgroup (perm F’))

: subgroup (perm F')

> Construct by refinement trivial_forms_subgroup_of : trivial subgroup C GG

(perm, id_closed, trivial_subgroup, ev, id, eq_closed)

> Define {id} = (trivial_subgroup, trivial forms_subgroup _of : subgroup_of G)

: subgroup_of GG
> Introduce g : perm F
> Prove subresult Py : (¥H : {id}".is_fin_dim_over K) (G/{id}) = (basis H)
= THM_A; {id}
> Discharge ¢
> Locally construct by refinement Py : {id}V = L
(ev, {id}, perm, id, symm, €, fixes, pair, ¥, snd, C)
> Let H = Pg.1 : {id}".is_fin_dim_over K
> Let PQ = FlND|M1b|F‘F P1 K P0.1.2.2 : L.has_basis_over K P0.1.2.1
> Locally construct by refinement Pj : is_same_relation (=~-{id}) =
(perm, GROUPy, =, id, ~1, o, fst, symm, =, snd, {id}, ~-, is_subrelation, pair)
> Locally construct by refinement Py : G = (G/{id})
(P3, perm, =, {id}, quot_iso, quot_triv_iso, /, /, eqsize_tran)

> Locally construct by refinement THM_A;_proof
: (In:N) (Jw: F"n) (L.has_basis.over K w) A (G = w)
(Po, P4, K, {id}, V, as_space_over_itself, basis, perm, /, /, egsize_tran, Py, =,

has_basis_over, pair, A, /*, N)

> Prove as claimed THM_A3
: (In:N) (Jw: F n) (L.has_basis_over K w) A (G = w)

= THM_As_proof
> Discharge THM_Ag_proof, P4, Pg, PQ, H, P17 PO
> Discharge but keep K, G
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B.10.1.3 Theorem B

> Introduce J : K-subfield

> Prove (but keep unfrozen) subresult Py : J.is_fin_dim_over K
= sub_fin_.dim_over K J

> Let w = basis Py : J"(dim Py)

> Prove subresult W : J.has_basis_over K w

=Ps2.2

> Let G[J = G|J : subset (map F' F)

B.10.1.3.1 Statement of Theorem B
> We want to prove THM_Bg : G'[J.is finite
> We want to prove THM_B; : GJ = (K-fix_hom J)
> We want to prove THM B, : GJ = w
> We want to prove THM B3 : J = J&V
> We want to prove THM_B, : (G[L) = (K-fix-hom L)

B.10.1.3.2 Preliminaries

> Prove subresult P, : (GN J%) C G
= [Ag:G N J2] g.ev.fst

> Let U = (G N J*, Py : subgroup_of G) : subgroup_of G

> Prove subresult Py : U C J%
= [A\g:U] g.ev.snd

> Let G/U = G/U : subset ((perm F)/U)
> Let K-fix hom J = K-fix-hom J : subset (map F' F)

B.10.1.3.3 A cycle of inequalities
> Prove subresult Q; : G/U = G[J

= (LEMMAii|G J).eqsize_symm

> Prove (but keep unfrozen) subresult H : UV.is_fin_dim_over K
= (THM_A2 G U))a
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> Let v = basis H : UY"(dim H)

> Prove subresult Qs : K-fix_hom J < w
= THM.A; G J

> Prove subresult P5 : K-fix_.hom J.is_finite
= SMALLERy Q2

> Prove subresult Pg : G[J.decideable subs K-fix_hom .J
= GBJ G G.gg-finite J

> Prove subresult Qs : G[J < K-fix_hom J
= FIN; P5 Pg

> We want to prove subresult P; : (w-span_over K) C J
> Introduce x : K and v : J

> Prove subresult P;; : z € J

= subs_sub J =

> Prove subresult P75 : (x x v) € J

= times_closed P7_; v
> Discharge v, x
> Prove subresult as claimed P7 : (w-span_over K) C J
= SPAN3|F|F w P7.
> We want to prove subresult Pg : (w-span_over K) C (v-span_over K)

> Prove subresult Pg_; : J C UV
= (GCy4 (sub_subs J)).subs_tran (GC1|L|U P2)

> Prove subresult Pg 5 : UV C (v-span_over K)

= H.spanning.fst

> Prove subresult as claimed Pg : (w-span_over K) C (v-span_over K)

= P7.subs_tran (Pg_1.subs_tran Pg_2)

> Prove subresult Q4 : w < v
= SPANs5|F|F .as_space_over_itself P4.independence H.independence Pg

> Prove subresult Q5 : v =2 G/U
= ((THM_Az G U)).2.eqsize_symm
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> Prove subresult a : G/U = G|J

=Q

b: G|J X K-fixhom J

= Q3

c : K-fixhom J X w

ande: v G/U

> Prove subresult d; :

do: J C JAY

dg : JAV C UV

= Q2

= Q4

= Qs

=Py

= GCy4 (sub_subs J)

= GG, |L|U Py

di23 : (w-span_over K) C (v-span_over K)

:P8

and by : G|J.decideable_subs K-fix_hom J

= Pg

> Prove as claimed THM_B : G'[J.is_finite

= SMALLERg b

> Prove subresult Qg : v = G[J

= egsize_tran Q5 Q1

> Prove subresult Pg : v.is_finite

= EQSIZE(y Qg.eqsize_symm THM_By

> Prove subresult Q7 : v < G[J

> Prove subresult Qg : K-fix_hom J < G[J

= smaller_tran Q2 (smaller_tran Q4 Q7)

= SMALLER; Pg Qs

> Prove subresult Qg : w < K-fix_hom J

= smaller_tran Q4 (smaller_tran Q7 Q3)

> Prove subresult Q¢ : v < w

> Prove subresult Qq;

= smaller_tran Q7 (smaller_tran Q3 Q2)

: Gl J = K-fix_hom J

= smaller_.asymm Qs Qs

> Prove subresult Q5 : K-fixchom J = w

= smaller_.asymm Qg Q2

(w-span_over K) C J

394
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> Prove subresult Q3 : w = v

= smaller.asymm Q19 Q4

> Prove subresult b’ : G[J = K-fix_.hom J

= Q11
¢’ : K-fix;hom J & w

= Q12
andd' :w = v

= Qi3

B.10.1.3.4 Conclusion

> Prove as claimed THM_B, : G[J = (K-fix-hom J)

= FIN3 bj.snd THM_Bg b’

> Prove as claimed THM B, : GJ = w

= b’.egsize_tran ¢’
> Prove subresult Bsb_; : J4V C UV
= GG, |L|U Py
> Prove subresult Bsb_p : UY C (v-span_over K)

= H.spanning.fst

> Prove subresult Bsb_3 : (v-span_over K) C (w-span_over K)

= SPANg|F'|F .as_space_over_itself P4.independence H.independence Pg Qi3

> Prove subresult Bsb : J2V C J

= (Bgb_1.subs_tran B3b_3).subs_tran (Bsb_3.subs_tran P7)

> Prove as claimed THM_B; : J = J2V
= pair do Bsb

> Discharge Bsb, Bsb_3,Bsb o, Bsb_;,d",c’,b’, Qi3, Qi2, Qi1, Q10, Qo, Qs, Q7, Po,
Qs, b1, d123,d3,d2,dy, €,d, ¢, b, a,Qs, Qq, Ps, Ps 2, Ps_1, Pz, P72, P71, Q3, P,
Ps, Qa, v, H, Qq, K-fix-hom J,G/U,Py, U, Py, G[J, W, w, Py, J

> Prove subresult P; : K C L

= K.o
> Prove subresult P, : L.is_fin_dim_over K

= (G.gg-findim

> Prove subresult P : L.is_fin_dim_over L
= FINDIM3 L

> Prove subresult J : (subs_refl L).is_-subfield K

= pairg Py P2 P3
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> Prove as claimed THM B, : (G[L) = (K-fixchom L)
= THM.B; J

> Discharge J, P3, Py, P, K, G

B.10.2 The main proof
B.10.2.1 Proof of first part of the fundamental theorem

> Introduce G : galois_group L and U | subgroup_of G
> Suppose H; : U.is_decideable_in G and H, : L.is_fin_dim_over UV

B.10.2.1.1 Proof of FTi

> Prove subresult P; : U.is_finite
= SMALLERy (FIN; G.gg_finite (pair H1 U.2))

> Prove FTyi : U.is_galois_group
= pair P1 H2

> Discharge Py, Hy, Hy, U

B.10.2.1.2 Proof of FTyii

> Prove FTyii : GV.is_galois_subfield L
= (G, equal_subs_refl GV : GV .is_galois_subfield L)

B.10.2.1.3 Proof of FT,iii
> We want to prove subresult Py

: GV%.as_a_subset_of_maps C (G.as_a_subset_of_maps

> Prove subresult Psa : GV%.as_a_subset_of maps C (GV-fix hom L)
= ALGy L G¥

> Prove subresult Pyb : (GV-fixhom L) C (G[L)
= (THM_B4 G).snd

> Prove subresult Poc’ @ {Vg: G} g = (g[L)
= [Ag:G] (REST3 L g).fst (G.1.2 g).fst
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> Locally construct by refinement Poc : (G[L) C G.as_a_subset_of_maps
(map, refl, iso, rep_-map, =, Pac’, |, as_a_subset_of_maps, eq_closed,

restriction_perm, perm, AA4, apply-across, C, €, snd)
> Prove subresult as claimed Pq

: GV%.as_a_subset_of_maps C (G.as_a_subset_of_maps

= P2a.subs_tran (P2b.subs_tran P2c)
> Locally construct by refinement P3 : GV% C G
(P2, V, 2, iso, map, rep-map, =, AAas’)
> Prove FTqiii : G = GV2
= pair (GC3 G) P3
> Discharge P3, PQ, P2C7 PQC’, Pgb, Psa
> Discharge to prove as claimed FTy
: {VG : galois_group L} [6ftyi = {VU :subgroup_of G'}
(U .is_decideable_in G) — (L.is_fin_dim_over U") — U.is_galois_group]
[0ft1ii = GV.is_galois_subfield L] [0ftiiii = G = GV*] A\, ftyi ftyii ftyiii
using
pairs’ FT1i FTyii FTyiii
: A3 ({VU | subgroup_of G} (U .is_decideable_in G) — (L.is_fin_dim_over U") —

U .is_galois_group) (GV .is_galois_subfield L) (G = GV*)
> Discharge G

B.10.2.2 Proof of second part of the fundamental theorem

> Introduce K : galois_subfield L

> Let G = K.gf gg : galois_group L and Q = K .gf equal : G¥Y = K

B.10.2.2.1 Proof of FT,i
> Introduce J : K-subfield

> Locally construct by refinement Py : J4 C G
(G, FTqiii, V, &, perm, C, snd, subs_sub, Q, fst, subs_tran, GC2)
> Let Jaut = Py : subgroup_of G

> Prove subresult PJ : J.is_-subfield GV
= SUBF1|K|G"Y Q.equal_subs_symm J

> Prove subresult Q' : J = J2V
= THM B3 G PJ
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> We want to prove subresult Hy : J%.is_decideable_in G

> We want to prove subresult Hy : L.is_fin_dim_over J2V

Hypothesis H;
> Introduce g : G
> Locally construct by refinement Py : (g.(=[J) id) < (g € J*)
(Aut, perm, €, subfield_of, fixing_group, fst, G, id, =[, pair, J*)

> Prove subresult Hg : g € (subgroup_hom J)
= [Az,y:J] (G.1.2 g).snd.fst (J.sub_subs z) (J.sub_subs y)

> Prove subresult Hi : id € (subgroup_hom J)
= [Az,y: J] refl (z + y)
> Let A = Hg.agree Hi : subset F’

> Prove subresult Psa : GY C J

= Q.fst.subs_tran (subs_sub .J)

> Prove subresult P3b : J.has_fin_span_over G
= span_fin_.dim (FINDIM2 J Q.equal_subs_symm (sub_fin_.dim_over K .J))

> We want to prove subresult Psc : {Vv:J N A} {Vz:G"} (x x v) € A
> Introduce v : J N A and z : GY

> Locally construct by refinement Q; : (g (z x v)) = ((g ) x (g v))
(A, N, ev, €, fst, sub_subs, rep_-map, ap, make, G, 7, resp_plus_times,

as_a_subset_of_perm, perm, Perm, snd, X, resp_-mapz, iso, map, rep, +)

> Locally construct by refinement Qs : ((g x) X (g v)) = (z X v)

(A, N, ev, €, snd, G, 7, fixes, fst, times_resp)

> Discharge to prove subresult as claimed Psc
:{Vo:J N A} {Vz:G"} (x x v) € A
using

Qi.tran Q2 : g.fixes (z X v)

> Discharge x, v

> Prove subresult P : (g.(=]J) id).or_not
= SPAN4 P3a P3b P3C

> Discharge to prove subresult as claimed H; : J%.is_decideable_in G
using

DECy P2 P3 : (g € J#).or_not

> Discharge ¢
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Hypothesis H,

> Prove subresult as claimed Hs : L.is_fin_dim_over J2V
= FINDIM L Q' (fin_dim_over_sub .J)

> Prove subresult Py : J%.is_galois_group
= FT1i G[J® Hy Ha

> Construct by refinement FTsi : J.is_galois_subfield L
(Q', 2, V, equal_subs_symm, perm, equal_subs_refl, P4, GCjeq, equal_subs_tran,

=, galois_group)

> Discharge P4, Hg, H17 P3, P3C, Qg, Q17 Pgb, P3a, A, HI, Hg, PQ, Q', PJ7 JA, Pl, J

B.10.2.2.2 Proof of FTsii

> Prove subresult Q3 : G = K*
= (FT1iii G).equal_subs_tran (GCzeq Q)

> Prove FTyii : K%.is_galois_group
= GAL, Q3 G5

B.10.2.2.3 Proof of FTsiii
> Prove FTaiii : K = K2V

= Q.equal_subs_symm.equal_subs_tran (GCjeq Q3)

> Discharge Q3,Q, G

> Discharge to prove as claimed FTy
: {VK : galois_subfield L} [ftai = {V.J: K-subfield} .J.is_galois_subfield L]
[0ftaii = K %.is_galois_group] [0ftqiii = K = K2V] A, ftai ftaii ftaiii
using
pairy’ FTai FTaii FTaiii

: Ay ({VJ: K-subfield} J.is_galois_subfield L) K .is_galois_group (K = K*V)
> Discharge K

B.10.2.3 Lemma 2

> Introduce K : galois_subfield L; let G = K* : subgroup_of (Aut L.1) and
introduce J : K-subfield
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B.10.2.3.1 Statement of Lemma 2
> Let p;y = J%.normal_in G : prop
> Let po = (G[J) C (aut J K).as_a_subset_of_maps : prop
> We want to prove LEMMA,i

: (J%.normal_in G) — (G[J) = (aut J K).as_a_subset_of_maps
> We want to prove LEMMAii : ((G]J) = (aut J K)) — J%.normal_in G

B.10.2.3.2 Preliminaries
> Prove subresult Py_G : G.is_galois_group
= FTaii K
> Prove subresult Py_J : J.is_-subfield P,_GY
= SUBF1|K|GY (FTaiii K) J
> Prove subresult Qo : (G[J) = (GY-fix_hom J)

= THM_B; Po_G Pq_J

> Prove subresult Qoo : (GY-fix_hom J) = (K-fix.hom J)

= ALG; (FT2iii K).equal_subs_symm J

> Prove subresult Pq : (aut J K).as_a_subset_of maps C (G[J)
= (ALG4 J K).subs_tran (Qo-1.equal_subs_tran Qqp-2).snd

> Prove subresult Q : J = J2V
= FTaiii (FT2i K J)

> Let p = {Vg:G} {Va:J} (g x) € J~V : prop

B.10.2.3.3 The first two implications,p; < p
> We want to prove LEMMAiii
: (J%.normaliin G) — {Vg:G} {Vz:J} (g x) € J*Y
> Suppose H : J%.normal_in G; introduce g : G; x : J and h : J*
> Prove subresult Q; : (h (g x)) (=|F.111) (ho g )

= (rewrite.o h g z).symm
> Prove subresult Qa1 : (h o g) (=|((perm F.1.1.1)).1) (id o (h o g))

= (id—o (h o g)).symm

> Prove subresult Q5 : (id o (hog)) = ((gogt) o (hog))

= g.o_inv.symm.o1 (h o g)
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> Prove subresult Qa3 : (9o g ') o(hog))= (g0 (g7t o (hoyg)))

=o.assoc g g~ (hog)

> Prove subresult Qy : (hogx)= (g0 (g7 o (hog)) z)

= Q2_1.tran (Qz2.tran Q2_3) =

> Prove subresult Qs : (go (g7 o (hog)) z)= (g9 (g7 o (hog)x))

=rewriteo g (g1 o (hog)) =

> Prove subresult Q4" : (97 o (hog) z) = x
= (H g h).fstz

401

> Prove subresult Q4 : (97 o (h o g)).fixesz) — (g (g7 o (hog) x)) = (g x)

= AH': (g o (h o g)).fixes ] g.resp H’

> Prove subresult Py : (h (g x)) (=|F.111) (g x)
= (Qi.tran Q2).tran (Qs.tran (Q4 Q1))

> Discharge h

> Prove subresult P11 : g € (Aut L)
=Gag

> Prove subresult P; 5.5 : x € L

= J.sub_subs =

> Prove subresult P13 : (make Pyoy z) € L
= AUTc (make P1_-2_1) (make P1_2.2)

> Prove subresult Py 5 4 : (make Py 5y 2) = (g )
=refl (g.1.1.1 )

> Prove subresult Py 5 : (g ) € L
= eq-closed P; 24 P12_3

> Prove subresult Py : (g x) € J2Y

= pair P1_; P1s

> Discharge z, g, H

> Suppose H : p; introduce g : G; h: J® and z : J

> Prove subresult Qs : (g7 o (ho g) ) = (g7 (ho g x))
= rewriteo g~ (hog)

> Prove subresult Qs-1 : (h o g ) = (h (g x))

= rewriteo h g =

> Prove subresult Qg' : h.fixes (g x)
= (H ga)fst h
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> Prove subresult Qg : (h.fixes (g x)) — (g7 (hogx)) = (97" (9 ))
= [AH': h.fixes (g z)] g~ '.resp (Qg-1.tran H')

> Prove subresult Q7 : (¢7! (9 ) (=|F.111) (g7 0 g 2)
= (rewrite.o g~ ! g z).symm

1

> Prove subresult Qg : (g7 ' o gx) =2

=invogz

> Prove subresult Py : (g7 o (hog) z) (=|F111) x
= (Qs.tran (Qe Qg')).tran (Qr.tran Qsg)

> Discharge x

> Prove subresult Py_g : equal_in (perm F') (make g.ev.snd) g
= refl ga

> Prove subresult Py_h : equal_in (perm F') (make h.ev.snd) h
= refl h.q

> Prove subresult Py 51 : g7! € (Aut L)

= eq-closed (inv_resp P2_g) g.ev.snd.inv_closed

> Prove subresult P59 : (h o g) € (Aut L)

= eq-closed (o_resp P2_h P2_g) (h.ev.snd.o_closed g.ev.snd)

> Prove subresult Py 5 : (g7 o (h o g)) € (Aut L)

= Pg_2_j.0closed P25 2

> Prove subresult Py : (g7 o (h o g)) € J2

= pair P21 Pa_2
> Discharge h, g, H

> Prove as claimed LEMMAGiii
: (J%.normaliin G) — {Vg:G} {Vx:J} (g x) € J~Y

=P

B.10.2.3.4 The third implication, p; — p
> Suppose H : po
> Introduce g : G and = : J

> Prove subresult P3_; : (restriction_perm J g) € (aut J K).as_a_subset_of_maps
= (AA4 G (restriction_perm J) (aut J K).as_a_subset_of_maps).fst H g

> Prove subresult P35 : (make P3_j.1.ev.snd z) € J
= AUTc (make P3_1.1.ev.snd) z
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> Prove subresult Qg : (restriction_perm J g x) = (P3_1.1.1 @)

=P3g1.2x

> Prove subresult Qq; : (restriction_perm J g x) = (make P3_;.1.ev.snd z)
= Quo

> Prove subresult Qq2 : (g ) = (restriction_perm J g x)
= REST; J g.rep x

> Prove subresult P3' : (g x) € J

= eq-closed (Qi2.tran Q11).symm P3_o

> Prove subresult P3 : (g x) € J*Y
= Q.fst P3’

> Discharge x, g, H

B.10.2.3.5 The fourth implication, p — p»
> Suppose H : p
> Introduce g1, go : perm F; suppose P_gs : go € G and Qg : (g1 0 g2) = id
> We want to prove subresult little_lemma : ((g1[J) o (g2]J)) = id
> Introduce x : F'
> Suppose Hn : x & J
> Prove subresult Qi3 : ((g1[J) o (921J) x) = (g1[J (g2]J x))
(

= rewrite_compose (g1[J) (g21J) =

> Prove subresult Q17 : (g1]J (g2]J z)) = (g11J x)

= (g11J).resp (REST2 J g2 Hn)

> Prove subresult Qs : (g1[J z) = x
= REST2 J g1 Hn

> Prove subresult Cn : ((g1[J) o (g2]J) x) (=|F.1.11) @
= Qq3.tran (Qi7.tran Q13)

> Suppose Hy : x € J

> Prove subresult Q4 : (9117 (g2J Hy)) = (q11J (g2 Hy))
= (g11J).resp (RESTy J g2 Hy).symm

> Prove subresult Q5
: (11 (Q:snd (H P_g» Hy))) (=[F.11) (g1 (Qsnd (H P_go Hy)))

= (REST1 J ¢1 (Q.snd (H P_g2 Hy))).symm
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> Prove subresult Q6 : (1 (92 2)) (=|F) (91 © g2 2)

= (rewriteo g1 g «).symm
> Prove subresult Cy : ((g1]J) o (g2]J) z) (=|F.1.1.1) ((id).11 x)
= (Qis.tran (Qua.tran Q15)).tran (Qug.tran (Qg )
> Discharge Hy, Hn
> Discharge to prove subresult as claimed little_lemma : ((¢1[J) o (g2]J)) = id

using

case (x €2 J) Cy Cn: ((g11J) o (g21J)).fixes =

> Discharge x

> Discharge Qg7 P—92792791
> Introduce g : G[J and let ¢’ = (g.ev).1 : G
> Prove subresult P_iso_; : ((¢/.rep™']J) o (¢'.rep|J)) = id

= little_lemma g¢’.rep~! g’.rep g’.ev (inv_o g’.rep)

> Prove subresult P_iso_ : ((¢'.replJ) o (¢'.rep~!|J)) = id

-1

= little_lemma g’.rep g’.rep~! (inv_closed|(perm F)|G g¢’) g’.rep.o-inv

> Prove subresult P_iso : (¢'.rep[J) € (iso F' F))

= (g'.rep~!|J,pair P_iso_; P_iso_2 : (¢’.rep|J) € (iso F F))
> Prove subresult P_fix : (make P_iso) € (fixing_group K)

= [Az: K] (REST1 J g¢’.rep (subs_sub J z)).symm.tran (g’.ev.fst z)
> Prove subresult P_Perm : (make P_iso) € (Perm J)

= REST5 J ¢'.rep

> Introduce z,y : J

> Prove subresult Qg

: (¢'.rep[J (z.plus_closed y)) (=|F.1.1) (¢ .rep (z.plus_closed y))
= (REST; J ¢’.rep (z.plus_closed y)).symm

> Prove subresult Qqo : (¢'.rep (z + y)) = ((¢'.rep =) + (¢'.rep v))

= ¢’.ev.snd.snd.fst (J.sub_subs z) (J.sub_subs y)

> Prove subresult Qo1 x : @ € (¢'.rep.agree (¢'.rep[J))
= REST;1 J g'.repx

> Prove subresult Qa1_y : y € (¢'.rep.agree (¢'.rep[J))
= REST; J g'repy

> Prove subresult Qo1 : ((¢'.rep ) + (¢'.rep y)) = ((¢'.rep[J x) + (¢'.rep[J v))

= plus_resp Q21x Q21-y
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> Prove subresult P_plus
: (¢'.replJ (z.plus_closed y)) (=|F.1.1) ((¢'.rep]J z) + (¢'.rep|J y))

= Qug-tran (Q2o.tran Q21)

> Prove subresult Qa2
: (¢'.rep[J (z.times_closed y)) (=|F.1.1) (¢'.rep (x.times_closed y))
= (REST1 J ¢’.rep (z.times_closed y)).symm

> Prove subresult Qa3 : (¢'.rep (z X y)) = ((¢'.rep ) x (¢’.rep y))
= ¢’.ev.snd.snd.snd (J.sub_subs z) (J.sub_subs y)

> Prove subresult Qa4 : ((¢'.rep z) x (¢'.rep y)) = ((¢'.replJ ) x (¢'.replJ y))
= times_resp Q21 x Q21.y
> Prove subresult P_times
: (¢'.rep[J (z.times_closed y)) (=|F.1.1) ((¢'.replJ x) x (¢'.rep|J y))

= Qg22-tran (Q23.tran Q24)

> Discharge y, x

> Prove subresult P_aut : (make P_iso) € (aut J K)

= pair P_fix (pair P_Perm (pair P_plus P_times))

> Prove subresult P_re
: (restriction_perm J (g.ev).q.rep) € (aut J K).as_a_subset_of_maps
= (make P_aut, refl (restriction_perm J (g.ev).1.rep) :

(restriction_perm J (g.ev).1.rep) € (aut J K).as_a_subset_of_maps)

> Prove subresult P, : g € (aut J K').as_a_subset_of_maps

= eq-closed (g.ev).2.symm P_re

> Discharge g, H

B.10.2.3.6 The end of the proof

> Prove as claimed LEMMA,i
: (J%.normal_in G) — (G[J) = (aut J K).as_a_subset_of_maps
= [AH : p1] pair (P4 (P1 H)) Po

> Suppose H : (G]J) = (aut J K)

> Prove subresult P5_; : (G[.J).is_finite
= THM_By Po_G Py_J

> Prove subresult Pg_y : {Vxy, 29 |aut J K}
((rep_map (iso F' F') x1) = (rep-map (iso F' F) z3)) — 1 = 9
= [Az1,z2 |aut J K] [AQ: (rep-map (iso F F) z1) = (rep-map (iso F' F') z2)] Q
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> Prove subresult Pg_5 : (aut J K).as_a_subset_of_maps = (aut J K)
= AA5 (aut J K) (rep-map (iso F' F)) Pg_1

> Prove subresult Pg : (aut J K).as_a_subset_of_maps = (G|.J)

= Pg_2.eqsize_tran H.eqsize_symm

> Prove subresult Ps : (aut J K').as_a_subset_of_maps.is_finite
= EQSIZE( Pg.eqsize_symm P5_;

> Prove subresult H' : (aut J K').as_a_subset_of_maps = (G[J)
= FIN3 P Ps Pg

> Discharge to prove as claimed LEMMA,ii
: ((G]J) = (aut J K)) — J*.normal_in G
using

P2 (P3 H'.snd) : p1

> Discharge H

> Discharge H', P5, Pg, Pg_2, Ps_1, P5_1, P4, P_re, P_aut, P_times, Qa4, Q23, Qa2,
P _plus, Qa1, Q21-y, Q21 %, Qo, Q19, P_Perm, P_fix, P_iso, P_iso_5, P_iso_1, ¢,
little_lemma, Cy, Qi¢, Q15, Q14, Cn, Qus, Qu7, Q13, P3, P3’, Qi2, Qu1, Quo, P32,
P31, P2, Pag, P g2, Pa g1, Pah, Pa g, Pay, Qs, Q7, Qs, Qs’, Qe-1, Qs, P1,
P12, Pio4,Pia3,Pioa,Piog, Piog, Qi Qu', Q3,Q2, Qa3, Qa2, Qa1, Q,

P, Qa P07 Q0—27 Q0—17 PO—J7 PO—Ga P2, P1, J7 Gv K
> Discharge but keep L

B.10.2.4 Proof of final part of the fundamental theorem

> Introduce K : galois_subfield L and J : K-subfield
> Let G = FTaii K : galois_group L

> Prove subresult Q;_; : K = K2V
= FTaiii K

> Let PO = SUBFHL’K'KAV Q1_1 J : J.is_-subfield GV

B.10.2.4.1 Proof of FTsi

> Suppose H : K.is_galois_subfield J
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> Let G' = FTyii H : galois_group J

> Prove subresult Q;90 : K = H

= equal_subs_refl H

> Prove subresult Q-3 : H = H.(aut J).(fix J)

= FTqiii H

> Prove subresult Q4 : G.(fix L) = G".(fix J)

= Q1-1.equal_subs_symm.equal_subs_tran (Q1_2.equal_subs_tran Q1_3)

> Prove (but keep unfrozen) subresult Py’ : Py.is_fin_dim_over G

= sub_fin_.dim_over GV Py

> Prove subresult P,
: [0K =G'Y] (In:N) (w: F n) (J.1.1.has basis.over K w) A (G' = w)
= THM A3 G’

> Prove subresult Py : J.is_fin_dim_over G'.(fix J)
= FINDIMz J Qi _4 Py’

>Letn=P;;:N

> Let w = Py.g.q : F/'n
>Let m=dimP; : N

> Let v = basis P;' : J"m

> Prove subresult Qg : (K2[J) 2 v
= THM_B3 G Pg

> Prove subresult Q; : v = w
= F|ND|M4b vV w (F|ND|M2b J Q1,4 P1'.2A2) P1A2A2.f5t

> Prove FTsi : J2.normal_in K*

= LEMMA:ii K J ((Q2.egsize_tran Q1).eqgsize_tran P1.2.2.snd.eqsize_symm)

> Discharge Q1, Qa, v, m,w,n, P2, P1,P1",Q14,Q15,Q12, G, H

B.10.2.4.2 Proof of FTsii
> Suppose H : J%.normal_in K%
> We want to prove FTsii : K.is_galois_subfield J

> Prove subresult Py : (K2[J) = (aut J K).as_a_subset_of_maps
= LEMMAsi K J H

> We want to prove subresult P3_o : (fix J (aut J K)) C K2V
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> Prove subresult Py_y_; : (G]J).is_finite
= THM_B, G P

> Prove subresult Py_; 5 : (aut J K').as_a_subset_of_maps.is_finite

= FINg Py P2_11

> Prove subresult Py 4 3 : {Vzq, 29 |aut J K}
((rep_map (iso F' F') x1) = (rep-map (iso F' F) z3)) — 1 = 9
= [Az1,z2 |aut J K] [AQ: (rep-map (iso F' F') 1) = (rep-map (iso F' F) z2)] Q
> Prove subresult Py_y_4 : (aut J K).as_a_subset_of_maps = (aut J K)

= AAs5 (aut J K) (rep_map (iso F' F)) Pa_1_3

> Prove subresult P3_; : K C (fix J (aut J K))
= GCy4 (subs_sub J)

> Introduce « : fix J (aut J K) and g : K*

> Prove subresult Ps 3501 : x € J

= x.ev.snd

> Prove subresult P35 : x € L

= J.sub_subs P3_2_2_;

> Let gbar) = g[J : map F' F

> Prove (but keep unfrozen) subresult P3_o_3 : gbar) € (K*[J)
= (g, refl gbar] : gbar) € (K2J))

> Prove subresult P3 o4 : gbar) € (aut J K').as_a_subset_of_maps
= Py.fst P3_2_3

> Let g/ = P3_2_4.1 raut J K

> Prove subresult Qa1 : (g ) = (gbarJ )
= REST; JgP322.1

> Prove subresult Qg5 : (gbar) z) = (¢’ z)
=P32y22

> Prove subresult Qo3 : (¢’ ) =z

= z.ev.fst ¢’

> Prove subresult P3' : (gbar) z) (=|F.11.1)

= Qz-2.tran Q2_3

> Prove subresult Qs : g.fixes x

= Qq2_1.tran P3’

> Discharge g, x
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> Prove subresult as claimed P35 : (fix J (aut J K)) C K&V
= [Mz:fix J (aut J K)] pair (Q2 z) (P32-2 )

> Prove subresult P3_3 : (fix J (aut J K)) C K
= P3_a.subs_tran (FT2iii K).snd

> Prove subresult P; : K = (fix J (aut J K))

= pair P31 P33

> Prove subresult Po_; : (aut J K).is_finite
= EQSIZEg Pa_1.4 P2_1 2

> Prove subresult Py : J.is_fin_dim_over (fix J (aut J K))
= FINDIM2 J P3 (sub_fin_dim_over K .J)

> Prove subresult Py : (aut J K).is_galois_group

= pair P2_; P22

> Prove as claimed FTgsii : K .is_galois_subfield J
= (P2, P3.equal_subs_symm : K_.is_galois_subfield .J)

> Discharge Pg, Po_o, Po_1, P3, P33, P3_2,Q2,P3’, Qa_3, Q2-2, Q2-1, ¢', P3_24,
Ps_2_3,gbar),P3_29,P39.9.1,P3.1,Pa_1.4,P2_13,Pa_1.9,Pa_11,P1, H

B.10.2.4.3 Proof of FTiiii
> Let U = K N J* : subgroup (perm F')
> Suppose H : K.is_galois subfield J
> Let G[J = G|J : subset (map F' F)
> Let G/U = G/U : subset ((perm F')/U)
> Let Ggla = G/J* : subset ((perm F')/J*)
> Let coercion apply_GglJa = [Ag: GqJa] g.rep.rep : Ggla — map F' F

> Prove subresult Py_;_; : U C J*
= [Ag:U] g.ev.snd
> Prove subresult P;_1 51 : J2 C G
= GC2|L|K|J (subs_sub J)
> Prove subresult P;_15 : J2 C U
= [Ag:J2] pair (P1-1-2-1 g) g-ev

> Prove subresult P;_; : J4 = U

= pair P1_12 P11
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> Prove subresult Py : (=-J%).is_same_relation (~-U)
= COSETl\(perm F)‘JAlU P11

> Let m; = quot_iso G P15 : iso Gqla G/U
> Let mo =0|L G J :iso G/U G|J

> Prove subresult P5_; : J2.normal_in G
= FTsi H

> Prove subresult P35 : G[J = (aut J K').as_a_subset_of_maps
= LEMMAi K J Py

> Let m3 = equal_iso P35 : iso G[J (aut J K).as_a_subset_of_maps

> Prove subresult Py : {Vxy, 25 |aut J K}
((rep_map (iso F' F') x1) = (rep-map (iso F' F) z3)) — 1 =
= [Az1, 22 |aut J K] [AQ: (rep-map (iso F' F) 1) = (rep-map (iso F' F) z2)] Q

> Let m, = apply-across_iso (aut J K) (rep-map (iso F' F')) P4y
:iso (aut J K').as_a_subset_of_maps (aut J K)

> Let 1 = ((mmy o m3) 0 my) o my tiso (K2/J*) (aut J K)

> Introduce g,h : G/J* and x : F

> Let ¢ = (g.ev)1 : G

>letgy =m g: G/U

> Let go =m g1 : G|J

> Let g5 = 73 go ¢ (aut J K).as_a_subset_of_maps

> Let gy =my g3 taut J K

> Prove subresult Q- : equal_in (aut J K) (7 g) ((m4 o m3) o w2 g1)

= rewrite_iso_compose ((74 o w3) 0 m2) ™1 g

> Prove subresult Qo5 : equal_in (aut J K) ((my o m3) o w2 g1) (74 © 73 g2)

= rewrite_iso_compose (74 0 73) T2 g1

> Prove subresult Qo3 : equal_in (aut J K) (74 o 73 82) 84

= rewrite_iso_compose T4 73 g2

> Prove subresult conversion_lemma
: {Vg1, 92 |aut J K} (equal_in (aut J K) g1 g2) — equal_in (map F' F') g1 go
= [Ag1,92|aut J K| [AQ:equal.in (aut J K) g1 g2] @

> Prove subresult Qo' : equal_in (aut J K) (7 g) g4

= Qq2_1.tran (Qg_g.tran Q2_3)
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> Prove subresult Q, : equal_in (map F' F) (7 g) g4

= conversion_lemma Qs3’
> Introduce y : J

> Prove subresult Py : (¢t 0 g4) € J

=g.2.2

> Prove subresult Qs : (g y) = (¢’ o gt (9v)

= (o-inv ¢’).symm (g y)

> Prove subresult Qs : (¢' 0 ¢ (9y)) = (¢' (¢ (99)))

= rewriteo ¢’ ¢! (g v)

> Prove subresult Q3 3.1 : (¢! (91 v)) (=|F111) (¢ og1v)

= (rewrite.o ¢! g.1 y).symm

> Prove subresult Qz_3_5 : (g'_1 °cgiy) =y
=Pifsty

> Prove subresult Qs 3 : (¢’ (¢ (91 9))) = (¢’ v)
= g’.resp (Q3_3-1.tran Q3_3.2)

> Prove subresult Q3" : (9 y) (=|F.1.1.1) (¢’ v)

= (Qz-1-tran Qz_2).tran Q3_3

> Discharge y

> Prove subresult Qs : (g]J) = (¢'[J)
= (REST4 J g g’).fst Qs’

> Prove subresult Q4 : (¢'[J) = g4

= 83.2.2

> Prove subresult Py : (g]J) (=|(map F.1.1 Fl.11)) (7 9)

= (Qs.tran Qq).tran Qz.symm
>Letgx=gx: Fand hgx =hgx: F

> Let gl =g¢g[J :map F111 Fiiiand hlJ =h[J :map F.111 F111
>Lethg=hog:map F111 F111and hgd =hg|J :map F.111 F111
> Suppose Hy : x € J

> Prove subresult C;Q; : (hg) z) = (hg )
= (REST1 J hg Hi).symm

> Prove subresult C;Qs : (hg ) = hgx

= rewrite_.compose h g x
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> Prove subresult C1Qs-; : (¢’ ) = gx
= (Q3’ Hi).symm
> Prove subresult P33 : (¢’ ) € J&V
= LEMMAsiii K J P3_1 ¢’ Hy
> Prove subresult P3_4 : J.is_galois_subfield L
—FT2i K J
> Prove subresult Ps_5 : J2V C J
= (FTaiii|L P3_4).snd
> Prove subresult P3¢ : (¢ ) € J
= P35 P33
> Prove subresult P3 : gx € J

= eq-—closed C1Q3-1 P3¢

> Prove subresult C;Qz : hgx = (hJ gx)
= REST, J h Py

> Prove subresult C;Q4_; : gx = (gJ )
= REST, J g Hy
> Prove subresult C1Qq : (hJ gx) = (hJ (gJ z))

= hJ.resp C1Qq_1

> Prove subresult C,Qs : (hJ (gd z)) = (hJ o gJ 2)

= (rewrite_compose hJ gJ z).symm

> Prove subresult C; : (hg) ) = (hJ o gJ z)
= (C1Qq.tran C1Q2).tran (C1Q3z.tran (C1Q4.tran C1Q5))

> Discharge H;

> Suppose Hy : x & J

> Prove subresult CoQ; : (hgd z) = =
= REST, J hg Ha

> Prove subresult CoQq : x = (hJ z)
= (REST2 J h Hz).symm

> Prove subresult CoQs3-; : (gd ) =«
= REST; J g Hs
> Prove subresult CoQs : (hJ x) = (hJ (gJ 2))

= hJ.resp C2Q3_1.symm

> Prove subresult Cy : (hg) 2) = (hJ o gJ 2)
= (C2Q1.tran CgQg).tran (C2Q3.tran C1Q5)
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> Discharge Hy
> Prove subresult Py : ((h o g)]J x) = ((h]J) o (g]J) x)

= case (z €7 J) C1 C2
> Discharge x, h, g

> Prove FTsiii : (Ir:iso (K2/J%) (aut J K)) ({Vg: K%/J*} (g]J) = (7 g)) A
({Vg,h: K%/ J%} ((ho g)IJ) = ((h]]) o (g]])))
= (m, pair P2 P4 : (Im:iso (K2/J%) (aut J K)) ({Vg: K2 /J*} (g1J) = (7 g))

) AN ({Vg,h:K*/J%} ((hog)lJ) = ((R1J) o (g1J))))
> Discharge Py, Cz, CaQs, C2Q3—1> C2Q2, C2Q1> C17 C1Q5> C1Q4, C1Q4—1, C1Q3, Ps,

P36, P35, P34, P33, C1Q3.1, C1Q2, C1Q1, hgd, hg, hJ, gJ, hgx, gx, P2, Q4, Qs,
Qs', Q3-3, Q3-3-2, Q3-3-1, Q32, Q3-1, P1, Q2, Q2', conversion_lemma, Q23,
Q2-2,Q21, 84,83, 82,81, 9, 7, T4, Pay, w3, P3o, P31, mo, 71, P12, Py, Prog o,
Pi-1-2-1,P1-1-1,apply_-Gqla, Gqla, G/U, G J, H,U,Py, Q11,G

> Discharge to prove as claimed FTj
: {VL | dsubfield F'} {VK :galois_subfield L} {V.J: K-subfield}
[0ftsA = K.is_galois_subfield J] [0ftsB = J%.normal_in K2] (ft3A < ft3B) A
(ftsA — (Imsiso (K2/J%) (aut J K)) ({Vg: K%/J*} (gIJ) = (7 g)) A
{Vg,h: K2/ J%} ((ho g)I]) = ((h]J) ° (91))))
using
pairg’ FT3i FTgii FTziii : 5 ((K.is_galois_subfield J) — J*.normal_in K*)
((J*.normal_in K%) — K.is_galois_subfield J) ((K.is_galois_subfield J) —
(Fmiso (K*/J%) (aut J K)) ({Vg: K*/J*} (gI]) = (7 g)) A
({¥g,h: K& /J2} ((h o g)1J) = ((h1J) o (g1))))
> Discharge J, K, L

> Discharge F
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decide, 278
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